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Foreword

Despite the almost infinite supply of information at our disposal today, we still 
need books. The author of a scientific book becomes a curator of knowledge, pulling 
together that which is important for their subject. Such curation is certainly not 
possible in the first moment after discovery; a process must take place in which 
knowledge, which has been gained often haphazardly and with great struggle, 
acquires some recognizable structure.

Quantum computers have been with us, intellectually speaking, for several 
decades now. But their physical realization has been slow and painful, and so the 
pedagogy of quantum computers has been, necessarily, also slow to emerge. It has 
taken decades for us to know what we need to know.

Alan Salari’s book thus arrives, in a pioneering spirit, with an effort to define 
the intellectual landscape of the subject. It concerns itself with just one part of the 
vast subject, namely superconducting quantum computing. This is unquestion-
ably a major branch of the subject, one which has a chance of being the dominant 
branch—maybe all the quantum computers of the future will be of this form. This 
is by no means certain, but it is best to be prepared for this outcome.

While some researchers 25 years ago understood that the superconducting 
device could be the realization of a qubit, they had no inkling of what would have 
to surround these qubits to make the quantum computer function. About 15 years 
of exploratory work followed. In the last 10 years, a consensus has gradually been 
appearing of how the superconducting quantum processor will really be built. 

The big message from this consensus is that the superconducting quantum 
computer needs a lot of advanced techniques from cryogenic microwave engineer-
ing. This is the premise that drives Alan Salari’s book, and is the featured item in 
the landscape that he depicts. We see here a cornucopia of microwave components, 
functions, and methodologies. Salari has covered in great detail all the microwave 
art that is seen as essential for the functioning of the quantum computer, and some 
art that is perhaps not yet fully in use—the state of system engineering is still in 
flux in this young field.

Why is such a large collection of high-performance, high-precision microwave 
techniques needed for the job? As an answer, I would like to offer an overall assess-
ment of what must be done, by quoting from the opening pages of the book by 
theoretical physicist N. David Mermin, Quantum Computer Science: An Introduction 
(Cambridge University Press, 2007):

It is tempting to say that a quantum computer is one whose operation 
is governed by the laws of quantum mechanics. But since the laws of 

7092_Book.indb   117092_Book.indb   11 12/20/23   3:11 PM12/20/23   3:11 PM



xii� Foreword

quantum mechanics govern the behavior of all physical phenomena, this 
temptation must be resisted. Your laptop operates under the laws of quan-
tum mechanics, but it is not a quantum computer. A quantum computer 
is one whose operation exploits certain very special transformations of its 
internal state, whose description is the primary subject of this book. The 
laws of quantum mechanics allow these peculiar transformations to take 
place under very carefully controlled conditions.

In a quantum computer the physical systems that encode the individ-
ual logical bits must have no physical interactions whatever that are not under 
the [almost] complete control of the program.

I feel that this statement provides an excellent guide to the formidable job 
that the microwave engineer must perform in the constructing of the quantum 
computer. The insertion of the word “almost” is mine, but I think that it is in the 
spirit of the serious error analysis that Mermin provides later in his book, and as 
summarized also by Salari. Without “almost,” there is no engineering job to be 
done, as complete control is a clearly impossible task and not worth attempting. 
But “almost complete control,” the degree of which is made precise by the quantum 
theory, is what drives the unheard-of precision and performance requirements 
that the microwave system must achieve.

I hope that some of you readers, especially from the engineering disciplines, 
will be infected by the pioneering spirit, and use the knowledge gained to push 
the frontiers further toward a fully functioning quantum computer.

David P. DiVincenzo 
January 2024
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Preface

The first quantum revolution, which took place in the early twentieth century, 
transformed our understanding of the fundamental nature of matter and energy. 
This profound shift in our knowledge paved the way for developing groundbreak-
ing technologies, such as transistors, atomic clocks, and lasers.

Today, we are witnessing the second quantum revolution, which seeks to push 
the boundaries of what we can achieve in controlling and manipulating quantum 
systems. The second quantum revolution aims to achieve unprecedented levels of 
precision and capabilities, leading to revolutionary applications in areas such as 
quantum computing, communication, sensing, and simulation. These remarkable 
advancements are poised to transform various fields, from telecommunications 
and cryptography to machine learning, finance, materials science, chemistry, 
and biology.

Quantum computing is one of the most exciting and challenging fields in 
the realm of quantum technologies. Among the various approaches to quantum 
computing, superconducting quantum computers have emerged as a promising 
technology. Superconducting quantum computing is a rapidly developing field 
that requires a multidisciplinary approach bringing together expertise in quantum 
physics, microwave engineering, cryogenic engineering, nanofabrication, material 
science, and software development.

The talent gap in quantum technologies has been challenging, requiring more 
educational resources, investments, and public awareness. While there has been 
much focus on training for developing quantum algorithms and software, there 
is a shortage of dedicated resources for understanding quantum hardware. This 
shortage motivated me to write this book to bridge the gap in the literature and 
to provide a resource for physicists and microwave engineers covering the theo-
retical principles and practical implementation of hardware for superconducting 
quantum processors.

This book covers a wide range of topics, from the basic principles of quantum 
mechanics, quantum computing, and superconducting qubits to the analysis of 
microwave systems and components, principles of cryogenics, and hardware 
implementation of superconducting quantum processors. From the outset, strik-
ing a balance between content that is accessible to both physicists and microwave 
engineers has been a significant challenge. In many cases, I have had to provide 
details that may seem obvious to one group but not the other. Despite these dif-
ficulties, I have strived to present the material in a clear and engaging way for all 
readers. Depending on the student’s background and the instructor’s preference, 
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the material presented in this book can be used in both advanced undergraduate 
and graduate-level courses.

Chapters 1 and 2 introduce the principles of quantum mechanics and quantum 
computing, which are essential for understanding the operation of superconduct-
ing qubits. Chapter 3 delves into the details of superconducting qubits, discussing 
superconductivity, the principles of superconducting qubits, and control and read-
out techniques for single- and two-qubit gates. Chapters 4–6 cover the principles 
of microwave systems, microwave components, and electromagnetic compatibility, 
which are crucial for designing and optimizing the performance of supercon-
ducting quantum computers. Chapter 7 details cryogenic and room-temperature 
control hardware, collecting the knowledge from Chapters 1–6 to understand the 
hardware setup for the control and readout of superconducting qubits. Chapter 8 
covers the principles of cryogenics, focusing on the dilution refrigeration technique.

A set of problems with a solutions manual, as well as a set of PowerPoint 
slides for instructors, is available through the following website: https://quaxys.
com/book.

The second quantum revolution promises to unlock entirely new capabilities 
and drive transformative breakthroughs that were once thought impossible. I sin-
cerely hope this book will provide a valuable resource for students, researchers, 
and professionals seeking to understand the intricacies of quantum hardware 
and, ultimately, help accelerate the development and adoption of this revolution-
ary technology.
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Introduction to Quantum Physics

What we observe is not nature itself, but nature exposed to our method 
of questioning.

—Werner Heisenberg

This chapter focuses on the principles of quantum mechanics essential for under-
standing the fundamental concepts of quantum computing and the operation of 
superconducting qubits. First, Section 1.1 offers a brief historical overview. Next, 
the chapter explores the Schrödinger equation and its applications in solving basic 
yet insightful quantum mechanical problems, such as the quantum harmonic oscil-
lator, a two-level quantum system, and the quantum potential well. The chapter 
also delves into important quantum mechanics concepts including Heisenberg’s 
uncertainty principle, entanglement, coherence, and quantum measurement.

1.1	 A Brief History of Quantum Mechanics

The theory of quantum mechanics emerged in the 1920s to explain the behavior 
of the smallest particles in nature, such as electrons, atoms, and protons. At the 
quantum level, the laws of nature vastly differ from those that govern our everyday, 
macroscopic world. Quantum mechanics introduces concepts such as wave-par-
ticle duality, superposition, and entanglement, which have no classical counter-
parts. Despite these differences, classical mechanics and quantum mechanics are 
not entirely disconnected. According to the correspondence principle, quantum 
mechanics converges toward classical mechanics when the quantum numbers 
involved become large. For instance, in the case of the quantum harmonic oscil-
lator, we can observe classical harmonic oscillator behavior for large quantum 
numbers, as discussed in Section 1.5.2.3.

The quantization of electromagnetic energy was crucial to the development of 
quantum mechanics. In the late nineteenth century, classical physics predicted the 
Rayleigh-Jeans catastrophe, which referred to an ideal black body in thermal equi-
librium emitting an unbounded amount of energy as the wavelength approached 
the ultraviolet range. Planck resolved this issue by proposing that electromagnetic 
radiation could only be emitted or absorbed in discrete energy packets [1]. Each 
packet carries an energy E, which is given by E = hf, where h represents Planck’s 
constant, and f represents the frequency of the electromagnetic wave. Planck’s 
quantum of electromagnetic radiation was later named the photon by Einstein, 
who postulated that a photon was a physical particle. This assumption laid the 
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2� Introduction to Quantum Physics

groundwork for the wave-particle duality of electromagnetic radiation, whose 
wave nature had already been proved by Maxwell.

In 1913, Bohr made a significant breakthrough with his atomic model, which 
helped explain the Rydberg formula for the spectral emission lines of the hydrogen 
atom. To develop this model, Bohr proposed that the angular momentum L of the 
atom was quantized and could only take on values that were integer multiples of 
ℏ = h/2π, written as L = nℏ [2]. The discovery of the angular momentum’s quan-
tization was further reinforced by the Stern-Gerlach experiment of 1922, which 
demonstrated that electron spin was also quantized. This experiment provided 
additional evidence for the quantized nature of atomic particles [3].

In 1924, Louis de Broglie proposed the theory that matter has both particle 
and wave-like behavior, holding that particles with mass m and momentum p 
also behave as a wave with wavelength λ = h/p. Figure 1.1(a) shows the wave-like 
nature of an electron. These matter waves are a manifestation of the wave-particle 
duality in quantum mechanics. De Broglie connected the requirement that the 
angular momentum of an electron be an integer multiple of ℏ to a standing-wave 
condition. In this interpretation, the electron is represented by a wave, and the 
number of wavelengths that fit along the circle of the electron’s orbit must be an 
integer. The dual nature of matter was experimentally verified by Davisson and 
Germer, who showed that electrons scattered by the surface of a nickel’s crystal 
displayed a diffraction pattern, a wave phenomenon. Later, in 1957, Claus Jönsson 
demonstrated the wave behavior of electrons using the double-slit experiment 
depicted in Figure 1.1(b).

In 1925, Werner Heisenberg, Max Born, and Pascual Jordan introduced matrix 
mechanics, which was the first formulation of quantum mechanics that was con-
ceptually self-contained and mathematically consistent. In their theory, the physical 
properties of particles were represented as matrices that evolve over time. Around 
the same time, Erwin Schrödinger developed wave mechanics to describe the state 
of a quantum system by a wave function. Born interpreted the wave function as 
the probability density of finding a particle in a particular position at a particular 
time. Both matrix and wave mechanics were successful in reproducing the out-
comes of previous theories, including Bohr’s atomic model.

In 1928, Paul Dirac accomplished a major achievement by developing a the-
ory combining quantum mechanics and special relativity. The Dirac equation is 

Figure 1.1  (a) The wave-like nature of electrons in quantum mechanics allows them to exist 
simultaneously at several locations. (b) Double slit experiment with electrons: An electron gun generates 
a stream of electrons, passing through the slits and interfering with one another to create an interference 
pattern on the screen.
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1.2  Quantum Versus Classical Mechanics� 3

a relativistic wave equation that describes the behavior of spin-1/2 particles, such 
as electrons and quarks, in their free form or under electromagnetic interactions. 
This equation was instrumental in explaining the electron gyromagnetic ratio and 
calculating the atom’s spontaneous emission coefficients.

Through the end of the 1940s, advancements in microwave technology enabled 
more accurate measurements of the electron magnetic moment and the shift of the 
hydrogen atom’s levels, known as the Lamb shift. These measurements revealed 
inconsistencies that Dirac’s theory could not explain. To address these issues, 
Shinichiro Tomonaga, Julian Schwinger, and Richard Feynman developed quan-
tum electrodynamics (QED), a relativistic quantum field theory of electrody-
namics that describes how light and matter interact. QED, the first theory to fully 
reconcile special relativity with quantum mechanics, has made incredibly precise 
predictions, such as the electron’s anomalous magnetic moment and the Lamb 
shift of hydrogen’s energy levels. Feynman called QED “the jewel of physics” for 
its remarkable accuracy [4]. As discussed in subsequent chapters, the foundation 
of quantum computing is the interaction between light and matter, where laser 
light or microwave radiation interacts with atoms, ions, or quantum circuits to 
perform quantum computation.

A fundamental grasp of linear algebra and differential equations is essential 
to comprehending the material presented in this chapter.

1.2	 Quantum Versus Classical Mechanics

The key distinction between classical and quantum mechanics lies in the inher-
ently probabilistic nature of quantum mechanics. While statistical approaches are 
employed in classical mechanics due to incomplete knowledge of all degrees of 
freedom in a system, in quantum mechanics, the probabilistic nature is inherent 
and not just a reflection of our limited information about the system. In other words, 
the statistical nature of a quantum system persists even if we have precise informa-
tion about all the system’s degrees of freedom. This probabilistic nature is encoded 
in the wave function, which is the solution to the Schrödinger equation. The wave 
function enables us to calculate probabilistic quantities, such as expectation values, 
and variances of physically measurable quantities, such as position and momentum.

The principle of reversibility of physics laws is crucial to understanding the 
differences between the probabilistic characteristics of quantum and classical 
physics. This principle asserts that if a physical system is allowed to evolve from 
its initial state and then reversed precisely for the same amount of time, the sys-
tem will return to its initial state. However, in classical systems where probability 
is involved, the system may not revert to its initial state. If we possess complete 
information about all the degrees of freedom, we can reverse every evolution of 
a classical system.

In quantum systems, the laws of physics are reversible, even in the presence of 
probability. Unlike in classical systems, this probability is inherent and does not 
result from a lack of information about the system. However, there is a crucial con-
dition for the reversibility of the laws of quantum mechanics. Reversibility is possi-
ble only if we do not perform any measurement on the quantum system, allowing 
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4� Introduction to Quantum Physics

it to travel backward in time without any intervention. Following this condition, 
the quantum system will eventually return to its initial state. The measurement 
concept is another key distinction between classical and quantum physics, as 
discussed in Section 1.6. When a quantum system is measured, its state changes, 
leading to the loss of information through wave-function collapse. Therefore, we 
must avoid measuring the quantum system while checking for its reversibility.

Let us consider an example to better understand the fundamental concept of 
reversibility. Consider a system oscillating between two states, such as a binary 
pendulum with states L and R. If we start from state R, the system will return to 
R after two oscillations (RLRLR). However, suppose there is a small probability 
that the system randomly stays at state L. In this case, if the system stays at L 
during the first oscillation, we get RLLRL. When we run the system backward in 
time, assuming that the event of staying at L does not occur, we get LRLRL and 
end up in L state instead of returning to the initial state R. This example shows 
that the reversibility of physical laws does not apply to classical systems when 
probabilities are involved.

The conservation of information is crucial for the reversibility of physical 
processes. Chapter 2 covers quantum algorithms, which consist of a series of 
time-evolving quantum processes known as quantum gates. The reversibility of 
these gates is a critical requirement in quantum computing, ensuring that any 
operation on a normalized quantum state preserves the sum of probabilities of all 
possible outcomes to 1 to prevent the loss of quantum information. As discussed in 
Section 2.1.2, the reversibility in quantum mechanics is mathematically expressed 
through unitary transformations.

1.3	 Schrödinger Equation

The laws of physics describe how the state of a system evolves over time. The state 
of a system can be characterized by various physical quantities, such as position, 
momentum, and energy. If the initial state of a system is known, we can use the 
appropriate laws to predict its future state. For instance, in classical mechanics, 
Newton’s second law can be used to predict the position x(t) of a particle at any 
time, given the initial conditions and the force acting on the particle. From the 
position x(t), other quantities like velocity v = dx/dt, momentum p = mv, and kinetic 
energy T = mv2/2 can be determined.

The Schrödinger equation provides a mathematical framework for quantum 
systems to calculate measurable quantities such as position, momentum, and 
energy. In the Schrödinger picture, the state of a quantum system is represented 
by the wave function Ψ(x, t), which encodes the probabilities of all the possible 
outcomes. The wave function is used to calculate measurable physical quantities, 
such as position and momentum, which are known as observables. The Schrödinger 
equation is written as follows [5]:

	
− !

2

2m
∂2

∂x2 + V x,t( )⎡

⎣
⎢

⎤

⎦
⎥Ψ x,t( ) = i!

∂
∂t

Ψ x,t( ) 	 (1.1)
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1.4  The Machinery of Quantum Calculations� 5

where m represents the mass of the particle, V(x, t) is the potential, and ℏ is the 
reduced Planck’s constant. Alternatively, (1.1) can also be written in terms of Hamil-
tonian operator H = −(ℏ2/2m)(∂2/∂x2) + V(x, t) as HΨ(x, t) = iℏ(∂/∂t)Ψ(x, t). Initially, 
the interpretation of the wave function Ψ(x, t) was unclear. It was later proposed 
by Born that the square of the absolute value of the wave function, |ΨΨ(x, t)|2, can 
be interpreted as the probability density of finding the particle at a particular 
location at a particular time.

The probability that a particle with wave function ΨΨ(x, t) will be found between 
positions x and x + dx at the time t is given by |ΨΨ(x, t)|2dx.

The wave function is more than just a probability function. Its phase is critical 
in enabling interference effects, a wave phenomenon, so referring to it as a wave 
function rather than a probability function is appropriate. Interference effects are 
essential for quantum algorithms to arrive at the correct answer, as illustrated in 
Section 2.2.5. It is important to note that the absolute phase of a wave function 
cannot be measured in experiments. However, the relative phase of two probability 
amplitudes can be determined by observing interference effects.

For a state to be physically realizable, the wave function must be square-in-
tegrable to ensure that the probability of finding a particle at any possible loca-
tion adds up to one. This condition is known as normalization and is expressed 
mathematically as Ψ x,t( ) 2

−∞

∞

∫ dx  = 1. In addition to being normalized, the wave 
function needs to fulfill the following mathematical properties [4]:

•	 The wave function must be continuous and single-valued everywhere.
•	 Derivative of the wave function is always continuous and single-valued 

except at a boundary where the potential V(x, t) is infinite.
•	 The wave function must be normalizable. This requires |Ψ(x, t)|2 to approach 

zero fast enough as x → ±∞ so that Ψ x,t( ) 2

−∞

∞

∫ dx  remains finite.

1.4	 The Machinery of Quantum Calculations

Before delving further into the mathematics of quantum mechanics, it is insightful 
to examine the structure of a quantum mechanical calculation. Compared to clas-
sical equations such as Maxwell’s or Newton’s equations, the way the Schrödinger 
equation is applied to calculations on observables, such as position and momentum, 
is different due to the probabilistic nature of quantum mechanics.

Figure 1.2 illustrates the process of quantum calculations. The first step is 
solving the Schrödinger equation to obtain the wave function. To accomplish 
this, we need to know the initial conditions, boundary conditions, and the poten-
tial function V(x, t). It is worth noting that the Schrödinger equation can only be 
solved analytically for a limited number of cases. Therefore, numerical methods 
are commonly used to solve the Schrödinger equation for real-world problems. 
It is essential to mention that a wave function has a mathematical structure that 
falls under the concept of vector space.

In quantum mechanics, observables such as position and momentum are 
represented by operators. The operator and wave function is used to calculate 
the expectation value of the observable, indicating the most likely outcome when 
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6� Introduction to Quantum Physics

Figure 1.2  The machinery of quantum calculations.

we measure it. Due to the probabilistic nature of quantum mechanics, we work 
with expectation values instead of the deterministic outcomes known in classical 
mechanics. Additionally, we can calculate the uncertainty, which is the variance 
of the probability distribution. We will discuss these concepts in more depth later 
in Sections 1.6.2 and 1.6.3.

1.5	 Solving the Schrödinger Equation

This section covers the time-independent Schrödinger equation and standard 
Hamiltonians, such as the potential well, potential barrier, and free particle. This 
section concludes with an examination of the quantum harmonic oscillator and 
two-level quantum systems, also known as spin 1/2 or qubits, essential for under-
standing the superconducting qubits.
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1.5  Solving the Schrödinger Equation� 7

1.5.1  Time-Independent Schrödinger Equation

If the potential function in the Schrödinger equation is time-independent, the 
wave function can be expressed as a product of a spatial function ψ(x) and a tem-
poral function f(t) [i.e., Ψ(x, t) = ψ(x)f(t)]. This method is called the separation of 
variables. If we substitute the solution Ψ(x, t) back in the Schrödinger equation 
(1.1), we obtain ∂Ψ/∂t = ψ(df/dt), (∂2Ψ/∂x2) = (d2ψ/dx2)f. Now the Schrödinger 
equation reads

	
i!

1
f
df
dt

= − !
2

2m
d2

dx2 + V 	 (1.2)

The left side of the (1.2) is only a function of t, and the right is only a function 
of x. This is only possible if both sides are constant, where we call this constant E, 
then iℏ(1/f)(df/dt) = E, where E represents the energy of the system. The solution 
of this ordinary differential equation is straightforward f(t) = Ce−iEt/ℏ

We can absorb the constant C into ψ and only use the e−iEt/ℏ term as the time 
solution. If we substitute iℏ(1/f)(df/dt) = E back in (1.2) and multiply both sides by 
ψ, we obtain the time-independent Schrödinger equation with Hamiltonian H

	 Hy = Ey 	 (1.3)

The ψ(x) function can be obtained by solving the time-independent Schrödinger 
equation. The states given by solving (1.3) are called stationary states. The general 
solution can be written as a product of the stationary states ψ(x) and the time evo-
lution function as Ψ(x, t) = ψ(x)e−iEt/ℏ.

Note that the probability density is time-independent and depends only on 
the stationary states |Ψ(x, t)|2 = Ψ ∗ Ψ = ψ ∗ e+iEt/ℏψe−iEt/ℏ = |ψ(x)|2.

The general solution to the Schrödinger equation consists of a linear combi-
nation of stationary states, where the time evolution of each state is dependent on 
the energy of that state, as can be seen in the exponent of the temporal function 

Ψ(x, t) = cnyn x( )e− iEnt /!
n=1

∞∑ .
This profound result reveals that a quantum state can be expressed as a lin-

ear combination, or superposition, of multiple states. In other words, a quantum 
system can exist in multiple states simultaneously. The concept of superposition 
is one of the fundamental features of quantum mechanics, which makes quantum 
computing so powerful. The ability to exist in multiple states simultaneously allows 
quantum computers to perform computations in parallel, as explored in Chapter 2.

The relative phase of the wave functions plays a crucial role in interference 
effects, which is utilized in quantum algorithms to obtain the correct answer. To 
illustrate this, let us consider an example. As we will see later, the state of a quan-
tum system can be represented using the Dirac notation, also known as bra-ket 
notation. Suppose that the state |ψ1⟩ is an equal superposition of the |0⟩ and |1⟩ 
qubit states |ψ1⟩ = (|0⟩ + |1⟩)/ 2 . And suppose that |ψ2⟩ is also an equal superpo-
sition of |0⟩ and |1⟩ states but that the two states are out-of-phase |ψ2⟩ = (|0⟩ − |1⟩)/

2 . When we examine the states |ψ1⟩ and |ψ2⟩ individually, the probabilities of 
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8� Introduction to Quantum Physics

both states being in |0⟩ and |1⟩ are equal. As a result, the relative phase between 
the superimposed states does not matter. However, if we create a new superposi-
tion |ψ3⟩ = (|ψ1⟩ + |ψ2⟩)/ 2 , where the system has an equal probability of being 
in either |ψ1⟩ or |ψ2⟩ state, the relative phase between the two superposed states 
becomes crucial. This is because the phases of the two states can interfere construc-
tively or destructively, leading to different outcomes when the system is measured. 
We can see that by substituting equations |ψ1⟩ and |ψ2⟩ into superposition |ψ3⟩ = 
(|ψ1⟩ + |ψ2⟩)/ 2 , we get |ψ3⟩ = |0⟩. This means that the |1⟩ state vanished due to 
the destructive interference between the two states.

Section 1.5.2 examines some standard Hamiltonians to gain more insight into 
the solutions of the Schrödinger equation.

1.5.2  Standard Hamiltonians

While the Schrödinger equation can only be solved analytically for a few cases, 
these solutions offer valuable insights. This section explores the solutions for the 
free particle, potential well, potential barrier, harmonic oscillator, and two-level 
quantum systems.

1.5.2.1  Free Particle

For a free particle, the potential V(x, t) = 0. The Schrödinger equation reads −(ℏ2/2m)
(d2ψ/dx2) = Eψ or d2ψ/dx2 = −k2ψ, where k ≡ 2mE /! . The general solution of this 
equation consists of two traveling waves ψ(x) = Aeikx + Be–ikx. The first term in ψ(x) 
= Aeikx + Be–ikx represents a wave traveling to the right, and the second represents a 
wave traveling to the left. There is no constraint on the values of k since no boundary 
conditions are associated with the free particle. The energy of a free particle can 
take any value, and its energy spectrum is continuous. A superposition of plane 
waves describes the time-dependent solution Ψ(x, t) = ψ(x)e−iEt/ℏ = Aeik(x–(ℏk/2m)t) + 
Be–ik(x+(ℏk/2m)t). The wave function of a free particle cannot be normalized,

	
Ψk

∗Ψk dx
−∞

+∞

∫ = A 2 1dx
−∞

+∞

∫ = A 2 ∞( ) 	 (1.4)

This proves that there is no such thing as a free particle with definite energy. 
However, we can obtain a meaningful physical interpretation by using a linear 
combination of solutions, as described by the superposition principle, where the 
resulting wave function can be normalized

	
Ψ x,t( ) = 1

2p f k( )e
i kx− !k

2

2m
t

⎛
⎝⎜

⎞
⎠⎟ dk

−∞

+∞

∫ 	 (1.5)

Equation (1.5) bears a resemblance to the Fourier transform, where the coeffi-
cients ϕ(k) can be computed using the inverse Fourier transform

7092_Book.indb   87092_Book.indb   8 12/20/23   3:11 PM12/20/23   3:11 PM



1.5  Solving the Schrödinger Equation� 9

	
f k( ) = 1

2π Ψ x,0( )e− ikx dx
−∞

+∞

∫ 	 (1.6)

Equation (1.6) represents a range of energies that correspond to each value of 
k. This results in a localized and coherent superposition of plane waves, which is 
known as a wave packet [see Figure 1.3(a)]. The size and shape of the wave packet 
change as it propagates [Figure 1.3(b)].

As shown in Figure 1.3(a), two velocities are associated with a wave packet, 
the group velocity vg and the phase velocity vp. The phase velocity is related to 
the velocity of the ripples given by vphase = ω/k. The group velocity is related to 
the velocity of the envelope. The group velocity can be approximated as follows 
if the k has a small spread1 vgroup = dω/dk. The dispersion relation (ω − k relation) 
for a free particle is given by ω = (ℏk2/2m). The relations for the dispersion, group, 
and phase velocity lead to vclassical = vgroup = 2vphase.

1.5.2.2  Potential Well

Let us dive into the fascinating topic of potential wells. In classical mechanics, 
potentials can be engineered to manipulate the movement of particles, creating 
bound states or controlling scattering states. The same holds for quantum par-
ticles, but the possibilities are even broader in the quantum realm. For instance, 
unlike classical particles, a quantum particle can tunnel through a finite potential 
barrier, meaning that it can escape even if it lacks the required energy. This tun-
neling phenomenon allows for exciting applications in nanoelectronics, quantum 
computing, and even nuclear fusion.

An infinite square well with the following potential function is shown in 
Figure 1.4(a)

	
V x( ) = 0, 0 ≤ x ≤ L

∞, otherwise
⎧
⎨
⎩

	 (1.7)

This potential function results in the following wave function after solving 
the Schrödinger equation [6] ψn(x) = 2/L sin(npx/L)  with energy levels En = 
n2π2ℏ2/2mL2.

In an infinite square potential well, wave functions exhibit a simple sinusoidal 
pattern: standing waves. These states are known as bound states since each state’s 
energy is lower than that of the potential well, which, in this case, is infinite. This 
property makes potential wells ideal for quantum mechanical systems, as they can 
create stable and controllable environments for experiments in fields like quan-
tum information processing and quantum simulations. One of the most exciting 
applications of potential wells is particle trapping. For example, single electrons 

1. For a large range of k’s, the wave packet’s shape changes rapidly since different wave components 
travel at a different speed; therefore, we’re not dealing anymore with a well-defined group of waves 
with a well-defined velocity.
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10� Introduction to Quantum Physics

Figure 1.3  (a) A wave packet, where the envelope travels with a group velocity, whereas the 
ripples travel with the phase velocity, and (b) the spread of a wave packet; the shape and size of 
the wave packet change as it propagates.

Figure 1.4  (a) An infinite square well with a width of L and (b) a finite square well, where the 
wave functions decay exponentially outside the well.
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1.5  Solving the Schrödinger Equation� 11

can be trapped in a spin qubit, or neutral atoms can be trapped using an optical 
potential well.

An interesting phenomenon called tunneling can occur in a finite square well, 
as shown in Figure 1.4(b). This is a characteristic of quantum mechanics, and it 
means that even when a particle’s energy is lower than the surrounding potential, 
there is still a nonzero probability of finding the particle outside the well.

Quantum tunneling has many applications in semiconductor devices, includ-
ing tunneling diodes and imaging techniques, such as the scanning tunneling 
microscope (STM). In addition, the tunneling effect is used for the spin-charge 
conversion readout of spin qubits. Josephson junctions, critical components in 
superconducting qubits, also exhibit quantum tunneling, as discussed in Chapter 3.

1.5.2.3  Harmonic Oscillator

The quantum harmonic oscillator is a fundamental concept in understanding and 
modeling quantum mechanical systems. It is used to model a wide range of phys-
ical systems, including electromagnetic waves, resonators, qubits, and molecular 
potentials near their minimum. In classical mechanics, a harmonic oscillator is a 
mass m attached to a spring with a force constant k. The motion of the system is 
governed by Hooke’s law F = −kx = md2x/dt2, where the potential energy is given 
by V(x) = kx2/2.

The equivalent problem in quantum mechanics is to solve the Schrödinger 
equation for the following potential V(x) = mω2x2/2, where ω is the angular fre-
quency of the oscillator. To determine the system’s energy levels, it is sufficient to 
solve the time-independent Schrödinger equation.

	
− !

2

2m
d2

dx2 + 1
2
mw2x2⎛

⎝⎜
⎞
⎠⎟
y = Ey 	 (1.8)

We do not delve into the mathematical details of the solution, as it is readily 
available in practically all introductory books on quantum mechanics [5]. How-
ever, it is crucial to understand each state’s energy levels and the wave functions 
of the harmonic oscillator. The solution to the Schrödinger equation is given by

	
Ψn x( ) = 1

2nn!
⋅ mw

p!
⎛
⎝⎜

⎞
⎠⎟

1
4
⋅ e

−mwx2

2! ⋅ Hn

mw
!
x

⎛
⎝⎜

⎞
⎠⎟ 	 (1.9)

Hn( mw /!x)  are Hermite polynomials. The Hermite polynomials and, conse-
quently, the wave function is an odd function for odd values of n and an even 
function for even values of n, as shown in Figure 1.5(a). The energy of each state 
is given by

	
En = n + 1

2
⎛
⎝⎜

⎞
⎠⎟ !w,    for n = 0,1,2,… 	 (1.10)
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12� Introduction to Quantum Physics

There are several notable differences between quantum and classical harmonic 
oscillators, including the following.

•	 The lowest allowed harmonic oscillator energy E0 = ℏω∕2 is not zero.
•	 The probability of finding the particle outside the classically allowed range 

is not zero [see Figure 1.5(a)].

Moreover, it is worth noting the following.

•	 The ground state of a harmonic oscillator is a minimum uncertainty state 
(see Section 1.6.3 for the concept of uncertainty), resulting in a Gaussian 
position-space wave function.

Figure 1.5  (a) Wave functions of a quantum harmonic oscillator. (b) When comparing a quantum 
harmonic oscillator to a classical one, we observe that the behavior of the quantum system 
becomes increasingly like that of a classical harmonic oscillator as the quantum numbers become 
large. The wave function of a quantum harmonic oscillator for n = 100 indicates this convergence.
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1.5  Solving the Schrödinger Equation� 13

•	 All energy eigenstates of the harmonic oscillator obey the virial theorem. This 
theorem relates the kinetic energy T and potential energy V of the system 
through their expectation values, [i.e., ⟨T⟩ and ⟨V⟩, respectively]. (See Section 
1.6.2 for the concept of expectation value.) ⟨T⟩ = ⟨V⟩ = En/2.

Despite all the differences between the classical and quantum harmonic oscil-
lators, they behave similarly for large quantum numbers, as illustrated in Figure 
1.5(b). This is an example of the correspondence principle introduced in Section 1.1.

1.5.2.4  Ladder Operators

Sometimes, instead of being interested in the wave function corresponding to each 
state, we seek to understand the transitions between these states. For instance, in 
a harmonic oscillator, we can assign a number to each state, such as |0⟩, |1⟩, |2⟩, …, 
making a ladder of states [7]. Then, we can define ladder operators, which consist 
of raising and lowering operators acting on a state, moving it up or down the lad-
der of states. Before delving into this concept, let’s have a quick look at the Dirac 
notation. The bra-ket or Dirac notation is widely used in quantum mechanics. The 
bra vector ⟨A| and the ket vector |A⟩ are defined as ⟨A| = (A1

∗  A2
∗  …  AN

∗) and 
|A⟩ = (A1  A2  …  AN)T, respectively, where AN

∗ is the complex conjugate of AN. 
In quantum mechanics, the dagger symbol (†) denotes the adjoint or Hermitian 
conjugate of an operator or a state vector. The Hermitian conjugate, which is the 
transposed conjugate of a bra, is the corresponding ket, and vice versa (i.e., |A⟩† = 
⟨A| and ⟨A|† = |A⟩). Moreover, |ϕ⟩ = A|ψ⟩ if and only if ⟨ϕ| = ⟨ψ|A†.

Now, let us explore how the ladder operators are constructed. Recall that the 
Hamiltonian of a harmonic oscillator is given by

	
Ĥ = p̂2

2m
+ 1

2
mw2x̂2 	 (1.11)

With a clever variable change, the Hamiltonian can be written in a more 
straightforward and useful form. We define â and â† operators as follows:

	
â = mw

2!
x̂ + i

mw p̂⎛
⎝⎜

⎞
⎠⎟ 	 (1.12)

	
â† = mw

2!
x̂ − i

mw p̂⎛
⎝⎜

⎞
⎠⎟ 	 (1.13)

where a and a† operators are called lowering and raising operators, respectively. 
The Hamiltonian in (1.11) can be expressed in terms of raising and lowering oper-
ators H = (ℏω/2)(a + a†). The following relations show how these operators act on 
the state |n⟩

	 â n = n n − 1 , â† n = n + 1 n + 1 	 (1.14)
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14� Introduction to Quantum Physics

So when â acts on the state |n⟩, it brings it down by one level to the state |n − 1⟩. 
For the raising operator, it brings the state |n⟩ one level up to |n + 1⟩. Section 1.5.2.4 
use the concept of raising and lowering operators to show the transition between 
the ground and excited states of the qubit. The commutation relation between the 
raising and lowering operators is [a, a†] = 1.

The matrix form of the raising and lowering operators can be obtained by using 
a†

ij = ⟨ψi|a†|ψj⟩ and aij = ⟨ψi|a|ψj⟩. The eigenvectors ψi are those of the harmonic 
oscillator expressed in the number basis. The matrix form of the eigenstates of 
the harmonic oscillator |n⟩ is given by |0⟩ = [1  0  …  0], |1⟩ = [0  1  …  0], and so on.

1.5.2.5  Quantum LC Oscillator

The concept of a quantum harmonic oscillator can be used to model a quantum 
LC oscillator, as depicted in Figure 1.6(a) [8, 9]. A qubit is an example of a quantum 
anharmonic oscillator due to the nonlinear term in its potential, as discussed in 
Chapter 3. Despite this, the harmonic oscillator can still accurately approximate 
the anharmonic oscillator at low energy levels, as demonstrated in Figure 1.6(b).

Figure 1.6  (a) An LC circuit can be modeled as a quantum harmonic oscillator. (b) A qubit 
consisting of a nonlinear element called a Josephson junction parallel to a capacitor is an 
anharmonic oscillator. However, a qubit can be approximated as a harmonic oscillator at low 
energy levels.
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1.5  Solving the Schrödinger Equation� 15

The Hamiltonian of an LC oscillator has a similar form to the quantum har-
monic oscillator introduced

	
H = 1

2C
Q2 + j2

2L 	 (1.15)

where C and L are the capacitance and inductance of the circuit, Q is the charge 
on the capacitor plates, and φ is the flux through the inductor. Table 1.1 compares 
the parameters of quantum electrical and mechanical oscillators.

The coordinate Φ and its conjugate momentum Q can be promoted to quantum 
operators obeying the canonical commutation relation [Q̂,Φ̂]  = −iℏ [8, 9]. We can 
rewrite the Hamiltonian in terms of lowering and raising operators.

	
H = !Ω

2
a†a + aa†( ) = !Ω a†a + 1

2
⎛
⎝⎜

⎞
⎠⎟ 	 (1.16)

where Ω = 1/ LC  is the resonant frequency and the raising a†, and lowering a 
operators can be expressed as

	
a = +i 1

2L!Ω
Φ̂ + 1

2C!Ω
Q̂, a† = −i 1

2L!Ω
Φ̂ + 1

2C!Ω
Q̂ 	 (1.17)

which obeys [a, a†] = 1. Chapter 3 discusses the two coupled LC oscillators to model 
the qubit-cavity coupling.

Table 1.1  Comparison of Quantum Electrical and Mechanical Oscillators

Electrical Oscillator Mechanical Oscillator

Φ x

Q p

C m

L–1 k

V = !Φ = Q
C

v = !x = p
m

I = !Q = − 1
L
Φ F = !p = −kx

w0 = 1
LC w0 = k

m

H = Q2

2C
+ Φ2

2L
H = p2

2m
+ kx2

2

Φ̂,Q̂⎡⎣ ⎤⎦ = i! x̂, p̂⎡⎣ ⎤⎦ = i!
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16� Introduction to Quantum Physics

1.5.2.6  Two-Level Quantum System: Qubit

Assume an isolated two-level quantum system, also called a qubit, with the ground 
state |g⟩ ≡ [1  0]T, the excited state |e⟩ ≡ [0  1]T, and energy difference of E = Ee − Eg = 
ℏωeg. As the ground and excited states are orthogonal, we have ⟨e|g⟩ = 0 and ⟨g|g⟩ 
= ⟨e|e⟩ = 1. The Hamiltonian of the qubit Ĥq is given by

	
Ĥq =

!weg

2
e e − g g( ) = !weg

2
sz 	 (1.18)

where sz = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟  is the Pauli-Z matrix.

When this Hamiltonian acts on the ground state |g⟩, it returns Ĥq|g⟩ = (ℏωeg/2)
(|e⟩⟨e|g⟩ − |g⟩⟨g|g⟩) = −(ℏωeg/2)|g⟩, and when it acts on the excited state |e⟩, it returns 
Ĥq|e⟩ = (ℏωeg/2)|e⟩.

Like a quantum harmonic oscillator, lowering and raising operators can be 
defined for a qubit. The raising operator σ+ = |e⟩⟨g| acting on the ground state brings 
the qubit to the excited state, and the lowering operator σ– = |g⟩⟨e| acting on the 
excited state brings the qubit to the ground state. For a qubit, it is more common 
to represent the ground and excited states by |0⟩ and |1⟩, respectively.

1.5.2.7  Bloch Sphere

A two-level system’s pure state |ψ⟩ can be expressed as a superposition of basis 
vectors |0⟩ ≡ [1  0]T and |1⟩ ≡ [0  1]T (i.e., |ψ⟩ = α|0⟩ + β|1⟩), where the coefficients α 
and β are complex numbers and normalized |α|2 + |β|2 = 1.

The Bloch sphere shown in Figure 1.7(a) is a helpful tool to visualize the state 
space of a qubit and has no equivalent for more than one qubit. Figure 1.7 com-
pares the state space of a classical bit and a qubit. While a bit has only two possible 
states, a qubit can have any arbitrary state on the Bloch sphere.

Figure 1.7  (a) State space of a bit and (b) state space of a qubit on a Bloch sphere.
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1.6  Quantum Measurement� 17

We can associate a vector with the state of a qubit on a Bloch sphere. This vec-
tor extends from the origin to the surface of the Bloch sphere, which has a unit 
radius. Its orientation is determined by the ϕ and θ angles shown in Figure 1.7(a). 
Therefore, an arbitrary state |ψ⟩ on a Bloch sphere can be expressed as follows [5]:

y = cos
q
2

⎛
⎝⎜

⎞
⎠⎟ 0 + eiφ sin

q
2

⎛
⎝⎜

⎞
⎠⎟ 1  where 0 ≤ q ≤ p  and 0 ≤ f ≤ 2p 	 (1.19)

The relative phase between the basis states is encoded in the ϕ angle. As shown 
in Figure 1.7(a), the intersection of the Bloch sphere with the x and y axes represents 
various superposition states, while the intersection with the z-axis represents the 
|0⟩ and |1⟩ states.

1.6	 Quantum Measurement

Early in the development of quantum mechanics, physicists and philosophers 
struggled with misunderstandings stemming from the theory’s inherent proba-
bilistic character, measurement process, and interpretation of measured data. In 
discussing the many interpretations of quantum mechanics and their consequences 
beyond the scope of this book, we cover one widely accepted and experimentally 
confirmed interpretation: the Copenhagen interpretation, associated with Bohr 
and proponents of this interpretation. According to this interpretation, the act of 
measurement results in the collapse of the wave function. Through measurement, 
we force the system to choose one state among all possible states and remain in that 
state afterward. The collapse of the wave function implies that passive observation 
is impossible, as the act of observing may alter what is being observed.

1.6.1  Collapse of the Wave Function

The concept of quantum measurement and the collapse of the wave function is 
depicted in Figure 1.8. The amplitude of the |Ψ|2 function at each point represents 
the probability of finding the particle at that point. As shown in Figure 1.8, when 
a measurement is taken, the wave function collapses, and the particle is found at 
one single position and remains in that position afterward. Therefore, if we mea-
sure the particle after the collapse of the wave function, we will find the particle 
at the same position, regardless of how many times we repeat the measurement.

The question is how to perform a meaningful measurement of position or 
any other observable if the measurement results might change every time owing 
to the system’s probabilistic character. The solution is to determine the expecta-
tion value of an observable. For instance, when measuring the position, we can 
prepare n identical quantum systems in the same state Ψ, as shown in Figure 1.8, 
and measure their positions. By taking an average of this position data, we can 
determine the position where we expect to find the particle the most. Naturally, 
the more measurement points we have, the closer we can get to the expectation 
value. Section 1.6.2 discusses how to calculate the expectation value mathematically.
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18� Introduction to Quantum Physics

Figure 1.8  Left plots display the wave function, while the right plots demonstrate the wave function’s 
collapse following measurement. This illustration presents the concept of expectation value in quantum 
measurements. We prepare ‘n’ identical quantum systems in the same quantum state and conduct 
measurements on each system. As a result of the probabilistic nature of quantum mechanics, every 
measurement yields a different outcome. The expectation value is defined as the average of these 
measured values. Consequently, we anticipate the particle to predominantly occupy the position ⟨x⟩.

The measured position values depicted in Figure 1.8 exhibit a certain distri-
bution. This distribution can be created by plotting the measured positions on the 
x-axis and the frequency of each position on the y-axis. The standard deviation 
measures how much the values in a distribution deviate or spread out from the 
mean value, and the variance is referred to as the uncertainty of the position oper-
ator. Sections 1.6.2 and 1.6.3 cover the mathematical calculation of the expectation 
and uncertainty values.

1.6.2  Expectation Value

Recall from Section 1.4 that an operator in quantum mechanics represents an 
observable. The expectation value of an observable A with the operator Â is given by
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1.6  Quantum Measurement� 19

	
A = y∗ x,t( ) Ây x,t( )dx

−∞

∞

∫ 	 (1.20)

If Φ(p, t) represents the momentum-space wave function, we have, in general,

	

Q x,p,t( ) =
Ψ∗Q̂ x,

!

i
∂
∂x

,t⎛
⎝⎜

⎞
⎠⎟ Ψ dx∫ , in position space;

Φ∗Q̂ − !
i
∂
∂p

,p,t⎛
⎝⎜

⎞
⎠⎟
Φ dp∫ , in momentum space.

⎧

⎨
⎪⎪

⎩
⎪
⎪

	 (1.21)

As shown in Section 1.5.2.2, the wave functions are ψn(x) = 2/Lsin(nπx/L). 
We can use (1.22) to calculate the expectation value of a particle’s position in an 
infinite square well in the ground state (n = 1).

	
x = 2

L
sin

px
L

⎛
⎝⎜

⎞
⎠⎟ x

2
L

sin
px
L

⎛
⎝⎜

⎞
⎠⎟ dx

0

L

∫ = L
2 	 (1.22)

where the u = πx/L change of variable is used to solve the above integral. It 
shows that we usually expect to find the particle in the center of the well for the 
ground state.

Let us calculate the momentum expectation value for a particle in its ground 
state in an infinite square well.

	
p = 2

L
sin

px
L

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

−i! d
dx

2
L

sin
px
L

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

dx
0

L

∫ = −ih Lp 0( ) = 0 	 (1.23)

The expectation value of the momentum of a particle in an infinite square well 
is zero due to the standing waves that fit in the well. Standing waves oscillate in 
a place like a guitar string, meaning there is no net energy flow or momentum in 
either direction.

To investigate whether there is a connection between expectation values in 
quantum mechanics and classical mechanics, we can turn to Ehrenfest’s theorem. 
This theorem states that, similar to Newton’s second law, the time rate of change of 
momentum (i.e., the force) is equal to the gradient of the potential d⟨p⟩/dt = ⟨−∂V/∂x⟩.

1.6.3  Variance or Uncertainty

The probabilistic nature of quantum systems results in measured values having a 
certain distribution. The standard deviation is used to express the spread of this 
distribution. The standard deviation of the position operator is defined as σx = 
x2 − x 2  [5]. The variance or σx

2 is referred to as the uncertainty of an opera-
tor. Note that every calculation of the standard deviation σx or expectation value 
is done for a specific eigenstate.
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20� Introduction to Quantum Physics

Let us calculate the standard deviation for the position of a particle in the 
ground state of an infinite square well

	
x2  = 2

L
sin

px
L

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟
x2 2

L
sin

px
L

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟
dx

0

L

∫ 	 (1.24)

By using the change of variable u = πx/L we obtain ⟨x2⟩ = 0.283L2, and therefore 
σx = x2 − x 2 = 0.283L2 − (0.5L)2  = 0.182L.

The standard deviation of the momentum of a particle in the ground state of 
an infinite square well is calculated as follows σp = (h2 /4L2) − (0)2  = h/2L.

Section 1.6.4 explores the relationship between the uncertainties in position 
and momentum, as described by Heisenberg’s uncertainty principle.

1.6.4  Uncertainty Principle

Recall from Section 1.1 that wave-particle duality is a significant property of quan-
tum mechanics. Both wave and particle pictures can represent quantum physics 
processes equally well. However, there is a limit to the application of the particle 
picture to quantum systems dictated by the uncertainty principle. This implies 
that as one concept, such as the position, approaches the particle picture, the other, 
such as the velocity, becomes fuzzy and distant from its initial classical meaning. 
Let us consider an example to clarify this.

As explained in Section 1.5.2.1, a wave packet can be used to visualize the 
position of a quantum particle spread over the distance Δx, implying that the par-
ticle can be anywhere in the Δx range. The electron’s velocity is associated with 
the group velocity of the wave packet, as mentioned earlier. Due to dispersion, 
the size and shape of the wave packet change as it moves; therefore, the group 
velocity cannot be precisely defined. As a result, the velocity also spreads over 
a range defined by Δv, which implies that the particle’s velocity has a value that 
belongs to the Δv range. It is important to note that this uncertainty should be 
viewed as a fundamental aspect of the electron rather than a sign that the wave 
picture is not applicable.

The wave packet can be written as a superposition of plane sinusoidal waves 
with wavelengths centered around λ0 with a spread of Δλ [6]. The number of 
crests that fall within the Δx boundary is approximately n = Δx/λ0. Outside the 
Δx boundary, the superposition of the waves must have a canceling effect. This is 
possible if, and only if, some of the component waves contain at least n + 1 waves 
that fall in the critical range. This phenomenon results in an interference pattern, 
where the waves constructively add up within the Δx boundary and destructively 
outside it. This is expressed mathematically as [10]

	

Δx
l0 − Δl ≥ n + 1 	 (1.25)

If we substitute n = Δx/λ0 in (1.25), then we obtain (Δx/λ0 − Δλ) ≥ (Δx/λ0) + 
1. After doing some algebra, we obtain ΔxΔλ/λ0(λ0 − Δλ) ≥ 1. Since λ0 ≫ Δλ, the 
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1.6  Quantum Measurement� 21

following approximation can be applied λ0(λ0 − Δλ) ≈ λ0
2, so we arrive at ΔxΔλ/

λ0
2 ≥ 1.

De Broglie’s formula relates the group velocity of the wave packet vg to the 
wavelength and mass m of the particle vg = h/mλ0. The range of velocities that 
determine the spreading of the packet is given by Δvg = hΔλ/mλ0

2

We use the definition of the momentum Δp = mΔvg and Δvg = hΔλ/mλ0
2 to 

obtain Heisenberg’s uncertainty principle ΔxΔp ≥ h. Another form of the uncer-
tainty principle relates to the standard deviation of the position σx and the standard 
deviation of momentum σp. This form is expressed as σxσp ≥ ℏ/2.

Any usage of the terms “position” and “velocity” that exceeds the precision 
provided by σxσp ≥ ℏ/2 is equally meaningless to the use of undefined words. This 
means that if we want to apply classical concepts such as position and velocity to 
a quantum system, we must acknowledge that there is a limit to how precisely 
these variables can be defined in the quantum context. As one variable becomes 
more particle-like, the other necessarily becomes less so.

Let us take a numerical example to understand how the uncertainty relation 
works. Suppose we can determine the position of an electron with an uncertainty 
of 10 nm. Using the uncertainty principle, we can find the minimum uncertainty 
in the electron’s velocity as mΔv ≥ h/Δx. The mass of an electron is me = 9.10 × 
10–31 kg. Therefore, the minimum uncertainty in the velocity of the electron is Δv 
≥ 72.74 × 103 m/s.

As discussed in Section 1.6.4.1, the uncertainty principle implies that no quan-
tum state can simultaneously be a position and a momentum eigenstate. In other 
words, the wave function for position and momentum cannot be identical. How-
ever, this is not the case when the observables are compatible or commutable.

1.6.4.1  Uncertainty Principle and Fourier Transform

The Fourier transform is a powerful mathematical tool that finds applications in 
diverse fields of science and engineering. It represents a method for reconstruct-
ing a function by combining sine waves of different frequencies with appropriate 
amplitude and phase.

The uncertainty principle can be expressed using the language of the Fourier 
transform. A wave function can be represented either as a position-space wave 
function ψ(x) or a momentum-space wave function ϕ(p).2

	
y x( ) = 1

2p! e
ipx
! f p( ) dp

−∞

∞

∫ 	 (1.26)

	
f p( ) = 1

2p! e
− ipx
! y x( )dx

−∞

∞

∫ 	 (1.27)

It is clear that (1.26) and (1.27) (apart from the factors of ℏ) constitute a Fou-
rier transform pair between the “position-space” and momentum space wave 

2. This is analogous to the familiar time-domain and frequency-domain representations of a signal.
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functions.3 The Fourier transform bridges these two representations, allowing us 
to transform a wave function from one space to another.

The scaling property of the Fourier transform y ax( )↔
FT

1/ a( )f p/a( )  shows that 
if we scale the ψ wave function by the a factor (a > 1 corresponding to compression 
and a < 1 corresponding to the expansion of the wave function), then its Fourier 
transform ϕ is scaled by the 1/a factor. (See Figure 1.9.) Expansion (compression) 
in the position domain corresponds to compression (expansion) in the momentum 
domain. This behavior is related to the uncertainty principle, whereby the more 
compressed and less uncertain the position wave function becomes, the more 
extended and uncertain the momentum wave function becomes.

The only function with the same Fourier transform pair is the Gaussian wave 
function, which has the minimum uncertainty.

1.6.4.2  Uncertainty Principle and Commutation Relations

The uncertainty principle can also be expressed using a mathematical operator 
known as the commutator. The commutator of two operators Â and B̂  is defined 
as follows [Â, B̂] ≡ ÂB̂ − B̂Â .

An operator can be viewed as a matrix, and matrix multiplication is gener-
ally noncommutative. Therefore, if we have two operators, Â and B̂, in general, 
AB ≠ BA. The uncertainty principle can be expressed in terms of commutators as 
follows: For two physical quantities to be concurrently observable, their operator 
representations must commute (that is, [Â, B̂]  = 0). In other words, the order of 
measurement does not matter, and the result of the second measurement does 

3. The probability of obtaining momentum in the range dp is |Φ(p, t)|2dp.

Figure 1.9  (a) The position domain (x-domain) wave function and (b) the corresponding Fourier 
transform in the momentum domain (p-domain). The scaling property of the Fourier transform 
shows that an expansion of the wavefunction in the x-domain results in the compression in the 
p-domain.
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1.6  Quantum Measurement� 23

not depend on the outcome of the first measurement (i.e., the two measurements 
commute). However, if two operators do not commute, the order of measurement 
matters, and the result of the second measurement depends on the outcome of 
the first measurement.

The commutation relation between the position and momentum is given by 
[x̂, p̂]  = iℏ.

Since position and momentum do not commute, there is uncertainty when 
both observables are measured simultaneously.

The uncertainty principle in its most general form for two operators Â and B̂ 
can be expressed as follows σA

2σB
2 ≥ 1/2i〈[Â, B̂]〉( )2 .

So, if we substitute [x̂, p̂]  = iℏ in σA
2σB

2 ≥ 1/2i〈[Â, B̂]〉( )2 , we can easily obtain 
the uncertainty relation for the position and momentum.

1.6.5  Heisenberg’s Picture

In the Schrödinger picture, the operators are constant, and the states evolve over 
time. For the time-independent Hamiltonian, the time evolution operator U(t) = 
e–iĤt/ℏ acts on an initial state ψ(t1), to generate |ψ(t2)⟩ = U(t)|ψ(t1)⟩.

In Heisenberg’s picture, the operators (observables) are time-dependent, but 
the state vectors are time-independent. The two pictures only differ by a basis 
change with respect to the time dependency.

In Heisenberg’s equation of motion, the time derivative of the expectation 
value of an observable, Q̂(x,p,t)  is a measure of how fast the system is changing. 
It can be shown that the time derivative of the expectation value of the observable 
Q̂  is given by

	

d
dt

Q̂ = i
!

Ĥ,Q̂⎡⎣ ⎤⎦ + ∂Q̂
∂t 	 (1.28)

In the normal case, the operator Q̂  is not explicitly dependent on t, so ∂Q̂/ ∂t  = 0. 
Therefore, the operator’s commutator with the Hamiltonian [Ĥ,Q̂]  determines the 
time rate of change of the expectation value of Q̂  given by d〈Q̂〉 /dt. If Q̂  com-
mutes with Ĥ (i.e., [Ĥ,Q̂]  = 0), then ⟨Q⟩ must be a constant and conserved quantity.

Let us see how Heisenberg’s picture helps to understand the uncertainty rela-
tion between the time t̂  and energy Ê  = iℏd/dt operators given by ΔEΔt ≥ ℏ/2 
where Δt is the amount of time it takes for the expectation value of the operator 
Q̂  to change by one standard deviation σQ, and where σQ is given by

	
sQ = d〈Q̂〉

dt
Δt 	 (1.29)

The Δt entirely relies on the observable Q̂  because one observable may vary 
quickly while another may change slowly. For small values of ΔE, the time rate of 
change of the observable must be very gradual. If an observable changes rapidly 
with time, the uncertainty in the energy must be large.
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1.6.6  Quantum Coherence

Recall that passive observation is impossible in quantum mechanics, because the 
act of observing a quantum system can alter what is being observed. Any distur-
bance caused by the environment acting on a quantum system is equivalent to 
measuring or observing the system. As a result, when the environment interacts 
with a quantum system, a process called decoherence occurs, eventually causing 
the wave function to collapse [11].

Figure 1.10(a) illustrates the decoherence process, where a two-level system 
in spin-up and spin-down superposition gradually collapses to spin-up due to 
noise acting on it. As discussed in Chapters 2 and 3, decoherence presents a sig-
nificant obstacle to quantum computing. Later, Section 2.1.2 demonstrates that 
minimizing decoherence in a quantum computing system is crucial for prolonging 
the maintenance of quantum information. Therefore, it is necessary to decouple 
quantum systems from the environment to minimize the impact of uncontrolled 
and unwanted measurements on the system.

Now, let’s explore the meaning of a coherent superposition of quantum states. 
Constructive and destructive interference effects occur when two or more waves 

Figure 1.10  (a) The spin is initially in a superposition of spin-up and spin-down states. 
Decoherence occurs when environment-related disturbances such as noise act on a quantum 
system resulting in a gradual wave function collapse. (b) Double-slit experiment with an 
incoherent light source and (c) a coherent light source.
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overlap, and their amplitudes add up or cancel out. To observe clear interference 
patterns, the phases of the interfering waves need to be well-defined and not ran-
domly change with time. Figure 1.10(b, c) demonstrates the interference patterns 
in a double-slit experiment with incoherent and coherent light sources. No clear 
interference effect is observed with an incoherent light source.

Coherent superposition of wave functions leads to interesting quantum phe-
nomena such as macroscopic effects in superconductors and lasers. In quantum 
computing, interference is the underlying principle that leads to constructive 
interference where the solution lies and destructive interference elsewhere, as 
explained in Chapter 2.

Chapter 2 further demonstrates that qubits must retain quantum information 
for a sufficient duration to complete the qubit operations. The coherence time, or 
the duration that a qubit can remain coherent and retain quantum information, 
determines the number of quantum gates or qubit operations that can be applied 
to the qubit. A fault-tolerant quantum computer aims to reach a billion to a trillion 
quantum gate operations. Single-qubit gates typically take tens of nanoseconds, 
and two-qubit gates take a few hundred nanoseconds, depending on the hardware. 
Currently, superconducting qubits have already reached millisecond coherence 
times, which allows for the execution of a few thousand quantum gates before the 
qubit loses quantum information.

Nonideal properties in the qubit, such as quasi-particle tunneling, critical cur-
rent noise, and nonideal control signals and noise in its environment, can result in 
the loss of quantum information and cause decoherence, as shown in Chapter 3.

1.6.6.1  Quantum Coherence and Energy Uncertainty

Heisenberg’s uncertainty principle, ΔEΔt ≥ ℏ/2, can be utilized to determine the 
uncertainty in the energy levels of a qubit. As we learned in Section 1.6.5, in 
Heisenberg’s picture, Δt represents the amount of time it takes for the expectation 
value of the operator Q̂  to change by one standard deviation. This operator can 
be the charge operator corresponding to a charge qubit such as a Cooper pair box 
(see Chapter 3). The longer it takes for the charge of the qubit to change, the less 
uncertain the qubit energy will be. This implies that the more resilient the qubit 
is to noise-induced changes in the charge, the more well-defined the qubit transi-
tion frequency will be. Figure 1.11(a) illustrates a qubit with well-defined energy 
levels, while Figure 1.11(b) displays a noisy qubit with broadened energy levels. 
Thus, in this case, the transition could occur at a range of frequencies instead of 
a single sharp frequency.

As illustrated in Figure 1.11(c), the uncertainty in energy levels leads to line 
broadening, where the transition happens at a range of frequencies with a band-
width determined as follows: E = ℏω, and using Heisenberg’s uncertainty principle 
results in ΔE = ℏΔω → Δω ∝ 1/Δt. The line has a “Lorentz shape” with a sharper 
peak and wider wings than a Gaussian profile.

	

f w( ) = Δw /2p
w − w0( )2 + Δw /2p( )2

	 (1.30)
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Figure 1.11  (a) Well-defined energy levels for a noiseless qubit, (b) uncertainty in energy levels for a 
noisy qubit, (c) line broadening due to uncertain energy levels, (d) qubit prepared in a superposition state, 
and (e) qubit starting to precess around the Z axis at f10 frequency. When considering an ensemble of 
experiments, frequency noise causes the Bloch vectors of each experiment to spread out from the average 
as some rotate with greater frequency and some with lower.

But how does energy uncertainty lead to decoherence? Let us use the Bloch 
sphere to explain this concept. Assume that the qubit is in the superposition state 
and located at |+⟩ = 0 + 1( ) / 2  on the Bloch sphere, as shown in Figure 1.11(d). 
When the qubit is allowed to evolve over time, it starts to precess around the Z-axis 
at transition frequency f01. Therefore, the qubit phase ϕ evolves in time according 
to the equation ϕ(t) = 2πf10t. Any noise-induced fluctuations in frequency δf will 
create a phase offset δϕ = δft.4 Consequently, frequency noise (δf(t)) over time 
results in random phase fluctuations (δϕ), leading to decoherence.

4. If the frequency offset is constant, it is possible to eliminate the phase offset by measuring the 
bare frequency.
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1.6.6.2  Quantum Coherence and Density Matrix

According to decoherence theories, a nonisolated quantum system develops entan-
glement with other systems, including measurement apparatuses, eventually 
resulting in decoherence. The density matrix is a helpful tool for describing deco-
herence processes. If we define the state vector |ψ⟩ as a superposition of the |0⟩ and 
|1⟩ states |ψ⟩ = (|0⟩ + eiθ|1⟩)/ 2 . Then the density matrix ρ is obtained by

	

r = y y =

1
2

1
2
e− iq

1
2
eiq

1
2

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

	 (1.31)

As shown in Section 1.6.6.1, as a quantum system interacts with the environ-
ment, the wave function’s phase undergoes random changes resulting in decoher-
ence. The off-diagonal entries gradually average to zero with time, and the density 
matrix reduces to 1/2 0

0 1/2
⎛
⎝⎜

⎞
⎠⎟ , where no wave function in a superposition state can 

be associated with this density matrix. So, this density matrix has been reduced 
to a classical probability function.

The density matrix of a single-qubit state can be expanded in the following form

	

r = 1
2
Î + !r ⋅

!̂σ( ) = 1
2
Î + 1

2
rxŝx + 1

2
ryŝy + 1

2
rzŝz

= 1
2

1 + rz rx − iry
rx + iry 1 − rz

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

	 (1.32)

where Î is the identity matrix, and ŝx , ŝy , ŝz  the X, Y, Z Pauli matrices, respectively

	

sx ≡ X ≡ 0 1
1 0

⎛
⎝⎜

⎞
⎠⎟ ,  sy ≡ Y ≡ 0 −i

−i 0
⎛
⎝⎜

⎞
⎠⎟ ,

sz ≡ Z ≡ 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟ , I ≡ 1 0

0 1
⎛
⎝⎜

⎞
⎠⎟

	 (1.33)

The rx, ry and rz coefficients correspond to the components of the Bloch vector 
!
r.

The time evolution of the density matrix can be expressed using Heisenberg’s 
equation i! "r  = [H, ρ]. Quantum state tomography allows the determination of the 
density matrix elements through measurements.

1.7	 Quantum Entanglement

So far, we have focused on single-particle quantum systems that exhibit super-
position. This property is unique to quantum mechanics and has no classical 
equivalent. The intriguing quantum mechanical phenomenon of entanglement 
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emerges in two-particle quantum systems. Like superposition, entanglement has 
no classical counterpart. Chapter 2 explains how these two phenomena underlie 
the computational power of quantum computers. We include this information at 
this point in the text to maintain the logical flow of the contents.

In a classical system with two interacting particles, such as two masses coupled 
with a spring, it is possible to determine the state of each mass (i.e., its position) 
by solving a system of coupled differential equations. However, in a quantum 
mechanical system with two interacting entangled particles, it is impossible to 
know the state of any individual entangled particle. Therefore, the entire system 
must be described as a whole.

Assume two qubits represented by |ψ1⟩ = a1|0⟩ + b1|1⟩ and |ψ2⟩ = a2|0⟩ + b2|1⟩. 
The state of these two unentangled qubits |Ψ⟩ is given by the tensor product ⊗ of 
the individual single-qubit states [12]

	
Ψ = y1 ⊗ y2 = y1y2 	 (1.34)

If we replace each state in (1.34), we obtain

	

Ψ = a1 0 + b1 1( ) ⊗ a2 0 + b2 1( )
= a1a2 00 + a1b2 01 + a2b1 10 + b1b2 11 	 (1.35)

So, a two-qubit state is a four-dimensional state vector expressed as

	

y1y2 =

a1a2

a1b2

a2b1

b1b2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

	 (1.36)

Not all two-qubit states can be represented as a tensor product of individual 
states. Consider the following state called the Bell state

	
Φ+ = 1

2
00 + 11( ) 	 (1.37)

Let us try to decompose the Bell state into a tensor product of two single-qubit 
states as follows

	

Φ+ = a1 0 + b1 1( ) ⊗ a2 0 + b2 1( )
= a1a2 00 + a1b2 01 + a2b1 10 + b1b2 11

	 (1.38)

From (1.37) and (1.38), we need to have a1b2 = a2b1 = 0, which implies that either 
a1a2 = 0 or b1b2 = 0. But, from (1.37), both a1a2 ≠ 0 and b1b2 ≠ 0. This proves that the 
Bell state |Φ+⟩ cannot be decomposed into the tensor product of two single-qubit 

7092_Book.indb   287092_Book.indb   28 12/20/23   3:12 PM12/20/23   3:12 PM



1.7  Quantum Entanglement� 29

states. The only way to describe the Bell state is by describing the whole state, 
which is the property of an entangled state.

When measuring the state of a particle in an entangled state, any changes 
made to its state will instantaneously affect the state of the second particle. For 
example, if we measure the spin of one of the entangled particles and find it up, 
the other particle will immediately change to the spin-down state. Entanglement 
plays a central role in many quantum algorithms, as seen in Chapter 2.
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Introduction to Quantum Computing

The measure of greatness in a scientific idea is the extent to which it stim-
ulates thought and opens up new lines of research.

—Paul Dirac

This chapter provides an overview of quantum computing to supply readers with 
the information they need to implement superconducting qubit hardware.

To this end, the chapter examines a generic quantum computing architecture 
based on the DiVincenzo criteria and delves into the concepts of quantum gates, 
quantum algorithms, and quantum error correction. Additionally, the chapter 
explores various quantum computing platforms and addresses the technical chal-
lenges associated with scaling. The chapter concludes by examining the practical 
skills required for constructing superconducting quantum computers.

2.1	 Quantum Computing

Quantum mechanics, with its counterintuitive concepts such as superposition 
and entanglement, has revolutionized our understanding of nature. Feynman 
and Manin first conceived of using quantum effects to perform computations 
with quantum objects [1]. In 1982, Feynman postulated the idea of a universal 
quantum simulator, which Seth Lloyd later demonstrated in 1996 to be a quantum 
computer. This means that a quantum computer can be programmed to simulate 
the behavior of arbitrary quantum systems whose dynamics are determined by 
local interactions [2].

The following sections examine the architecture of a quantum computer, 
explore the diverse applications that quantum computers can address, and explain 
quantum information processing using single-qubit and two-qubit gates.

2.1.1  The Power of Quantum Computing

Chapter 1 introduced the concept of superposition and demonstrated how micro-
scopic objects, such as atoms, can exist in multiple states simultaneously. The 
superposition principle enables each qubit to exist in two states simultaneously. 
Consequently, having n qubits provides a quantum computer with 2n computational 
resources. This exponential growth in computational resources with the number 
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of qubits distinguishes quantum computers from classical computers, where the 
computational resources increase linearly with the number of bits.

One may wonder how superposition can be utilized to speed up calculations. 
Imagine, for instance, maze-goers trying to find their way out. The search process 
would be much easier if they could create multiple duplicates of themselves. Being 
in a superposition state allows the search process to be parallelized. Section 2.2.5 
examines how quantum parallelism works in a quantum algorithm.

Entanglement is another fascinating quantum mechanical phenomenon that 
has no classical counterpart. Recall from Chapter 1 that when two or more quan-
tum systems are allowed to interact, they can be in an entangled state where the 
only way to describe the system is to describe the entire system. In other words, 
the quantum system with entanglement cannot be decomposed and characterized 
by describing its individual subsystems. Moreover, the entangled particles, such 
as entangled qubits, are correlated in such a way that if we measure one qubit and 
find it in |0⟩ state, we can be certain that the other qubit will be in |1⟩ state. This 
correlation between entangled particles can be utilized in quantum computers, 
quantum communication, and quantum imaging systems. Section 2.2.2 introduces 
two-qubit entangling gates necessary to build a universal set of quantum gates to 
perform quantum algorithms.

The superposition and entanglement phenomena, along with the interference 
effect, can be utilized to create quantum processors that can perform specific com-
putational tasks exponentially faster than classical processors. Quantum computers 
are primarily helpful for large-scale simulations and optimizations, factoring, and 
cryptography problems. It should be emphasized that quantum computers are not 
necessarily faster and more efficient than classical computers in all types of com-
putations. For instance, adding two integers on a quantum computer is incredibly 
sluggish and inefficient. If you ask a quantum computer what the outcome of 1 
+ 1 is, it will respond with a probability of 80% that the answer is 2, which is not 
helpful for everyday use cases.

2.1.2  DiVincenzo Criteria

David DiVincenzo has outlined five requirements that a physical system must 
satisfy to be a viable platform for quantum computation [3]. According to these 
criteria, we need the following:

1.	 We need a scalable physical system with well-characterized two-level quan-
tum systems or qubits. An atom can act as a qubit, where the atom’s ground 
state is represented by |0⟩ and the excited state by |1⟩. Excitation with the 
right energy causes the atom to go from |0⟩ to |1⟩. The atom eventually 
relaxes to the ground state and emits a photon. Section 2.3 demonstrates that 
qubits can be realized using both natural and synthetic physical systems. 
These qubits can be manifested through various physical properties, such 
as the charge of a superconducting circuit, the polarization of a photon, or 
the spin of an electron, all of which can represent the distinct states of the 
qubit. Multiple qubits make up a quantum register.

2.	 We need a quantum register that can be initialized to a known value before 
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the start of computation. The initialization requirement is also essential for 
quantum error correction.

3.	 In classical computers, algorithms can be expressed in terms of Boolean 
functions. Any arbitrary Boolean function can be implemented using a 
single type of gate known as a universal logic gate. Examples of universal 
logic gates are NAND and NOR gates. A quantum algorithm is a sequence 
of unitary transformations U1 = eiH1t/ℏ, U2 = eiH2t/ℏ … with the Hamiltonians 
H1, H2, … that generate these transformations (see Chapter 1 for unitary 
transformation). The unitary transformations are called quantum logic 
gates or quantum gates. As the classical logic gates operate on one or two 
classical bits, the most common quantum gates operate on spaces of one 
or two qubits. This means that 2 × 2 or 4 × 4 unitary matrices can describe 
single-qubit and two-qubit quantum gates, respectively.

Like classical computers, we need a set of universal quantum gates 
to which any transformation possible on a qubit can be reduced (i.e., any 
other unitary operation can be expressed as a finite sequence of gates 
from the set). A universal set of quantum operations consists of arbitrary 
single-qubit operations and an entangling two-qubit operation, typically 
a controlled-NOT (CNOT) gate.

4.	 Finally, we need to be able to read out the result of a computation.
5.	 All these tasks must be done with high fidelity and sufficient speed such 

that decoherence processes do not destroy the quantum information.

Once such a set of criteria is met in a system, it can be used to implement every 
conceivable quantum algorithm. The implementation of these criteria might differ 
significantly for each platform. Section 2.3 discusses different quantum comput-
ing platforms.

In summary, to implement a quantum computer in a scalable system (a sys-
tem with many qubits), it is necessary to combine access to qubits (initialization, 
control, readout) with a high degree of isolation (coherence).

We see that a quantum computer must fulfill contradictory requirements. 
On the one hand, it must be controlled (i.e., coupled with the environment). On 
the other hand, it must be decoupled from the environment as it deteriorates the 
system’s quantum behavior due to decoherence. See [3] for two further criteria 
DiVincenzo also proposed for implementing quantum communication.

2.1.3  Applications of a Quantum Computer

The next question is: what can be accomplished with a quantum computer now 
that we understand the prerequisites for building one? This section provides a 
brief overview of the potential applications of quantum computers.

2.1.3.1  Cybersecurity

Rivest–Shamir–Adleman (RSA) is a widely used encryption standard for secure 
data transmission. The security of RSA encryption relies on the exponential com-
plexity of factoring the product of two large prime numbers. In 1994, Peter Shor 
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showed that using a quantum computer reduces factorization complexity to a 
polynomial, which makes it possible to break the RSA encryption [4].

Quantum computers could also enhance current security protocols. One poten-
tial future application of qubits in cybersecurity is quantum key distribution 
(QKD). This method utilizes the observer effect1 to create a theoretically impossible 
transmission to intercept [5].

2.1.3.2  Chemistry, Material Science, and Drug Development

Many accounts from the history of material discovery and drug development 
emphasize the importance of luck and serendipity in such discoveries. Due to the 
vast number of atom combinations and bonding configurations, combinatorics is 
crucial to creating new and useful compounds. This is where quantum computers 
can be helpful in simulating complex molecule structures.

2.1.3.3  Banking and Finance

The complexity and diversity of financial factors make it challenging for financial 
institutions to accurately address the problem at hand, often leading to oversimpli-
fied solutions that compromise the accuracy of the results. Quantum computing 
can solve more complex problems by relaxing the constraints and allowing for 
more outcomes to be explored.

2.2	 Quantum Information Processing

A universal set of quantum gates consisting of single-qubit and two-qubit entan-
gling gates is needed to implement any quantum algorithm, as discussed in the 
DiVincenzo criteria. We will discuss single- and two-qubit gates in this section. 
The section concludes with an examination of the architecture of a quantum algo-
rithm, quantum error correction, and quantum supremacy.

2.2.1  Single-Qubit Gates

This section introduces single-qubit gates and how applying these gates to a quan-
tum state leads to rotations of the states on the Bloch sphere.

All single-qubit gates can be represented by 2 × 2 unitary matrices. These gates 
receive the state of a qubit as input and generate the qubit’s new state as output. 
Any 2 × 2 unitary matrix or, in other words, any single-qubit gate, can be written 
as a linear combination of the identity matrix I and the three Pauli matrices given 
in (1.33). In other words, the space of 2 × 2 unitary matrices is spanned by three 
Pauli matrices and the identity matrix I.

Any single-qubit gate can be expressed as a combination of rotations around 
the Bloch sphere’s x-, y-, and z-axes. The rotation around different axes Ri(θ) (i = 
x, y, z) is given by

1. The observer effect refers to the phenomenon wherein the act of measuring or observing a quan-
tum system leads to an alteration of its quantum state.
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2
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⎝

⎜
⎜

⎞

⎠

⎟
⎟ 	 (2.3)

Chapter 3 discusses how the rotation can be done using modulated micro-
wave pulses with appropriate amplitude, phase, and width. Some pulses have a 
particular name, such as the π-pulse and π/2-pulse corresponding to the rotation 
angle on the Bloch sphere. If we start from the |0⟩ state, a π-pulse brings the state 
from |0⟩ to |1⟩, and a π/2-pulse creates the superposition.

The identity matrix and Pauli operators can be combined to form a generalized 
rotation about any axis represented by the unit vector n̂  = (nxâx + nyây + nzâz). The 
rotation Rn̂(q)  about the n̂  axis is given by

	
Rn̂ q( ) ≡ exp −iqn̂ ⋅

!σ
2

⎛
⎝⎜

⎞
⎠⎟ = cos

q
2
I − i sin

q
2
nxsx + nysy + nzsz( ) 	 (2.4)

The various types of single-qubit gates are discussed as follows:

•	 The bit-flip gate or X-gate, also referred to as the NOT gate, transforms the 

basis states as X|0⟩ = |1⟩ and X|1⟩ = |0⟩. The X-gate is given by X = 0 1
1 0

⎛
⎝⎜

⎞
⎠⎟

.

This gate is equivalent to the σx Pauli operator, which is a π rotation 
around the x-axis, as shown in Figure 2.1(a).

The time it takes for the trajectory traveled on a Bloch sphere to reach 
the final state is called the gate operation time. Depending on the quantum 
computing platform and hardware implementation, the gate operation time 
can vary from tens of nanoseconds for superconducting qubits to microsec-
onds for ion traps [6].

Also note that the trajectory traveled on a Bloch sphere looks more like 
Figure 2.1(b) in reality, which is not as smooth and straight as implied in 
Figure 2.1(a).

•	 The Hadamard gate generates the superposition state, which is the essential 
starting point for many quantum algorithms. The Hadamard gate H is given 

by H = 
1
2

1 1
1 −1

⎛
⎝⎜

⎞
⎠⎟ .
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Figure 2.1  (a) The trajectory traveled on a Bloch sphere for an X-gate acting on the |0⟩ state and 
(b) the trajectory of a real-world X-gate on the Bloch sphere.

When the Hadamard gate acts on the |0⟩ state the output is an equal 
superposition of |0⟩ and |1⟩ states H|0⟩ = (|0⟩ + |1⟩)/ 2 . In terms of rota-
tions, a Hadamard gate reflects a π rotation around an axis in the x-z plane 
of the Bloch sphere that lies halfway between the sphere’s poles, as shown 
in Figure 2.2(a).

•	 The phase-flip gate or Z-gate is equivalent to σZ Pauli operator with an azi-

muthal rotation of the qubit’s state by π. The Z-gate is given by Z = 1 0
0 −1

⎛
⎝⎜

⎞
⎠⎟ .

Z-gate acting on a superposition state (|0⟩ + |1⟩)/ 2  results in Z((|0⟩ + 
|1⟩)/ 2 ) = (|0⟩ − |1⟩)/ 2  [i.e., a π rotation in the azimuthal direction bring-
ing the qubit to the opposite side of the x-axis, as shown in Figure 2.2(b)].

•	 The phase gate S can be seen as the square root of the Z-gate, as S2 = Z. This 

is equivalent to an azimuthal rotation by π/2 and is given by S = 1 0
0 i

⎛
⎝⎜

⎞
⎠⎟

.

•	 The π/8-gate or T-gate can be seen as the square root of the phase gate, as T2 
= S. This is equivalent to an azimuthal rotation by π/4, which is not what the 

gate’s name conveys. The T-gate is given by T = 
1 0

0 exp
ip
4

⎛
⎝⎜

⎞
⎠⎟

⎛

⎝

⎜
⎜

⎞

⎠

⎟
⎟

.
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2.2.2  Two-Qubit Gates

As mentioned in Section 2.1.2, single-qubit and entangling two-qubit gates are nec-
essary to create a universal set of quantum gates. As discussed in Chapter 1, not all 
quantum states can be expressed as a tensor product of two individual quantum 
states. These undecomposable states, such as the Bell state |Φ+⟩ = (|00⟩ + |11⟩)/ 2 , 
are referred to as entangled states. Entangled states cannot be decomposed into 
their constituent states, and the only way to describe them is by describing the 
entire system as a whole [5].

Now let us see how the single-qubit gates act on two-qubit states. Assume 
Hadamard gate H operates on the first qubit |ψ1⟩ and phase gate S operates on 
the second qubit |ψ2⟩; then we can rewrite their simultaneous effect on both qubits 
using their tensor product H|ψ1⟩ ⊗ S|ψ2⟩ = (H ⊗ S)|ψ1ψ2⟩. The tensor product of 
the Hadamard H and S gates is given by

	

H ⊗ S = 1
2

1 × 1 0
0 i

⎛
⎝⎜

⎞
⎠⎟ 1 × 1 0

0 i
⎛
⎝⎜

⎞
⎠⎟

1 × 1 0
0 i

⎛
⎝⎜

⎞
⎠⎟ −1 × 1 0

0 i
⎛
⎝⎜

⎞
⎠⎟

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

= 1
2

1 0 1 0
0 i 0 i
1 0 −1 0
0 i 0 −i

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

	 (2.5)

This 4 × 4 unitary matrix operates on a four-dimensional state vector given in (1.36).
One class of entangled gates is controlled operations, where one qubit, 

labeled as the control qubit, determines when the gate acts on the target qubit. 

Figure 2.2  (a) Hadamard gate acting on the |0⟩ state and its trajectory on the Bloch sphere and 
(b) Hadamard gate followed by a Z-gate acting on the |0⟩ state and its trajectory on the Bloch 
sphere.
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The controlled-NOT or CNOT gate is the canonical two-qubit entangled gate rep-
resented by

	

CNOT = 0 0 ⊗ 1 + 1 1 ⊗ X =
1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

	 (2.6)

The schematic of a CNOT gate is shown in Figure 2.3(a). If the control qubit 
is |1⟩, the NOT operation is applied to the target qubit. Therefore, the CNOT gate 
maps |10⟩ to |11⟩ and |11⟩ to |10⟩, while it leaves the states |00⟩ and |01⟩ unchanged.

Another two-qubit gate is the controlled-phase (CPHASE) gate shown in Figure 
2.3(b). This gate applies a Z-gate to the target qubit if the control qubit is in the |1⟩ 
state. The CPHASE gate is defined as follows

	

CPHASE = 0 0 ⊗ 1 + 1 1 ⊗ Z =
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟

	 (2.7)

Applying the iSWAP gate results in swapping an excitation between the two 
qubits and adding a phase of i = eiπ/2. This gate can be implemented in a supercon-
ducting qubit by turning on a capacitive coupling between the qubits for a certain 
amount of time. An iSWAP gate is given by

	

iSWAP =
1 0 0 0
0 0 −i 0
0 −i 0 0
0 0 0 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

	 (2.8)

It can be shown that the CNOT gate and single-qubit gates can be used to 
build the iSWAP gate [6].

The iSWAP  gate called the square root-iSWAP gate can generate Bell-like 
superposition states, such as |01⟩ + i|10⟩. The iSWAP  gate is given by

	

i SWAP  =

1 0 0 0
0 1/ 2 −i / 2 0
0 −i / 2 1/ 2 0
0 0 0 1

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

	 (2.9)

Alongside two-qubit gates, three-qubit gates such as Toffoli and CSWAP exe-
cute more complex multiple qubits operations. These gates find application in 
quantum error–correction schemes, among others.

We have reviewed the standard single and two-qubit gates. Certain gate sets 
are preferred over others depending on the qubit platform, architecture, and the 
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gate implementation complexity. One choice for a universal set of quantum gates 
is G = {Xθ, Yθ, Zθ, Phθ, CNOT} consisting of three single-qubit rotations around 
the three axes of the Bloch sphere, the PHθ = eiθ𝟙 gate that applies an overall phase 
θ to a single qubit and a two-qubit CNOT gate. Another possible set of universal 
quantum gates is G = {H, S, T, CNOT} [6].

2.2.3  Gate Fidelity

Quantum circuits, which are constructed by combining single-qubit and two-qubit 
gates, enable us to implement quantum algorithms. The computational outcome of 
quantum algorithms depends on the quality of the implemented quantum gates, 
which is determined by how closely the resulting state aligns with the ideal quan-
tum gates. Factors such as noise and imperfections in qubit control can introduce 
a discrepancy between a quantum gate’s actual and ideal outputs, quantified by 
the gate fidelity.

Achieving high-fidelity gates is crucial for implementing quantum-error cor-
rection, an essential component in realizing a fault-tolerant quantum computer. 
Section 2.2.6 demonstrates that for each quantum error–correction algorithm, the 
gate fidelity needs to surpass a certain fault-tolerance threshold [7]. For example, 
the threshold for implementing the surface code, a well-known quantum error–
correction algorithm, requires gate fidelities exceeding 99% [8].

Suppose a quantum system is in the state |ψ⟩ and some physical process with 
dynamics ε occurs, transforming the quantum system to the state ε(|ψ⟩⟨ψ|) [5]. 
The gate applied on the |ψ⟩ state is shown by a unitary operation U. If ε(|ψ⟩⟨ψ|) is 
applied to different pure states |ψ⟩, the average probability of ending up with the 
ideal target state can be estimated. This idea can be used to calculate the average 
gate fidelity as follows

	
Favg e,U( ) = y U†e y y( )U∫ y dy 	 (2.10)

The calculation of this integral involves averaging over all possible pure states 
sampled using a uniform distribution [5]. The fidelity ranges from 0 to 1, where a 
fidelity of 1 indicates a perfect gate operation that produces the desired target state.

The coherence time, or the duration that a qubit can remain coherent and 
retain quantum information, determines the number of quantum gates or qubit 
operations that can be applied to the qubit. Therefore, short gate times are desir-
able since the gate fidelity is bounded from above by the coherence times of the 

Figure 2.3  Circuit representation for (a) the CNOT gate and (b) the controlled-phase gate.
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qubits. The ultimate goal in a fault-tolerant quantum computer is to reach a billion 
to a trillion quantum gate operations.

2.2.3.1  Evaluating the Performance of a Quantum Processor

This section discusses three methods for evaluating gate fidelity: the double-π 
metric, quantum-process tomography (QPT), and randomized benchmarking. 
These approaches play a crucial role in assessing the accuracy and performance 
of quantum gates, enabling quantum engineers to gain valuable insights into gate 
operations’ quality.

2.2.3.1.1  Double-π Metric

The double-π (π − π) metric involves the application of two π pulses in succes-
sion, which ideally results in the identity operation 𝟙. Deviations from 𝟙 can be 
determined by measuring the residual population of the excited state following 
the pulses [9]. This simple test helps detect the presence of levels beyond a two-
level Hilbert space and the effects of qubit relaxation. However, it can only pro-
vide a rough estimate of the actual gate fidelity because it lacks information on 
all possible errors. Additionally, the double-π metric does not effectively account 
for errors that exclusively affect the eigenstates of σx and σy, or variations in the 
rotation angle from π [9].

2.2.3.1.2  QPT

QPT aims to determine the process matrix χ. For this purpose, we apply the first 
pulse, chosen from {𝟙, Rx(π), Rx(π/2), Ry(π/2)} to prepare the four linearly inde-
pendent input states |0⟩, |1⟩, (|0⟩ + i|1⟩)/ 2 , and (|0⟩ − |0⟩)/ 2 , whose projectors2 

span the space of 2 × 2 density matrices ρ. The second pulse is chosen from 
{𝟙, Rx(π/2), Ry(π/2)} and corresponds to the process we use to determine χ. By 
rotating the measurement axis using the final pulse ({𝟙, Rx(π), Rx(π/2), Ry(π/2)}), 
the state tomography can be performed on the state resulting from the first two 
pulses [9]. Figure 2.4 shows the QPT for a π/2 phase gate.

The number of measurements required for QPT increases exponentially with 
the number of qubits. Additionally, imperfect measurements make it challenging 
to attribute the results obtained from QPT to a single gate error. The randomized 
benchmarking introduced in Section 2.2.3.1.3 addresses these issues.

2.2.3.1.3  Randomized Benchmarking

Every qubit operation involves three steps: preparing the qubit in a known quan-
tum state; applying a quantum gate or a series of gates; and finally, measuring 
the qubit’s state. Each of these steps is prone to errors, so we need a way to isolate 
errors caused only by the quantum gates from the state-preparation-and-mea-
surement (SPAM) errors.

The π-π and QPT methods are susceptible to SPAM errors. Randomized bench-
marking is a standard method of characterizing the error in quantum gates to 

2. By definition the projector P = |i⟩⟨i| acts on a quantum state and projects it onto the state |i⟩.
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estimate their average fidelity. The goal is to characterize a set of gates by apply-
ing them in a randomized sequence and track how much error increases with the 
length of the circuit. The sequence is chosen randomly from the Clifford group 
generators (Ru = e±iσuπ/4, where u = x, y). This method makes it possible to isolate the 
errors due to the quantum gate from those due to the SPAM. This is achieved by 
observing changes in error as we increase circuit length, effectively canceling out 
errors from measurement when looking at error differences. Another advantage 
of some versions of randomized benchmarking is their efficiency, as they can be 
efficiently applied to a large number of qubits. Figure 2.5(a) shows a typical plot of 
the sequence gate fidelity versus the circuit length, corresponding to the number 
of Clifford gates used. Figure 2.5(b) shows a single microwave control pulse, and 
Figure 2.5(c) shows a pulse sequence used for randomized benchmarking.

2.2.4  Quantum Circuits

We can construct quantum circuits by combining single-qubit and two-qubit gates. 
Figure 2.6 illustrates a quantum circuit comprised of four input qubits, q0 to q3, 
Hadamard, and CNOT gates. The meter symbol represents the measurement oper-
ation. Quantum circuits are typically written in the order of application from left 

Figure 2.4  QPT for a π/2 phase gate.

7092_Book.indb   417092_Book.indb   41 12/20/23   3:12 PM12/20/23   3:12 PM



42� Introduction to Quantum Computing

Figure 2.5  (a) Randomized benchmarking: sequence fidelity versus the number of Clifford gates; 
(b) a single microwave qubit control pulse; and (c) example of a randomized benchmarking pulse 
sequence. Black (gray) pulses correspond to rotations in the y(x)-axis.

to right. However, when calculating the result of a gate sequence, the calculations 
are performed from right to left. Therefore, if we apply U1 ⋯ Un gates to the input 
state |ψin⟩ starting with U1 on the left, the resulting output state |ψout⟩ is given by 
|ψout⟩ = Un ⋯ U2U1|ψin⟩.

2.2.5  Quantum Algorithm

The general quantum algorithm, as shown in Figure 2.7, involves the follow-
ing steps:

•	 Using a single-qubit operation like the Hadamard gate to bring an initialized 
register of qubits into a superposition state.
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Figure 2.6  An example of a quantum circuit with Hadamard and CNOT gates. All the qubits are 
measured in the end.

Figure 2.7  The structure of a quantum algorithm.

•	 Applying a multiqubit unitary operation to encode the function f using sin-
gle-qubit and two-qubit gates.

•	 Implementing a processing step that involves single-qubit and two-qubit 
gates, which allows the interpretation of the qubit register on a computa-
tional basis.

•	 Measuring some or all of the qubits.

Let us look at how we can encode a classical function f(x) [5]. As all calculation 
steps in quantum information must be reversible (as explained in Chapter 1), a spe-
cific version of f(x) is required, which is defined through the following mapping Uf:

	
Uf :  x y → x y ⊕ f x( ) 	 (2.11)
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It is possible to evaluate f(x) and have the result in the output register by start-
ing with the output register of qubits in |0⟩ state

	
Uf x 0( ) = x f x( ) 	 (2.12)

Consider two qubits with initial state |00⟩ and apply the Hadamard gate on both.

	

a = H ⊗ H( ) 00 =
0 + 1

2
⊗

0 + 1
2

⎛
⎝⎜

⎞
⎠⎟

00

= 1
2

00 + 01 + 10 + 11( )
	 (2.13)

This gives a maximal superposition state involving all the computational states 
in the two-qubit input register. Now by combining (2.12) and (2.13), we obtain

	

Uf a 0 = 1
2
Uf 00 + 01 + 10 + 11( ) ⊗ 0

= 1
2
Uf 00,0 + 01,0 + 10,0 + 11,0( )

= 1
2

00, f 00( ) + 01, f 01( ) + 10, f 10( ) + 11, f 11( )( )
	 (2.14)

Although we only operate f(x) once by applying Uf, the output register contains 
evaluations of the function f(x) for all possible values of x. The challenge is how 
to extract this information. Measuring the qubits in the output register produces 
f(x) at a random value of x, which is not unique to quantum computing. What 
sets quantum computing apart is the ability to utilize the interference effect to 
enhance the probability of obtaining the correct answer upon output measure-
ment. This involves applying additional unitary gates after encoding the function 
to establish relationships between multiple evaluations of f(x) for different values 
of x. So, instead of evaluating individual values of f(x), combinations of f(x) val-
ues are used to determine the correct answer. This demonstrates how quantum 
computing utilizes quantum operations and interference effects to solve problems 
more efficiently.

Developing quantum algorithms is a challenging endeavor that demands a 
radically different mindset than developing classical algorithms. The following 
are a few examples of well-known quantum algorithms [5]:

•	 Grover’s algorithm: A quantum search algorithm that can find a marked item 
in an unsorted database of size N with O( N ) queries to the oracle instead 
of O(N) queries required by classical algorithms.

•	 Shor’s algorithm: A quantum algorithm for integer factorization that is expo-
nentially faster than the best-known classical algorithm. Shor’s algorithm has 
important implications for cryptography as much of modern cryptography, 
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such as the widely used RSA encryption scheme, relies on the difficulty of 
factoring large numbers.

•	 Deutsch-Jozsa algorithm: One of the earliest examples of a quantum algorithm 
exponentially faster than any possible deterministic classical algorithm. The 
Deutsch-Jozsa algorithm currently has limited application in practice.

•	 Quantum Fourier transform: A quantum version of the classical discrete Fou-
rier transform plays a central role in many quantum algorithms, such as 
Shor’s algorithm.

2.2.5.1  Deutsch’s Algorithm

The Deutsch-Jozsa problem involves a quantum computer called an oracle that 
performs a specific function, denoted as f : {0, 1}n → {0, 1}. This function takes n-bit 
binary inputs and produces either a 0 or 1 output for each input. The function is 
guaranteed to be either constant (outputting 0 for all inputs or 1 for all inputs) or 
balanced such that it outputs 1 for half of the inputs and 0 for the other half. The 
goal of the problem is to determine whether the function is constant or balanced 
using the oracle.

Deutsch’s algorithm is a specific instance of the more general Deutsch-Jozsa 
algorithm, where the input size is n = 1 in f : {0, 1}n → {0, 1}. The condition to be 
checked is whether f(0) = f(1). This can also be represented as f(0) ⊕ f(1), where 
⊕ is addition modulo 2, which can also be thought of as a quantum XOR gate 
implemented as a CNOT gate. If the result is zero, the function f is constant; 
otherwise, it is not constant. The algorithm begins with a two-qubit state |0⟩|1⟩, 
which is then subjected to a Hadamard transform on each qubit, yielding (|0⟩ 
+ |1⟩)(|0⟩ − |1⟩)/2. The algorithm is provided with a quantum implementation 
of the function f that maps |x⟩|y⟩ to |x⟩|f(x) ⊕ y⟩. Applying this function to our 
current state, we obtain

	

1
2

0 f 0( ) ⊕ 0 − f 0( ) ⊕ 1( ) + 1 f 1( ) ⊕ 0 − f 1( ) ⊕ 1( )( )
= (−1)f 0( ) 1

2
0 + −1( )f 0( )⊕f 1( ) 1( ) 0 − 1( )

	 (2.15)

Ignoring the last bit and the global phase results in (|0⟩ + (−1)f(0)⊕(1)|1⟩)/ 2 .
After applying a Hadamard transform to this state, we obtain

	

1
2

0 + 1 + −1( )f 0( )⊕f 1( ) 0 − −1( )f 0( )⊕f 1( ) 1( )
= 1

2
1 + (−1)f 0( )⊕f 1( )( ) 0 + 1 − (−1)f 0( )⊕f 1( )( ) 1( ) 	 (2.16)

f(0) ⊕ f(1) = 0 if and only if we measure |0⟩ and f(0) ⊕ f(1) = 1 if and only if 
we measure |1⟩. Therefore, we can determine with complete certainty whether the 
function f(x) is balanced or constant.
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2.2.6  Quantum Error Correction

As discussed in Sections 1.3 and 3.2, phenomena such as thermal noise or qua-
si-particle poisoning cause qubit decoherence and lead to the loss of quantum infor-
mation. Consequently, quantum computers must be able to correct errors caused 
by decoherence and limited control accuracy to ensure fault-tolerant operation. 
Classical bits are only subject to the bit-flip error, while quantum bits can suffer 
from both bit-flip and phase-flip errors. The bit-flip error occurs when the state of 
a qubit flips from |0⟩ to |1⟩ or vice versa. The phase-flip error affects the phase of 
the qubit, resulting in a state such as α|0⟩ + β|1⟩ that is expected to become α|0⟩ + 
βeiϕ|1⟩, but instead becomes α|0⟩ + βei(ϕ+δ)|1⟩. To address these errors, corresponding 
codes such as the bit-flip code and phase-flip code can be employed for correction.

The threshold theorem states the existence of a critical error rate, below which 
a quantum computer can suppress the logical error rate to arbitrarily low levels 
by applying quantum error–correction schemes [7]. The threshold value depends 
on factors such as the chosen quantum error–correction scheme. For example, 
the surface code, one of the most widely studied codes, requires gate fidelities of 
at least 99% for effective error correction in a noisy system. Achieving such high 
gate fidelities is a significant challenge in practice. However, gate fidelities of over 
99% have been achieved for both single and two-qubit gates in various quantum 
computing platforms, including superconducting qubits [6].

Quantum error–correction schemes encode a single fault-tolerant logical qubit 
in multiple physical qubits. Like classical error-correction schemes, additional 
qubits encode quantum information to check for errors, correct them, and enable 
continued operation. The quantum Hamming bound indicates that at least five 
physical qubits are required to encode a single logical qubit to allow for arbitrary 
error correction. There are proposed quantum error correction codes with 5, 7, and 
9 qubits [7]. Thus, significant overhead in quantum computers arises from quan-
tum error–correction schemes that necessitate a large number of physical qubits. 
Recent experiments have demonstrated that fault-tolerant quantum computation is 
practically achievable by performing repeated, fast, and high-performance quan-
tum error–correction cycles [11, 12].

Currently, the field of quantum computing is in the noisy intermediate-scale 
quantum (NISQ) era [13]. Noisy refers to the fact that no continuous error-correcting 
codes are presently applied to quantum algorithms, and intermediate refers to the 
limited number of qubits. These two obstacles prevent quantum computers from 
effectively reaching their true computational power to solve complex problems. 
However, some small-scale problems designed for the current quantum proces-
sors can be solved using NISQ algorithms. To pass beyond the NISQ era, a more 
sophisticated fault-tolerant quantum computer with error-correction capabilities 
and a significantly higher number of qubits is needed.

2.2.7  Quantum Supremacy

Quantum supremacy is a significant milestone that proves that a quantum com-
puter can outperform classical computers by solving a particular computational 
task that the state-of-the-art classical computer would never be able to solve in a 
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reasonable amount of time. Researchers at Google have created the first quan-
tum processor to demonstrate quantum supremacy [14]. This processor, which 
consisted of 53 superconducting transmon qubits, was used to complete a par-
ticular computational task in a few hundred seconds, while for the state-of-the-
art supercomputer, it would take around 10,000 years to complete this task.3 

Another experiment using a photonic quantum processor has shown evidence of 
solving a task that would take the best available algorithms and supercomputers 
more than 9,000 years in only 36 μs [16].

2.3	 Quantum Computing Platforms

Recall that any two-level quantum system can function as a qubit, whether natural 
(like ions and atoms) or artificial (like superconducting circuits). However, these 
qubits are not useful unless their quantum states can be controlled and read out. 
Thus, the first step is establishing a trapping mechanism to keep the qubits in place 
using external or internal trap mechanisms. External traps, such as ion or neutral 
atom traps, can trap ions and neutral atoms, while in other cases, such as spin 
qubits in the AlGaAs heterostructure, the qubits are internally trapped through 
material or circuit engineering. After establishing a trap, control and measurement 
mechanisms must be developed. Depending on the qubit type, lasers, microwaves, 
and magnetic fields are used for control and read out of qubits.

Sections 2.3.1–2.3.3 briefly review several qubit platforms, including trapped 
atoms and ions, spin qubits, superconducting, and topological qubits.

2.3.1  Ions

Ions, such as the ytterbium ion, are naturally occurring quantum systems that can 
be utilized as qubits. In the trapping process, a laser is used to extract an electron, 
resulting in the atom having a positive electrical charge and a single-valence elec-
tron. Because ions are charged atoms, they can be controlled and trapped using 
an electric field. An engineered system of electrodes, with appropriate voltages, 
generates electric forces that trap the ions in place. The first ion trap was developed 
in the 1950s by Wolfgang Paul, and it has since evolved into modern planar traps, 
such as linear ion traps (see Figure 2.8). Lasers are used to perform all aspects of 
quantum-information processing, from initial preparation to final readout [17].

2.3.2  Neutral Atoms

Neutral atoms can also serve as qubits, with rubidium atoms being a common 
choice due to their well-established technological solutions, particularly in lasers 
[18]. Since neutral atoms have no charge, trapping them is more challenging. 
Various laser cooling and trapping techniques, such as magneto-optical traps 
(MOTs) and Doppler cooling, can trap an ensemble of neutral atoms. An optical 
tweezer isolates individual atoms from the ensemble to create an array of atoms 

3. There are controversies surrounding this experiment [15].
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Figure 2.8  (a) A planar ion trap; using rapidly oscillating voltages allows for holding the ion into 
its position. (b) Cross-section of a planar ion trap.

in a small vacuum chamber. Figure 2.9 shows neutral atoms trapped in an optical 
potential. Qubits can be created by precisely controlling the spin of each atom’s 
nucleus. Entanglement between neighbors is created by pumping the atoms into 
a Rydberg state using light pulses.

Naturally occurring qubits, such as ions and neutral atoms, do not require a 
huge dilution fridge and complicated cabling. On the other hand, semiconductor 
qubits (spin, superconducting, and topological) need a cryogenic environment and 
have challenging cabling, as described in Section 2.3.3. However, semiconductor 
qubits have benefits, such as utilizing the established semiconductor fabrication 
methods already used to fabricate electronic devices.

2.3.3  Semiconductor Qubits

Semiconductor qubits are synthetic qubits that are created by semiconductor fab-
rication technologies. Sections 2.3.3.1–2.3.3.3 discuss the three types of semicon-
ductor qubits: spin, superconducting, and topological.

These quantum circuits are extremely sensitive to noise. As a significant portion 
of the noise is proportional to temperature, we place these circuits in a cold envi-
ronment called a dilution fridge to minimize the noise that couples to these circuits.

Figure 2.9  Trapped neutral atoms in an optical lattice.
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2.3.3.1  Spin Qubit

Electron spins, which are naturally two-level systems, can serve as qubits. Creating 
spin qubits involves using a two-dimensional electron gas (2DEG). Shaping the 
band structure creates a potential well to trap individual electrons in an electro-
static potential defined by metallic surface gates (see Figure 2.10). The temperature 
must be decreased to below 4K to confine electrons within this well, as otherwise, 
unsuppressed thermal energy can add or remove electrons from the well. Conse-
quently, spin-qubit processors are kept in a dilution fridge.

Typically, qubit manipulation can be performed via either electric or magnetic 
excitations. The qubit state is read out by performing a spin-to-charge conversion, 
which only allows spin-up electrons to tunnel out of the quantum dot. A charge 
sensor is used to measure the electron occupation of the well, indirectly deter-
mining the electron spin and qubit state [19].

2.3.3.2  Superconducting Qubit

Superconducting qubits are implemented using solid-state superconducting cir-
cuits, with charge and flux qubits being the two main types. Chapter 3 demon-
strates how a superconducting circuit can create an artificial atom with adjustable 
parameters, including the transition frequency between quantum states.

Microwave pulses control the qubit’s state, while the readout process uses the 
concept of cavity quantum electrodynamics (CQED). In CQED, the qubit’s state is 
determined by examining the frequency shift in the resonator circuit coupled to 
the qubit [6]. Figure 2.11 illustrates a superconducting qubit coupled to a planar 
microwave resonator.

Let us explore the rationale behind utilizing microwave frequencies for super-
conducting qubits. Consider the scenario where the energy difference between the 
ground and excited states is relatively low, allowing the thermal energy present 

Figure 2.10  (a) AlGaAs heterostructure hosts spin qubits. The gate electrodes are used for the control 
and readout of the qubit. (b) The metallic gates are used for the control and readout of the qubit.
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inside the refrigerator to cause the qubit to transition from the ground state to the 
first excited state. This uncontrolled thermal transition is undesirable since we 
seek precise external control over the qubit’s state.

Now, let us perform a rough calculation to determine the frequency associated 
with thermal energy in a standard dilution fridge. The thermal energy, denoted 
as Eth, can be expressed as Boltzmann’s constant (kB) multiplied by the tempera-
ture (T): temperature Eth = kBT. The frequency ( fth) corresponding to this thermal 
energy is given by fth = kBT/h.

A typical dilution fridge can achieve a temperature of 20 mK, corresponding 
to a frequency of fth = 0.4 GHz. To minimize the occurrence of thermal excitations 
from the ground to the excited state of the qubit, it is essential for the transition 
energy (E01) associated with the external field to be significantly higher than the 
thermal energy (i.e., E01 ≫ Eth). By “significantly higher,” we mean at least 10 times 
greater, which leads to a transition frequency f01 = 10fth = 4 GHz.

Most charge qubits, such as the transmon, operate in the microwave frequency 
range of 4–8 GHz. Microwave frequencies are particularly appealing since they are 
sufficiently high to leverage standard cryogenic techniques and well-established 
microwave components and techniques commonly used in the telecommunications 
industry. While higher frequencies may offer certain advantages, they pose chal-
lenges regarding component cost, design complexity, and fabrication capabilities.

2.3.3.3  Topological Qubit

The topological qubit is also a synthetic qubit fabricated using lithographic tech-
niques similar to those used for spin and superconducting qubits. The main advan-
tage of a topological qubit is its inherent immunity to decoherence. Since active 
error correction is not required, far fewer physical qubits are needed, allowing 
the physical topological qubit to perform the same functions as a logical qubit.

The topological qubit operates based on emergent particles known as non-Abe-
lian anyons and a braiding operation that ideally results in perfect quantum gates 

Figure 2.11  A superconducting qubit is coupled to a coplanar waveguide (CPW) microwave 
resonator.
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[see Figure 2.12(a)] [20]. One example of non-Abelian anyons is Majorana particles, 
which emerge in hybrid superconductor-semiconductor systems, such as super-
conductors on topological insulator substrates [see Figure 2.12(b)]. At the time of 
writing, no topological qubit has been created, although some works have demon-
strated the existence of Majorana particles [21].

2.4	 Challenges and Opportunities in Quantum Computing

Quantum computers are no longer science fiction; users can now program quan-
tum computers online. However, most experts agree that quantum computers are 
at least a decade away from accomplishing the tasks for which they are ultimately 
anticipated. A quantum computer with thousands or millions of qubits must still 
be built to achieve the computational power required to address complex practi-
cal problems. All qubit technologies face the same major technical challenge: the 
scaling issue. Even if specific platforms appear easier to scale than others, it is 
still unclear which technology or technologies will ultimately be scaled up suc-
cessfully. While quantum computing holds promise, setting realistic goals and 
expectations is crucial.

Sections 2.4.1–2.4.2 address the technical challenges related to scaling, and 
explore the necessary skill sets for quantum hardware engineers.

Figure 2.12  (a) Non-Abelian anyons can theoretically be manipulated by braiding their paths 
to change their states and perform topological quantum computation. Due to their robustness 
against errors and decoherence, the braids remain unchanged even under minor disturbances. 
(b) Majorana fermions can be hosted in a hybrid semiconductor-superconductor system in a two-
dimensional setup. These fermions are formed in vortices created on the superconductor surface.
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2.4.1  Technical Challenges of Scaling

The current state-of-the-art quantum computer can operate with up to a few hun-
dred qubits. However, order-of-magnitude scaling is required to fully realize the 
potential of quantum computers. Recall that each quantum-computing platform 
has distinct features and operating requirements. Regardless of the qubit type, 
scalability issues currently affect all platforms. Sections 2.4.1.1–2.4.1.5 discuss the 
technical challenges of scaling semiconductor qubits [22].

2.4.1.1  Noise and Crosstalk

Like communication systems, qubit systems are susceptible to various impairments, 
including crosstalk and noise. Let us examine each of these effects individually. 
First, qubits are susceptible to environmental noise, such as stray electromagnetic 
fields, cosmic radiation, or thermal fluctuations. The noise can also be coupled 
to the qubit through the control and readout lines that enter the dilution fridge 
from the ambient temperature. As the number of qubits grows, more control and 
readout cables are needed, increasing the amount of noise coupled to the system 
by expanding the cross-section available for noise pickup.

Second, crosstalk in the form of inductive or capacitive coupling between the 
control and readout cables can also degrade qubit fidelity and cause correlated 
errors across multiple qubits. Although these errors are deterministic and can be 
nullified, they add significant complexity to the operation of the qubits.

2.4.1.2  Input/Output (IO) Management

While classical computers can have multiple inputs and outputs for a single logic 
gate, governed by Rent’s rule dictating fan-in/fan-out numbers, quantum com-
puters do not enjoy this luxury. In quantum computing, the number of distinct 
IO signals must be at least as large as the number of qubits. This is due to the 
‘”no-cloning” theorem in quantum mechanics, which establishes the impossibility 
of creating an exact copy of a quantum state. Consequently, a single quantum gate 
cannot produce multiple outputs. Effectively managing the IO challenge requires 
the design of appropriate interconnects, cabling, and packaging and the develop-
ment of strategies for time, space, and frequency multiplexing.

Another crucial consideration is the diameter of the magnet bore required for 
spin qubits and topological qubits, which demand strong magnetic fields. This 
imposes an additional constraint on the density of connectors.

2.4.1.3  Heat and Power Dissipation

As the number of qubits increases, so does the number of control cables that need 
to be connected to the fridge. Despite having a control interface inside the fridge 
at elevated temperatures (e.g., 4K), these cables must reach the qubits at millikelvin 
temperatures. As Section 7.4.3.1 discusses, attenuators help minimize the thermal 
noise coupled to the qubits. However, as signals pass through these attenuators, 
heat is generated and needs to be efficiently removed from the dilution refrigerator. 
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Managing this heat dissipation can become a significant challenge, especially when 
dealing with hundreds of thousands of cables.

Although a qubit, such as a superconducting qubit, is theoretically dissipa-
tion-less, the actual operation of the qubit generates heat. Therefore, in addition to 
the heat generated by the cables, the qubits release heat during operation, which 
must be removed from the fridge. This is challenging as the cooling power at mil-
likelvin temperatures, where the qubits are located, is extremely low, typically in 
the range of a few milliwatts. To address this issue, researchers have developed hot 
spin qubit systems operating above 1K, which significantly facilitates the cooling 
process by providing higher cooling power in the watts and kilowatts range [23]. 
However, superconducting qubits still need to operate at millikelvin temperatures.

2.4.1.4  Size of the System

As the number of qubits increases, the size of the system will inevitably expand. 
Therefore, it is necessary to design an integrated architecture that minimizes the 
system size and improves signal integrity and power consumption. Let us inves-
tigate what occurs in a system with low integration.

There is a significant phase shift between the lines when using lengthy trans-
mission lines with different path lengths. This makes the synchronization of control 
signals formidable, especially for qubits where a microwave signal’s precise phase 
and amplitude are used to manipulate the qubit’s state. Although this effect can 
be calibrated out, it becomes challenging for wideband signals, where the spectral 
content can be affected by parameters such as dispersion and mutual coupling 
between the lines, as discussed in Chapter 4.

The second variable impacted by system size is the propagation time of the 
control signals reaching the qubit in the lowest part of the fridge. Typical prop-
agation times on the order of tens of nanoseconds are comparable to qubit gate 
times but much shorter than typical readout times in the range of hundreds of 
nanoseconds or microseconds.

2.4.1.5  Slew Rate, Rise Time, and Bandwidth

As discussed in Chapter 4, sufficient bandwidth is required to ensure that the 
shape of control pulses is not distorted. Chapter 7 describes the use of attenua-
tors to reduce thermal noise, with the signal attenuated by 50–60 dB as it passes 
through the cable and arrives at the qubit. This condition requires a generator to 
create signals in the volt range to achieve millivolt amplitudes and picosecond rise 
times where the qubit is located. This, in turn, requires amplifiers that significantly 
increase the noise coupled to the qubit. Comparing this distributed solution to an 
on-chip solution, it becomes apparent that a standard integrated CMOS circuit can 
quickly achieve rise times shorter than ten picoseconds for millivolt pulses. Like 
op-amp circuits, the on-chip slew rate is determined by the RC time constant of 
the transistors and interconnects.

As discussed in Chapter 7, scientists have proposed a scalable control approach 
based on Cryo-CMOS to address these issues. This integrated solution uses a 
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cryogenic chip inside the fridge to replace the room-temperature control and 
measurement system.

2.4.2  Skillsets for Quantum Hardware Engineers

Quantum workforce development is a challenging task that requires the collec-
tive efforts of industry and academia to train a new workforce or reskill existing 
ones, thus addressing the demand for skilled professionals within the quantum 
industry [24]. This section examines the skill sets required for quantum hardware 
engineers working on semiconductor qubits such as superconducting, spin, and 
topological qubits, allowing them to concentrate on the skills that will most impact 
their technical success in their careers. Quantum hardware engineers must be 
proficient in four areas while working on semiconductor quantum computers: 
nanofabrication, cryogenic techniques, microwave techniques, and data acquisition 
and measurement; Sections 2.4.2.1–2.4.2.4 discuss these topics.

2.4.2.1  Cryogenic Engineering

Semiconductor qubit experiments require operating at extremely low temperatures 
close to absolute zero, typically around 10–50 mK, to suppress the noise that could 
cause the qubit’s fragile quantum states to decohere. Therefore, it is essential to 
understand the components and functions of a dilution fridge, which provides a 
cold and isolated environment for the qubit. Chapter 8 discusses the principles of 
dilution refrigeration.

One of the primary tasks of a quantum engineer working with semiconductor 
qubits is to identify and mitigate the paths through which noise can couple to the 
qubit. These paths can be conducted or radiated, requiring different noise and 
interference-blocking techniques using filters, circulators, attenuators, shielding, 
and lossy microwave cables. Chapters 6 and 7 discuss these techniques.

2.4.2.2  Microwave Engineering

Measurement and control of semiconductor qubits occur at RF and microwave 
frequencies. Thus, engineers working with them must have a solid understanding 
of cryogenic and room-temperature microwave components and systems. This 
includes amplifiers, mixers, filters, power combiners, attenuators, and up-and-
down converters. The knowledge required in this area can be divided into the 
following three main categories:

•	 Noise-suppression techniques;
•	 Working with measurement instruments such as network analyzers and 

spectrum analyzers, which are used for component-level, system-level, and 
qubit measurements;

•	 Microwave signal-processing techniques, including amplification, down-con-
version, up-conversion, and filtering. These techniques are essential for 
controlling and measuring the qubits by sending appropriate modulated 
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signals to the fridge and down-converting the signals from the fridge for 
digital postprocessing.

Chapters 4 and 5 cover the fundamentals of microwave systems and components.

2.4.2.3  Nanofabrication

Fabricating high-quality qubits requires engineers to become familiar with lithog-
raphy techniques, such as electron-beam lithography, and metal-deposition tech-
niques, such as sputtering or thermal evaporation. Chapter 3 briefly discusses the 
superconducting qubit fabrication process.

2.4.2.4  Data Acquisition

The final stage in the chain of semiconductor qubit experiments involves com-
munication with various machines, their synchronization, and the acquisition of 
measured data. The acquired data is sent to computers for postprocessing. There-
fore, quantum engineers must be familiar with various communication protocols 
such as serial communication, GPIB, TCP/IP, and USB. Additionally, they must be 
proficient in using software tools such as MATLAB, Python, QCoDeS, pyCQED, 
qKIT, and Labber for data acquisition and controlling the experiment.
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Superconducting Qubits

The task is not to see what has never been seen before, but to think what 
has never been thought before about what you see every day.

—Erwin Schrödinger

This chapter explores superconducting qubits, with a specific emphasis on the 
transmon qubit. Section 3.1 provides a brief introduction to superconductivity. 
Section 3.2 covers the analysis, design, and figure of merits of the transmon qubit.

Sections 3.3 and 3.4 delve into single-qubit control and readout using microwave 
pulses and CQED and extend these concepts to two-qubit gates. Finally, Sections 
3.5 and 3.6 conclude the chapter by examining the qubit calibration performance 
tests of quantum processors, such as randomized benchmarking.

3.1	 Introduction to Superconductivity

In 1911, Heike Kamerlingh Onnes discovered superconductivity. He observed that 
the electrical resistance of mercury drops to a value indistinguishable from zero 
when cooled below a certain temperature known as the critical temperature Tc, 
as shown in Figure 3.1(a).

Superconductivity, also known as charged superfluidity, is a fascinating quan-
tum mechanical phenomenon that exhibits the following macroscopic properties 
[1–3]:

•	 Zero electrical resistance: When cooled below a certain temperature called 
the critical temperature Tc [as shown in Figure 3.1(a)], the electrical resistance 
of a superconductor drops to a value indistinguishable from zero, resulting 
in dissipationless current flow. Section 3.1.1 explores how this supercurrent 
is carried by Cooper pairs, which are formed by the attractive interaction 
between electrons and the lattice.

•	 Meissner effect: A superconductor is not just a perfect conductor; it has a 
unique property called the Meissner effect. This effect causes a supercon-
ductor to expel magnetic fields from its interior, which can levitate magnetic 
objects and is utilized in ultra-high-speed trains [Figure 3.1(b)]. For a perfect 
conductor, the time rate of change of the magnetic field is zero (i.e., dB/dt = 
0). This means the interior magnetic field must remain constant with time 
but can have a zero or nonzero value, as shown in Figure 3.2(a). With no 
initial magnetic field, the interior field remains zero if a magnetic field is 
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Figure 3.1  (a) Transition to zero resistance for superconducting mercury and (b) magnetic 
levitation due to the Meissner effect. The superconductor repels the magnet by producing 
screening currents on its surface which perfectly cancels the magnet’s applied fields at the 
surface. The field produced is an image of the original magnet dipole, such that the magnet is 
repelled by an image field of itself produced by the superconductor.

applied to a perfect conductor. If the magnetic field is initially present, the 
field remains inside the specimen after transitioning to a perfect conductor.

As depicted in Figure 3.2(b), unlike a perfect conductor, field cooling of 
a superconductor results in expelling magnetic flux. This expulsion occurs 
due to Lenz’s law, which results in the induction of circulating currents 
that oppose the development of the magnetic field within the conductor. 
This unique characteristic is known as diamagnetism, and a superconduc-
tor exhibits perfect diamagnetism, as the induced currents would exist at 
whatever magnitude necessary to cancel the external field.

Figure 3.2(c) illustrates a superconductor for x > 0, with a weak exter-
nal magnetic field B0 applied in the z-direction from vacuum x < 0. The 
magnetic field inside the superconductor is given by B(x) = B0 exp(−x/λL), 
where λL is the London penetration depth. Due to the Meissner effect, the 
magnetic field B0 penetrates into a superconductor over a small distance 
called London’s penetration depth λL. Over the distance of λL the magnetic 
field becomes equal to 1/e times that of the magnetic field at the surface of 
the superconductor. The screening currents that flow at the surface generate 
magnetization M inside the superconductor, which perfectly compensates 
the applied field H, resulting in B = 0 inside the superconductor. The London 
penetration depth is given by

	
lL = m

m0ne
2 	 (3.1)

for charge carriers of mass m, and density of superconducting electrons n 
and charge e. Typical values of λL range from 50 to 500 nm.
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Figure 3.2  (a) Difference between the perfect conductor and a superconductor. Inside the 
specimen, for a perfect conductor, dB/dt = 0, whereas for (b) a superconductor, B = 0. (c) 
Visualization of London penetration depth.

•	 Flux quantization: Although a magnetic field cannot generally penetrate 
a superconductor, it can penetrate a hole created within it (see Figure 3.3). 
However, the flux passing through the hole must be quantized, meaning it 
can only take on discrete values.

The canonical momentum p in a superconductor in the presence of a magnetic 
field is given by p = ℏ∇θ = e∗ΛJs + e∗A where θ is the phase of the macroscopic 
wavefunction for the ensemble of Cooper pairs ψ = |ψ(r)|eiθ(r) (see Section 3.1.1), 
Js is the Cooper pair current density, e is the electron charge, A is the magnetic 
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Figure 3.3  A hole in a superconducting sample. The line integral over the contour enclosing the 
hole is used to calculate the magnetic flux quantum.

vector potential, and Λ is given by Λ = m∗/n∗
s(e∗)2, where, the effective mass and 

charge are m∗ = 2me and e∗ = −2e, respectively, and n∗
s is the pair density [1, 2]. Tak-

ing the line integral of the canonical momentum over the closed path, as shown 
in Figure 3.3, results in

	
p ⋅ dl!∫ = " ∇q ⋅ dl!∫ = e∗ A ⋅ dl!∫ 	 (3.2)

The JS = 0 if the contour is sufficiently far from the surface (i.e., much larger than 

the London penetration depth). The line integral of the phase gradient is ∇q ⋅ dl
q1

q2∫  

= θ2 − θ1. We know that the wave function must be single-valued. Therefore, the 
phase difference for a closed contour is a multiple of 2π

	
! ∇q ⋅ dl"∫ = 2pn! = e∗ A ⋅ dl"∫ 	 (3.3)

Use of Stokes’s theorem makes it possible to express the line integral of A as 
the surface integral of ∇ × A. Moreover, we know from Maxwell’s equations that 
∇ × A = B. Thus, we have

	
e∗ A ⋅ dl!∫ = e∗ ∇ × A( ) ⋅ ds

S
∫ = e∗ B ⋅ ds

S
∫ = e∗ΦS = 2pn!

	 (3.4)

where ΦS is the total flux enclosed by contour C. As the flux density in the bulk 
of the superconductor is zero, ΦS represents the flux through the hole. Equation 
(3.4) results in
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Φs = 2np!

e∗
= nh
e∗ 	 (3.5)

As a result, the flux quantum is defined as Φ0 = h/2e = 2.07 × 10–15 Wb.
So applying a magnetic flux to a ring modifies the phase of the macroscopic 

wavefunction around the ring. However, only certain values of the magnetic flux 
can make the phase return to its initial value after a complete turn. These values 
are an integer multiple of the flux quantum Φ0. The superconducting quantum 
interference device (SQUID) is an ultrasensitive magnetometer with a loop of 
superconducting wire that can detect changes in quantum flux. SQUIDs are also 
used in superconducting qubits, as discussed in Section 3.1.3.

3.1.1  Cooper Pairs

In 1957, Bardeen, Cooper, and Schrieffer developed the BCS theory, a theory that 
describes the microscopic mechanism of superconductivity [4]. Ginzburg-Landau 
and Bogolyubov also contributed to successful theories of superconductivity.

The mechanism behind superconductivity can be described in terms of Coo-
per pairs, which are pairs of electrons formed by attractive forces due to the elec-
tron-lattice interaction. The supercurrent is carried by pairs of electrons rather 
than individual electrons. Let us now examine how Cooper pairs are formed.

Figure 3.4(a) shows an illustration of atomic sites of a superconducting material, 
where each circle corresponds to a positively charged atom. Each atom has already 
contributed one electron that may freely move between atomic sites through normal 
electron conduction. This free electron moving in the lattice attracts the positively 

Figure 3.4  (a) Formation of Cooper pairs due to electron-lattice interactions and (b) model 
of electron tunneling. [Density of states is plotted horizontally and energy vertically. Shading 
denotes states occupied by electrons. Normal-superconductor tunneling at T = 0, with bias voltage 
just above the conduction threshold (i.e., eV slightly exceeds the energy gap ∆). Horizontal arrow 
depicts electrons from the left tunneling into empty states on the right.]
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charged atoms. Due to the local increase in positive charge density, another free 
electron with opposite spin is attracted to this region, forming a Cooper pair. There-
fore, a Cooper pair consists of two electrons with opposite spin and momentum. 
The binding energy of a single Cooper pair is extremely weak.

Now, let us examine the behavior of multiple Cooper pairs and how they act 
collectively. While a single electron is a fermion subject to the Pauli exclusion prin-
ciple, which means that each energy level can only accommodate two electrons 
with opposite spins, a Cooper pair is a boson and does not follow the exclusion 
principle. The pairing of electrons near the fermi surface lowers the energy of the 
superconductor and forms a gap to excitations. Moreover, because of this gap, all 
pairs (and also electrons) act as a single macroscopic wavefunction that represents 
the collective fluid of Cooper pairs with a well-defined amplitude and phase, as 
shown by ψ = |ψ|eiθ. The density of Cooper pairs is given by |ψ|2, and θ is the 
phase of the condensate. As can be seen, all the pairs have the same amplitude 
and phase (i.e., the pairs lock phase and move in lock steps). Therefore, there is no 
scattering by other electrons resulting in zero resistance.

Superconductivity occurs below a specific temperature known as the critical 
temperature, which is explained by the fact that cooling down the sample min-
imizes lattice vibrations and reduces the probability of electrons scattering off 
atoms and breaking the Cooper pairs.

Figure 3.4(b) depicts the band diagram of normal and superconducting met-
als. In the normal metal, all energy states are filled up to the Fermi level, which 
is shown by μ1. On the other hand, in the superconducting part, Cooper pairs are 
condensed inside the gap at the Fermi level, which is shown by μ2. Below the Fermi 
level and the gap, all single electron states are occupied, while above the gap, there 
are empty single electron states. The density of single electron states peaks at the 
so-called BCS ears on both sides of the gap and then decays away from the gap. 
No energy states are allowed for single electrons within the gap, which protects 
the Cooper pairs with an energy gap equal to the energy needed to break a pair.

Let us examine the tunneling effect from a normal metal to a superconduct-
ing electrode. For single electrons to tunnel to the superconducting electrode, the 
Fermi energy of the normal metal must be brought above the superconducting 
gap, enabling the existence of empty states for the single electrons to tunnel. In 
this case, a current flows from the normal conductor to the superconductor. The 
theoretical I-V of a normal-superconductor (N-S) junction is shown in Figure 3.5(a). 
The N-S junction in Figure 3.5(b) demonstrates that the derivative of the I-V curve 
at each point (i.e., dI/dV) provides the density of states [1–3]. By changing the gate 
voltage, the superconductor’s accessible states are changed, and the band diagram 
is reconstructed.

The BCS theory predicts that the value of the energy gap ∆ at temperature T 
depends on the critical temperature TC. The ratio of the value of the energy gap 
at zero temperature to the value of the superconducting transition temperature 
Tc (expressed in energy units) takes the following universal value, which is inde-
pendent of material, for materials with no strong electron-phonon interaction 
∆(T = 0) = 1.76kBTc.

This energy gap is about 100 μV/K. So, aluminum with a TC = 1.2K has an 
energy gap of 120 μV and niobium with Tc = 9.7K has an energy gap of about 1 meV.
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Figure 3.5  (a) I-V characteristic of normal-superconductor tunnel junctions and (b) differential 
conductance of normal-superconductor tunnel junctions. (Solid curves refer to T = 0; dashed curves refer to 
a finite temperature.) (c) The superconducting gap shrinks with increasing temperature.

Near the critical temperature and according to Ginzburg-Landau theory, the 
energy gap is equal to [1–3]

	
Δ T → Tc( ) ≈ 3.06kBTc 1 − T

Tc

⎛
⎝⎜

⎞
⎠⎟ 	 (3.6)
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So, the gap shrinks by increasing the temperature and completely disappears for 
temperatures above the critical temperature, as shown in Figure 3.5(c).

The coherence length of a superconductor refers to the distance over which 
superconductivity persists and measures the size of a Cooper pair, which is typi-
cally around 1 μm. In other words, it is the length over which the superconducting 
state decays into a normal state, and the density of Cooper pairs, or equivalently, 
|ψ|2, gradually decreases. This transition from superconducting to normal hap-
pens over a thickness related to the coherence length, as illustrated in Figure 3.6. 
The coherence length ξBCS given by

	
xBCS =

!vf
pΔ 	 (3.7)

determines the characteristic size of Cooper pairs, where vf is the Fermi velocity, 
and ∆ is the superconducting gap parameter.

The ratio κ = λ/ξ, where λ is the London penetration depth, is known as the 
Ginzburg-Landau parameter. Type-I superconductors are those with 0 < κ < 1/ 2 , 
and type-Il superconductors are those with κ > 1/ 2 . Figure 3.6 shows the type-I 
and type-II superconductors based on the Ginzburg-Landau parameter. Section 
3.1.2 examines type-I and type-II superconductors.

3.1.2  Types of Superconductors

A superconductor can expel external magnetic fields up to a certain field inten-
sity, beyond which its superconductivity is destroyed. Hence, in addition to the 
critical temperature, a critical magnetic field Bc is defined for superconductors. 
Superconductors are classified based on how they react to the external magnetic 
fields above the critical magnetic field Bc. The critical magnetic field is strongly 
correlated with temperature and is given by the following equation for tempera-
tures below the critical temperature Tc according to Ginzburg-Landau theory [1–3]

	

Bc ≈ Bc 0( ) 1 − T
Tc

⎛
⎝⎜

⎞
⎠⎟

2⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

	 (3.8)

Figure 3.6  Coherence length and London penetration depth comparison for (a) a type-I superconductor 
and (b) a type-II superconductor.
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where Bc(0) is the critical magnetic field at zero Kelvin. The critical magnetic field 
reduces with increasing temperature, according to (3.8). In other words, the super-
conductor can withstand smaller magnetic fields as its temperature approaches 
its normal state.

Type-I superconductors exhibit a sharp transition from the superconducting 
state to the normal state when the applied magnetic field exceeds the critical field 
Bc, as shown in Figure 3.7(a). This is known as a first-order phase transition. These 
materials are typically elemental metals such as mercury, lead, and aluminum or 
alloys like niobium-germanium and niobium-titanium. These materials have rel-
atively low critical temperatures, typically below 10K, and exhibit weak-coupling 
behavior, which means that the interaction between Cooper pairs and the lattice 

Figure 3.7  (a) Type-I superconductor and (b) type-II superconductor, (c) the magnetic flux penetration in 
the superconductor, and (d) STM image of Abrikosov vortices in a superconducting material.
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is relatively weak. As a result, type-I superconductors have relatively low critical 
magnetic fields, and external magnetic fields or thermal fluctuations can quickly 
suppress their superconducting properties. Nevertheless, type-I superconductors 
are used in various applications, including constructing superconducting magnets 
for medical imaging, particle accelerators, and superconducting devices such as 
SQUIDs and qubits.

Type-II superconductors have higher critical temperatures in bulk and exhibit 
strong coupling behavior due to the stronger interaction between the Cooper pairs 
and the lattice. As shown in Figure 3.7(b), a type-II superconductor has two critical 
magnetic fields, Bc1 and Bc2.

As the applied magnetic field is increased beyond Bc1, a mixed state is formed in 
which the superconducting and normal phases coexist. Above the Bc1, the applied 
magnetic field penetrates the material in the form of vortices, where each vortex 
carries a quantized magnetic flux. The screening supercurrents circulate in the 
λL-vicinity of the vortex core to screen the rest of the superconductor from the vor-
tex magnetic field. The diameter of the vortex core is on the order of the supercon-
ducting coherence length ξ. Figure 3.7(c, d) show the vortices, where the areas of 
normal material are surrounded by superconducting material. As the temperature 
increases, the normal cores become more closely packed and eventually overlap, 
leading to the loss of the superconducting state.

Passing above the second critical field strength, Bc2, results in a full breakdown 
of superconductivity, as shown in Figure 3.7(b).

Almost all impure and compound superconductors are type-II. Note that due 
to the existence of a critical magnetic field, there is a maximum current that can 
be carried in a superconducting wire, as the current generates a magnetic field in 
accordance with Ampere’s law.

3.1.3  Josephson Junction

Brian Josephson first proposed the Josephson junction in 1962. It is one of the 
most critical circuit components with applications in high-speed digital circuits, 
microwave amplifiers (Josephson parametric amplifier), and quantum computing 
(qubits).

The Josephson junction is a superconducting circuit element that consists of 
two superconducting electrodes separated by a thin insulating layer, as shown 
in Figure 3.8(a). The equivalent circuit of a Josephson junction is shown in Figure 
3.8(a). Aluminum electrodes are widely used for quantum computing applications. 
After depositing the first aluminum electrode through thermal evaporation, we 
allow an insulating oxide layer to grow on top of it. Then, the second aluminum 
layer is deposited, as shown in Figure 3.8(b).

In a Josephson junction, Cooper pairs can tunnel coherently across the insu-
lating barrier, producing a supercurrent I that is given by I = Ic sin(ϕ(t)), where Ic is 
the critical current (i.e., the maximum supercurrent that the junction can support 
before entering the normal state), and ϕ(t) is the time-dependent phase difference 
across the junction [5]. Once the critical current is exceeded, the normal single 
electron tunneling becomes dominant.
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Figure 3.8  (a) Josephson junction comprised of two superconducting electrodes separated by an 
extremely thin insulating layer. Cooper pairs can coherently tunnel across the insulating barrier. The 
equivalent circuit of a Josephson junction is also shown. (b) Implementation of a Josephson junction using 
aluminum electrodes and an oxide layer (Al/AlOx/Al). (c) Two parallel Josephson junctions form a SQUID. 
The Josephson energy or the total inductance can be controlled using an external flux. (d) Implementation 
of a SQUID with Josephson and charging energy of EJi and ECi. Cg is the gate capacitance to control the 
charge.

The phase difference across the junction evolves in time in the presence of a 
potential V (i.e., ℏ(dϕ/dt) = 2eV). Now by taking the time-derivative of Josephson 
current, which is given earlier, we obtain

	
dI
dt

= Ic cosf( )f =
2e !VIc
"

cosf 	 (3.9)

The Josephson inductance LJ can be found using Faraday’s law V = −LJİ as 
LJ = Φ0/2πIccos ϕ = L(0)/cos ϕ, where Φ0 = h/e is the magnetic flux quantum, and 
L(0) = Φ0/2πIc the inductance at zero bias [5]. This nonlinear inductance combined 
with a parallel capacitor constitutes an anharmonic oscillator that serves as the 
basis for various superconducting qubit topologies [56].
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The Josephson energy can be calculated using Faraday’s law. Assuming that 
the Josephson phase is φ1 at time t1, and φ2 at time t2, the change in energy can 
be calculated as

	

ΔE = IV dt
1

2

∫ = I dΦ
1

2

∫ = Ic sinjd Φ0

j
2p

⎛
⎝⎜

⎞
⎠⎟

j1

j2

∫ = −
Φ0Ic
2p Δ cosj 	 (3.10)

So, the energy stored in a Josephson junction can be considered a state func-
tion that depends only on the initial and final state of the junction. This energy 
is defined as

	
E j( ) = −

Φ0Ic
2p cosj = -EJmax cosj 	 (3.11)

The EJmax = Φ0Ic/2π is called Josephson energy, and it is related to the Joseph-
son inductance by EJmax = L(0)Ic

2.
Note that while a coil stores energy in the magnetic field generated by the cur-

rent passing through it, a Josephson junction does not generate a magnetic field 
from the supercurrent. Instead, it stores energy in the kinetic energy of the charge 
carriers. The parameters of a Josephson junction can be determined by measur-
ing the junction resistance Rn at room temperature (e.g., by using a four-terminal 
measurement). The critical current shows temperature dependence and can be 
determined using [6]

	
Ic =

pΔ T( )
2eRn

tanh
Δ T( )
2kBT

⎛
⎝⎜

⎞
⎠⎟ 	 (3.12)

where ∆(T) is the superconducting energy gap given in (3.6). For T → 0 the rela-
tion can be simplified as Ic = π∆(0)/2eRn, where ∆(0) = 1.76 kBTc. So having the 
critical temperature of the material and normal state junction resistance allows 
for calculating the critical current.

The Josephson energy can also be calculated using the normal state resistance. 
We define the resistance quantum as Rq = h/4e2 ≈ 6,453.20Ω and the Josephson 
energy is also given by EJmax = (Rq/Rn)(∆(0)/2).

A SQUID uses two Josephson junctions in parallel, as shown in Figure 3.8(c, 
d). It is possible to tune the Josephson energy of a SQUID by applying an external 
magnetic field that generates a flux of ϕ. The Josephson energy of the SQUID can 
then be expressed as:

	
EJ f( ) = EJmax cos

pf
f0

	 (3.13)

The nonlinearity of the Josephson junction and the tunability of Josephson 
energy are essential features that enables the use of Josephson junctions as a build-
ing block for qubits, which are artificial atoms. This tunability makes it possible to 
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adjust the transition frequency of the qubit, enabling the performance of specific 
qubit gates through the utilization of an external flux bias line. Section 3.2 explains 
how a Josephson junction is employed to construct an artificial atom.

3.2	 Superconducting Qubit

This section reviews the concepts related to the Cooper pair box and transmon 
qubit. Next, in this section we will examine how the qubit-environment interac-
tion causes decoherence and explore the corresponding time scales and sources 
of decoherence.

3.2.1  Artificial Atom

Quantization is a fundamental consequence of quantum mechanics, whereby a 
quantum system can only respond to specific energies E or, equivalently, certain 
frequencies (E = hf), where the frequency f is associated with the transition energy 
E between two levels of the system. Atoms themselves are quantum systems and 
can be conceptualized as finely tuned receivers that exclusively respond to specific 
frequencies [see Figure 3.9(a)]. These unique frequencies act as fingerprints for each 
atom and can be used for identification purposes. The transition frequencies of a 
hydrogen atom are depicted in Figure 3.9(b).

As seen in Figure 3.9(b), each transition in a hydrogen atom corresponds to 
the photon emission at a specific frequency or wavelength. This is due to the non-
equidistant energy levels of the atom. As discussed in Chapter 1, an anharmonic 
quantum oscillator can be used to model this behavior, which in contrast to a 
quantum harmonic oscillator, has nonequidistant energy levels. Anharmonicity is 
crucial for controlling the transition between energy levels, since without it a sin-
gle-frequency pulse with a broad spectrum could cause excitations to many states, 
and thus the circuit would not exhibit the gate operations of a qubit. Isolating an 
anharmonic oscillator’s first two energy levels allows them to be used as a qubit.

Natural atoms are utilized in various quantum computing platforms, includ-
ing atom and ion qubits, as discussed in Chapter 2. However, the properties of 
natural atoms, such as the transition frequency, cannot be tuned. To emulate an 
artificial atom, we require a system that mimics an anharmonic oscillator with 
nonequidistant energy levels. As observed in Chapter 1, a parallel LC circuit can 
be quantized and employed as a quantum harmonic oscillator. By introducing 
nonlinearity, we can transform the LC circuit into an anharmonic oscillator. This 
is where the Josephson junction, with its nonlinear inductance becomes relevant. 
Figure 3.9(c, d) provides a comparison between the harmonic and anharmonic 
oscillators constructed from electrical elements.

Since Josephson junctions are superconducting components, we must use a 
refrigerator to cool these circuits below their critical temperature. Moreover, as 
discussed in Chapter 2, these quantum circuits are extremely sensitive to noise. 
Since a significant portion of the noise is temperature-dependent, these circuits 
are placed in a refrigerator to minimize the noise coupled to them. Chapter 8 dis-
cusses the operation of a dilution fridge.
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Figure 3.9  (a) When the electron relaxes from a higher energy level to a lower one, a photon 
with a certain frequency corresponding to the difference in energy levels is emitted. (b) Balmer 
series transtions of hydrogen atom; each transition has a unique frequency. (c) A quantum 
harmonic oscillator has equidistant energy levels, so there is no unique transition between energy 
levels. (d) An anharmonic quantum oscillator has nonequidistant energy levels. This results in 
unique transition energies between energy levels. (e) An LC circuit without a Josephson junction 
is a harmonic oscillator with equidistant energy levels. (f) An LC circuit with Josephson junction 
is an anharmonic quantum oscillator with nonequidistant energy levels. This allows one to solely 
address two energy levels, as required for a qubit.
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By designing superconducting circuits or qubits, we can adjust their parameters 
to set the transition frequency. However, if the energy gap between the ground 
state (corresponding to |0⟩) and the first excited state (corresponding to |1⟩) is too 
small, thermal energy within the dilution fridge can cause unwanted transitions 
between these states. To ensure external control over the qubit, we must design 
the qubit to have a sufficiently high transition energy.

Let us roughly calculate the frequency associated with thermal energy in a 
standard dilution fridge. The thermal energy Eth is equal to Boltzmann’s constant 
times the temperature, and the frequency associated with this energy is equal to 
Planck’s constant times the frequency: Eth = kBT = hfth. A standard dilution fridge 
can reach a temperature of 20 mK, corresponding to a frequency of fth = 0.4 GHz. 
To ensure that thermal excitations from the ground to the excited state of the qubit 
rarely occur, the transition energy corresponding to the external field needs to be 
much higher than the thermal energy (i.e., E01 ≫ Eth). This results in a transition 
frequency f01 = 10fth = 4 GHz. Many charge qubits, such as the transmon, operate 
within the microwave frequency range of 4–8 GHz. The following qualities make 
microwave frequencies advantageous:

•	 As we have shown, these frequencies are high enough for known cryogenic 
techniques to be used.

•	 One can use commercially available microwave components and well-known 
microwave techniques.

Although going higher in frequency can have some advantages, it causes 
severe issues related to the cost of the components, design complexity, and fabri-
cation capabilities.

3.2.2  Cooper Pair Box

This section examines the Cooper pair box (CPB) charge qubit. Recall that a Joseph-
son junction can be modeled as an inductor in parallel with the junction’s capaci-
tance, CJ. As shown in Figure 3.10(a), the electrodes of the Josephson junction, which 
are called the superconducting island and superconducting reservoir, allow for the 
coherent tunneling of Cooper pairs due to the Josephson effect. To manipulate the 
number of charges on the island, a voltage source is capacitively coupled through 
Cg, utilizing the Coulomb blockade tunneling effect (see Figure 3.10). The gate 
voltage can adjust the energy levels on the island, permitting a Cooper pair to hop 
to or from the island, causing Cooper pairs to tunnel. The basis states of the CPB 
qubit are largely determined by the number of Cooper pairs residing on the island.

Next, let us examine the eigenenergies and eigenstates of the CPB. The Ham-
iltonian of a CPB consists of the charging energy required to add a Cooper pair 
and the junction’s coupling energy or the Josephson energy. The Hamiltonian is 
given by [7]

	

H = Q̂2

2C
+ Φ̂2

2L
= Q̂2

2C
− EJ cos

2pΦ̂
Φ0

⎛
⎝⎜

⎞
⎠⎟
=

2e( )2
2C

n̂2 − EJ cos f̂

= 4ECn̂
2 − EJ cos f̂

	 (3.14)
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where the charge operator Q̂  is related to the Cooper pair number operator n̂  as 
Q̂  = −(2e)n̂ , and f̂  is related to the flux operator Φ̂, and EJ = IcΦ0/2π. The total 
capacitance C is the sum of the gate capacitance Cg and the junction capacitance 
CJ (i.e., C = Cg + CJ). Including the charge number ng from the gate results in H = 
4EC (n̂ − ng)

2  − EJ cos f̂ .
By comparing the electrical and mechanical quantum harmonic oscillators 

(see Chapter 1), we observe that the charge and phase operators are analogous 
to the position and momentum operators. Specifically, the phase operator can 
be described as the position operator, while the charge number operator can be 
described as momentum operator, as illustrated in (3.15):

	

n̂ → −i ∂
∂f

p̂ → −ih ∂
∂x

⎛
⎝⎜

⎞
⎠⎟

	 (3.15)

The commutation relation for these conjugate variables is [f̂, n̂]  = −i.
To find the wavefunction and the energies corresponding to this Hamiltonian, 

we need to solve the eigenvalue problem with energy Ek and wavefunction |ψk⟩ 
satisfying Ĥ|ψk⟩ = Ek|ψk⟩. Working in the phase basis f̂|f〉  = ϕ|ϕ⟩, we need to solve

	
f Ĥ yk = Ek f yk = Ekyk f( ) 	 (3.16)

After replacing the operators in (3.26), we obtain

	
4EC −i ∂

∂f − ng
⎛
⎝⎜

⎞
⎠⎟

2

− EJ cosf
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
yk f( ) = Ekyk f( ) 	 (3.17)

Figure 3.10  (a) Cooper pair box and (b) its equivalent circuit.
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which is equivalent to Mathieu’s equation, and its solution is written in terms of 
functions of the same name. In Figure 3.11(a), the first three energy levels of the 
CPB are shown as a function of charge offset ng for EJ/EC = 1. Each energy level 
varies with charge ng. Figure 3.11(b) illustrates a two-level approximation of the 
first two energy levels. Notably, the transition frequency between the two energy 
levels is not constant; rather, it depends on the gate charge ng. This feature makes 
the qubit highly sensitive to charge fluctuations, such as those resulting from 
tunneling charges in the imperfect dielectrics and interfaces which are named 
two level system. As a result, dephasing can occur (see Section 1.6.6.2) because 
the energy levels are not sharply defined and are modulated by the charge fluc-
tuations. One method of reducing the effect of charge fluctuations in a CPB is to 
operate the qubit at so-called sweet spots, as depicted in Figure 3.11(a), where the 
dE/dQ is minimal. Section 3.2.3 demonstrates that a better way to minimize the 
sensitivity of the energy levels to charge fluctuations is to control the EJ/EC ratio.

3.2.3  Transmon Qubit

Another way to reduce the sensitivity of the CPB’s energy levels to charge fluctua-
tions is to increase the EJ/EC ratio to operate in the transmon regime. As depicted 
in Figure 3.12(a), the energy levels become less sensitive to changes in charge as 
the value of EJ/EC rises. Notably, when EJ/EC = 50, the energy levels become nearly 
flat. Note that to operate in the transmon regime, the EJ/EC ratio must be between 
20 and 100, with 50 being the typical value. The transmon qubit was invented by 
a group of researchers at Yale University [7]. The term “transmon” is a shortened 
version of “transmission line shunted plasma oscillation qubit.”

	� �(a)	 (b)

Figure 3.11  (a) Eigenenergies Em (first three levels, m = 0,1,2) of the CPB as a function of the effective 
offset charge ng for EJ/EC = 1. The bottom of the m = 0 level is chosen as the zero point of energy. Energies 
are given in units of the transition energy E01, evaluated at the degeneracy point ng = 1/2. The vertical 
dashed lines in (a) are placed at the charge sweet spots at half-integer ng. (b) Two-state approximation 
near a charge degeneracy point.
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C

Figure 3.12  (a) Eigenenergies Em (first three levels,m = 0,1,2) of the CPB as a function of the effective 
offset charge ng for various values of EJ/EC; (b) lithography implementation of the equivalent circuit; and 
(c) equivalent circuit of the transmon qubit, where the two parallel Josephson junctions form a SQUID and 
allow tuning the qubit frequency using an external flux. (d) The transition energy is proportional to the 
geometric mean of the inductor and capacitor energies. (e) The flux bias can adjust the qubit’s transition 
frequency (f) relative anharmonicity of the qubit as a function of EJ/EC.

The EJ/EC ratio can be increased by decreasing the charging energy Ec = q2/2C 
using a large capacitor. Typically, an interdigital capacitor is shunted with the 
Josephson junction, as illustrated in Figure 3.12(b). To enable the transition fre-
quency to be tuned, the Josephson junction is replaced with a SQUID. An external 
coil or a flux bias line is then utilized to adjust the transition frequency, as shown 
in Figure 3.12(c).
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Figure 3.12  (Continued)

The qubit’s transition frequency ω01 is directly proportional to the geometric 
mean of the Josephson junctions’ and capacitor’s characteristic energies, EJ and 
EC, as shown in Figure 3.12(d) [7]

	
w01 ≈

8EJEC − EC
!

	 (3.18)

The desired transition frequency can be achieved by engineering the geom-
etry and parameters of the capacitor and the Josephson junction, which usually 
lies within the 5–7-GHz range. Using SQUID allows tuning the qubit frequency 
ωq by an external magnetic field and adjusting the Φ flux

	
wq ≈ w01 cos

pΦ
Φ0

⎛
⎝⎜

⎞
⎠⎟ 	 (3.19)

In Figure 3.12(e), it can be observed how the frequency changes with the flux 
bias. A sweet spot for the flux bias can be identified, where the impact of changes 
in flux on the qubit’s frequency is minimized.

Operating in the transmon regime significantly reduces the qubit’s sensitivity 
to charge fluctuations that could otherwise cause decoherence. However, there is 
a trade-off between sensitivity to charge fluctuations quantified by charge disper-
sion and the qubit’s anharmonicity, as we will see shortly. Specifically, as the EJ/
EC ratio increases to reduce sensitivity to charge fluctuations, the anharmonicity 
of the qubit decreases. This results in energy levels that become almost equally 
spaced, which affects the qubit levels’ addressability.
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Now, let us look at the effect of EJ/EC on charge dispersion and anharmonicity. 
The charge dispersion for the mth energy band òm is defined as

	
εm = Em ng = 0( ) − Em ng = 1( ) 	 (3.20)

The charge dispersion is òm ≈ 4EC for CPB with EJ < EC. For EJ/EC ≫ 1, charge 
dispersion is reduced exponentially, leading to exponential decrease in sensitivity 
to charge fluctuations, as given by [7]

	
εm ! −1( )m EC

24m+5

m!
2
p

EJ

2EC

⎛
⎝⎜

⎞
⎠⎟

m
2
+3

4

e
−

8EJ

EC 	 (3.21)

The absolute anharmonicity α is defined as the energy difference between 
transitions from the ground to the first excited state E01 and from the first to the 
second excited state E12

	 a ≡ E12 − E01 ≅ −EC 	 (3.22)

Anharmonicity of zero refers to a harmonic oscillator with equal energy levels. 
Recall that zero anharmonicity creates issues for the two-level addressability. The 
relative anharmonicity αr is defined as

	
ar ≡ a

E01

= a
!w01

≅ −
8EJ

EC

⎛
⎝⎜

⎞
⎠⎟

−1
2

	 (3.23)

As seen from (3.23), the EJ/EC ratio also affects the relative anharmonicity, as 
shown in Figure 3.12(f).

Compared to charge dispersion, anharmonicity given in (3.23) reflects a weaker 
algebraic dependence on EJ/EC. A sufficiently large anharmonicity is needed to 
prevent qubit operations from exciting other transitions in the system. As there 
is a trade-off between the charge dispersion and anharmonicity, it is essential to 
choose a value of EJ/EC that is large enough to suppress the charge dispersion and 
yet small enough to have enough anharmonicity.

According to (3.23), the absolute anharmonicity is given by α = ℏω01αr. The 
frequency spread of a bandwidth-limited pulse allows estimating the correspond-
ing minimum pulse duration to be τp ~ |ω01αr|–1 [7]. So, the anharmonicity limits 
the pulse duration and therefore the speed of qubit operations. For the coherent 
control of the qubit, the pulse duration must remain small compared to T1 and 
T2. Large anharmonicity results in a short pulse duration; however, the length of 
microwave pulses cannot be significantly shorter than 10 ns. So, for a typical pulse 
length of 10 ns, a minimum anharmonicity of |αr

min| ~ (τpω01)–1 ~ (10 ns × 2π × 10 
GHz)–1 = 1/200π corresponding to 20 ≲ EJ/EC ≪ 5 × 104 is required. This allows a 
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large range of EJ/EC with exponentially decreased sensitivity to charge noise and 
yet sufficiently large anharmonicity for qubit operations [7].

Moreover, by increasing the EJ/EC ratio, the sensitivity to charge noise is 
reduced without sacrificing too much anharmonicity, which results in signifi-
cantly improved dephasing time.

Now, let’s examine some numerical values for a real-world qubit. Table 3.1 
shows that the junction’s resistance at room temperature Rn, measured at a probe 
station, determines the Josephson energy EJ, which ranges from 10 to 60 GHz. 
Parameters such as oxidation time, deposition thickness, and junction area deter-
mine the normal resistance Rn. So, several tests and feedback from fabrication are 
necessary to adjust these parameters to reach the desired Rn and, consequently, 
the desired Josephson energy.

The interdigital capacitor shown in Figure 3.12(b) is used to build the transmon’s 
capacitance, where a typical design has a finger length of 70 μm, a finger width of 
10 μm, and a gap of 10 μm. The number of fingers is chosen such that the length 
of the qubit is around 300–400 μm. Simulation software is used to determine the 
total capacitance consisting of the capacitance of the interdigital capacitor, coupling 
capacitance to the resonator, and other parasitic capacitances. Using the simulated 
capacitance makes it possible to estimate the charging energy Ec. The transition 
energy of the qubit is then proportional to the geometric mean of the inductor and 
capacitor characteristic energies (i.e., EJ and EC). When using SQUID, the transition 
frequency of the qubit can be tuned using an external flux, as given in Table 3.1.

Other actively investigated superconducting qubit types include the RF-SQUID 
(prototype of a flux qubit) and the current-biased junction (prototypal phase qubit); 
for a review, see [8, 9].

Table 3.1  Summary of Transmon Qubit Design Formulas

Formula Range

Transmon regime EJ/EC ≫ 1 20 < EJ/EC < 100

Josephson junction ∆(0) = 1.76 kBTc

Resistance quantum
Rq = h/4e2 ≈ 6,453.20Ω
Φ0 = h/2e = 2.07 ⋅ 10–15 Tm2

Rn is the normal state resistance
EJmax = (Rq/Rn)(∆(0)/2)
Ic = π∆(0)/2eRn

LJ = Φ0/2πIccos ∆ ≈ ℏ2/4e2EJ

Josephson energy 10–60 GHz
Rn: 2–10 Kohm

Charging energy EC = e2/2Ct

Ct = CJ + CB + Cg

300–400 MHz
CJ = 3–10 fF

Qubit frequency w01 ≈ 1/ LJCt ≈ 8EJEC /!

Using SQUID

wq ≈ w01 cos(pΦ/Φ0)

5–7 GHz

Anharmonicity α = E12 − E01 ≈ −EC

ar = a /E01 = − EC /8EJ
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Lithography techniques, such as electron beam lithography (EBL), are utilized 
to fabricate nanometer-sized structures like the Josephson junction. Once the fab-
rication is complete, the chip is placed in a sample holder, and a bonding machine 
is employed to connect the micron-sized pads on the chip to the PCB traces on 
the sample holder, as depicted in Figure 3.13. The sample holder, containing the 
chip, is then placed in a dilution refrigerator and cooled to temperatures between 
10 and 20 mK [10–12]. Once the desired temperature is reached, qubit operations 
can be conducted.

3.2.4  Qubit Coherence Time Scales

As discussed in Chapter 1, the interaction between a qubit and its surrounding 
environment can be understood as the environment effectively measuring the 
qubit, resulting in the loss of its coherent superposition state and ultimately leading 
to the collapse of its wave function. The coherence of a single qubit is character-
ized by “coherence times” referred to as T1, the longitudinal relaxation time, and 
T2, the transverse relaxation time. These notions of T1 and T2 are borrowed from 
the field of nuclear magnetic resonance (NMR).

Section 3.2.4.3 discusses various sources of decoherence and how to minimize 
their effects. Chapter 7 further demonstrates the extensive use of noise-suppres-
sion techniques to reduce the interaction between the qubit and its environment. 
However, it is impossible to completely isolate the qubit due to the need for control 
and readout access. While the error rate in a transistor is 1/1020, for a qubit, it is 
much higher. Therefore, as discussed in Section 2.2.6 quantum error correction is 
unavoidable for quantum computations.

3.2.4.1  Longitudinal Relaxation

The qubit undergoes interactions with its environment, resulting in both qubit exci-
tation and relaxation processes. Thermal excitations are significantly suppressed 
at the temperature of 20 mK in a dilution refrigerator, allowing us to primarily 

Figure 3.13  A quantum processor chip is connected through the pads to the microwave lines 
by bonding wires. The chip communicates with the outside world through these SMP connectors, 
allowing it to control and read out the state of the qubits on the chip.

7092_Book.indb   787092_Book.indb   78 12/20/23   3:12 PM12/20/23   3:12 PM



3.2  Superconducting Qubit� 79

focus on the relaxation process. On the Bloch sphere representation, relaxation 
is depicted by the transition of the Bloch vector from the |1⟩ state to the |0⟩ state.

One of the fundamental distinctions between quantum mechanics and clas-
sical mechanics lies in the role of the vacuum. In classical mechanics, the vacuum 
is typically perceived as an empty space with no influence on physical systems. 
However, in quantum mechanics, atoms and other quantum systems interact with 
the vacuum due to vacuum quantum fluctuations, and this interaction holds a 
central significance in quantum electrodynamics. For example, atoms in a high 
energy state eventually decay to their ground state. This behavior arises from the 
coupling of atoms to the continuum of radiation modes present in the vacuum, 
where resonant vacuum modes interact with the atom’s excited state, leading to 
the phenomenon of spontaneous emission. Refer to Figure 3.14 for a visual depic-
tion of this process.

So, the interaction with resonant modes of the vacuum results in relaxation. 
The interaction of the atom with nonresonant modes of the continuum results in 
Lamb shift, which causes a tiny correction of the atomic energy levels. Section 
3.3.2.3 covers the same phenomena in a qubit, where the energy levels of the qubit 
also undergo Lamb shift due to interaction with the vacuum.

The relaxation time T1 is the average time it takes for a qubit in the excited 
state |1⟩ to relax to the ground state |0⟩ spontaneously. The relaxation is also called 
depolarization due to its origin in NMR, where an external magnetic field polar-
izes the sample and aligns the spins. The polarization decays due to the spin 
interaction with the lattice.

As shown in Figure 3.15, to measure T1, we bring the qubit to the excited state 
|1⟩ using a π pulse or, equivalently, the X-gate. Then we wait for time Δt and mea-
sure the population of the excited state. We want to measure a temporal range of 
800 μs with a time step of 80 μs. Then we excite the qubit, wait for 80 μs and report 
the percentage of measurements that return |1⟩.

Figure 3.14  (a) Coupling of an atom to vacuum modes. The vacuum resonant mode results in spontaneous 
emission, while interaction with the nonresonant modes of the vacuum continuum results in Lamb shift. 
(b) Bloch sphere representation of a qubit relaxation.
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Next, we excite once more, wait for 160 μs, report the percentage of measure-
ments that return |1⟩, and repeat it for the next steps. For each point, it is better to 
repeat the measurement and take the average to increase the accuracy. T1 can be 
extracted by interpolating the measured points using the following fit function, 
where T1 represents the time the excited state population reaches 1/e of its initial 
value and C and D are constants.

	 x t( ) = Ce
− t
T1 + D 	 (3.24)

3.2.4.2  Transverse Relaxation

Transverse relaxation time T2 is a combination of longitudinal relaxation with Γ1 
rate and pure dephasing with Γϕ rate.

First, let us look at pure dephasing. As discussed in Chapter 1, processes that 
randomly modify the effective transition frequency of the qubit result in dephasing, 
which causes the qubit to accumulate a random phase. Dephasing is frequently 
brought on by low-frequency noise much below the transition frequency of the 
qubit. As discussed in Chapter 1, the qubit state precesses about the Z-axis at the 
qubit frequency, f10; that is, the qubit phase ϕ advances in time according to ϕ(t) = 
2πf10t. A frequency offset of δf for a period t creates a phase offset δϕ = δft. Thus, 
frequency noise (δf(t)) over time produces phase noise (δϕ). Of course, if we had 
a constant frequency offset, we could change or remeasure our bare frequency 
and eliminate the phase offset. Unlike energy relaxation, pure dephasing can be 
caused by noise at a large range of frequencies. Moreover, during pure dephasing, 

Figure 3.15  Relaxation time, T1 measurement.

7092_Book.indb   807092_Book.indb   80 12/20/23   3:12 PM12/20/23   3:12 PM



3.2  Superconducting Qubit� 81

no energy is exchanged with the environment; therefore, it can be reversed by 
applying unitary operations (e.g., dynamical decoupling pulses) [10].

Any energy relaxation process will also dephase the qubit at a rate Γ1/2, as the 
Bloch vector of a superposition state, is halfway between the |0⟩ and |1⟩ states. The 
phase information gets lost in such a relaxation event, as the Bloch vector points 
to the |0⟩ pole after relaxation. Therefore, it is no longer known which way the 
Bloch vector had been pointing along the equator; therefore, the relative phase of 
the superposition state is lost.

Fluctuations on shorter time scales occurring during a single experiment 
(during one decay lifetime) cause dephasing at a rate Γϕ called the pure dephasing 
rate. One can define a dephasing quality factor Qϕ = ωa/Γϕ, which is the number 
of coherent oscillations before the qubit accumulates a random π phase shift.

Fluctuations occurring on longer timescales create an ensemble dephasing 
denoted by the rate Γ∗

ϕ , called the inhomogeneous dephasing rate. This last 
type is analogous to spatial magnetic field inhomogeneities in NMR and is often 
called inhomogeneous broadening. Like its NMR counterpart, it can theoretically 
be reduced using spin-echo techniques because it is not intrinsic to the system. 
Though it is possible to compensate for inhomogeneous broadening, doing so 
uses up time in operations.

The transverse relaxation rate is the sum of all the abovementioned rates:

	
Γ2 =

Γ1

2
+ Γf + Γf

∗ 	 (3.25)

Two measurements are performed to determine the transverse relaxation time. 
Figure 3.16 shows the Hahn echo experiment for measuring the pure dephasing 
time and the Ramsey experiment for measuring the inhomogeneous dephas-
ing time.

As shown in Figure 3.16(a), the Hahn echo experiment consists of three pulses. 
State |+⟩ = (|0⟩ + |1⟩)/ 2  is obtained by rotating the initial state |0⟩ by Ry(π/2) around 
the y-axis. We apply a delay for time ∆t/2, followed by a π rotation around the 
y-axis. This would take the state to |−⟩ = (|0⟩ − |1⟩)/ 2  in the absence of dephas-
ing noise. After one more delay of ∆t/2, we apply another Ry(π/2) rotation, which 
would bring the state back to |0⟩ in the absence of dephasing.

As in (3.24), an exponential curve is fitted to the experimental data, where T2 
is the appropriate time constant:

	 f t( ) = Ae
− t
T2 + B 	 (3.26)

As shown in Figure 3.16(a), the curve decays to 50% and not zero. The reason 
is that during the delay, the superposition state is also subject to T1 relaxation. 
If the state decays to |0⟩, the second π/2 rotation takes the state to |+⟩, resulting 
in an equal chance of measuring |0⟩ and |1⟩. In contrast, the states |0⟩ and |1⟩ are 
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Figure 3.16  (a) Hahn echo experiment to measure pure dephasing time T2 and (b) Ramsey experiment to 
measure the inhomogeneous dephasing time T∗2.

not sensitive to a phase change (they are located at poles and cannot have phase 
change), so dephasing does not impact the results of the T1 experiment.

The Ramsey experiment is shown in Figure 3.16(b). An Xπ/2-pulse, intention-
ally detuned from the qubit frequency by δω, is applied to bring the qubit to the 
equator. This causes the Bloch vector to precess in the rotating frame at a rate δω 
around the z-axis. After a delay time T, a second Xπ/2 pulse is used to project the 
Bloch vector on the equator to the z axis. This is shown in Figure 3.16(b). The oscil-
lations decay with an approximately exponential decay function, which gives us 
the T∗

2. Figure 3.17 shows Bloch sphere diagram of a Ramsey experiment.

Figure 3.17  Bloch sphere diagram of a Ramsey experiment: (a) the π/2 pulse puts the qubit 
on the equator; (b) The qubit evolves for time t; (c) the recovery π/2 pulse rotates the state 
about the x-axis or the y-axis; and (d) the measurement projects the y or x (coordinate) to the 
probability of |1⟩.
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3.2.4.3  Sources of Qubit Decoherence

A qubit’s coherence times, T1 and T2, are influenced by both internal and external 
sources. Internal sources encompass trapped vortices, quasiparticle tunneling, and 
material-based two-level systems. On the other hand, external sources consist of 
parasitic electric and magnetic fields, voltage fluctuations on the gate, fluctuations 
in magnetic flux, and interactions with photons, phonons, and the environmental 
circuit modes. Additionally, ionizing radiation stemming from environmental 
radioactive materials and cosmic rays can increase the quasiparticle density, thereby 
limiting the coherence times of superconducting qubits [13]. Various decoherence 
channels in a superconducting qubit and their impacts on coherence times are 
outlined in Table 3.2.

When the temperature is above zero and the bias voltage is below the con-
duction threshold at zero temperature (indicating that the bias voltage is smaller 

Table 3.2  Sources of Qubit Decoherence and Their Effect on Coherence Times

Coherence 
Time Description

T1 Spontaneous emission Relaxation from the excited state to the ground state.

Purcell effect Modification of the spontaneous emission rate when placing 
the qubit in a cavity.

Dielectric loss Dielectric losses of the substrates cause relaxation and 
dephasing of the qubit.
Amorphous SiO2 has loss tangents as large as 5 × 10–3 [13].
Crystalline Si and sapphire offer favorably low-loss tangents 
(tanδ) in the order of 10–6 and 10–8 at cryogenic temperature.

Quasi-particle tunneling Single electron tunneling causing an overall odd number of 
electrons or thermal breaking of Cooper pairs leads to both 
relaxation and dephasing in qubits.

Flux coupling An external magnetic flux bias allows for tuning the qubit 
frequency. It also opens up additional channels for energy 
relaxation.

T2 Charge noise Charge fluctuations cause qubit dephasing.

Flux noise Noise in the externally applied flux translates into fluctuations 
of the effective Josephson coupling energy EJ.

Critical current noise Fluctuations in Josephson energy due to the noise in the 
critical current generated by trapping and detrapping of 
charges associated with spatial reconfigurations of ions inside 
the tunneling junction.

Quasi-particle tunneling In addition to relaxation, it also causes dephasing. Adding or 
removing a single charge from the island alters the transition 
frequency of the qubit drastically if not operating in the 
transmon regime.

Ec noise Noise in the charging energy or fluctuations in the effective 
capacitances of the circuit. No evidence to be a limiting factor 
for transmon.

Interaction with photons and 
phonons

Cosmic rays.
Trapped vortices.
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than the combined superconducting energy gaps), tunneling of nonequilibrium 
quasi-particles can take place between the superconductors. This tunneling pro-
cess entails the transfer of electron-like or hole-like quasi-particles, as depicted by 
horizontal arrows in Figure 3.18.

Previously, it was demonstrated that, in theory, single electrons cannot tun-
nel into the superconducting energy gap. However, single-particle excitations 
known as quasiparticles can also tunnel across the Josephson junction because 
they are above the energy gap. Figure 3.18(b) illustrates the band structure of an 
SIS junction or a Josephson junction. At temperatures above zero (T > 0), certain 
quasiparticle states may exist in the unoccupied band above the gap on the left 
electrode, as well as some empty states below the right electrode. Both scenarios 
result in a flow of single-electron current across the junction. The undesired tun-
neling of single electrons can introduce errors when stable quantum numbers, such 
as charge number in a charge qubit or parity in a topological qubit, are required. 
The interaction between quasiparticles and the phase degree of freedom creates 
an undesired pathway for qubit energy relaxation [14].

The population of quasi-particles decreases exponentially as the temperature 
decreases. This is another reason to reach millikelvin temperatures, which are sig-
nificantly below the critical temperature of the superconducting metal. However, 
even at these low temperatures, nonequilibrium quasiparticles still exist, leading 
to relaxation effects. Keeping quasi-particles away from the active components of 
the qubit presents a viable approach to enhance the device’s performance. Methods 
such as gap engineering or vortex traps have been employed but proved ineffec-
tive for transmon qubits. However, a normal metal trap has proven effective for 
transmon qubits. The concept involves using a normal metal, such as copper, on 
top of the qubit with an oxide layer acting as a barrier between them, as depicted in 
Figure 3.19(a). As shown in Figure 3.19(b, c), quasi-particles in the superconducting 
region can tunnel into the normal metal and become trapped there. They dissipate 
their energy through phonon emission or inelastic electron-electron scattering [15].

Figure 3.18  SIS junction quasiparticle tunneling at temperatures T > 0. The bias voltage is below 
the threshold for conduction at T = 0 (i.e., eV = ∆1 + ∆2). (Horizontal arrows depict tunneling 
involving thermally excited electrons or holes.)
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3.2.4.4  Strategies for Qubit Coherence Improvement

The coherence time of superconducting qubits can be enhanced through various 
strategies, including the following:

•	 Improving the qubit itself through better materials and fabrication techniques;
•	 Improving the environment through filtering and shielding techniques 

(discussed in Chapter 7);
•	 Improving the control by utilizing high-performance equipment such as 

low-phase noise microwave sources (see Chapter 7).

Some strategies for improving qubits and minimizing the effects of decoher-
ence are listed as follows.

•	 Enhance the characteristics of the junctions and materials to eliminate excess 
sources of 1/f noise.

•	 Use shielding and filtering to block external sources of decoherence, such 
as thermal noise and ionizing radiation (see Chapter 8).

•	 Design qubits with reduced sensitivity to specific sources of decoherence 
(e.g., transmon design) or operate qubits at sweet spots with minimum sen-
sitivity to charge or flux fluctuations.

•	 Take advantage of symmetries in design and operation to cancel out 
unwanted effects.

•	 Use dynamic methods, such as spin echo and geometric manipulations, to 
counteract specific sources of decoherence.

The improvement of qubit decoherence time over the years shows an improve-
ment of about three orders of magnitude for each decade. The number of operations 
per error has also improved by four orders of magnitude in a decade, reaching 
104, the threshold for implementing error correction.

Figure 3.19  (a) Implementation of a quasi-particle trap in a transmon qubit; (b) a thin insulating 
layer separating a normal metal N of thickness, dN, from a tiny superconductor S of thickness, dS; and (c) 
trapping process: tunneling from S to N with a rate rtr and from N to S with a rate resc(ò), and relaxation in 
N with a rate rr. (After: [15].)
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3.3	 Qubit Control and Readout

We have observed the process of creating an artificial atom, or a qubit, through 
lithography. However, simply possessing a qubit is insufficient. It is crucial to con-
trol the state of the qubit on a Bloch sphere and ultimately determine the qubit’s 
state using a readout technique. Sections 3.3.1 and 3.3.2 delve into how these two 
operations—control and readout of a superconducting transmon qubit—can be 
accomplished using cavity quantum electrodynamics (CQED), also referred to as 
circuit QED (cQED) when implemented on-chip.

To achieve this, comprehending the interaction between a qubit and light is 
essential, as this interaction is crucial for controlling and reading the qubit’s state. 
Many principles from quantum optics, which explore light-matter interactions, 
can be directly applied to qubits. Sections 3.3.1 and 3.3.2 explore the interaction 
between a qubit and a free-space electromagnetic (EM) field, an EM field in a 
cavity, as well as phenomena such as the Rabi oscillations, ac-Stark shift, Lamb 
shift, and Kerr effect.

3.3.1  Qubit Control

As discussed in Chapter 2, quantum algorithms are implemented using single-qu-
bit and two-qubit gates. Furthermore, Chapter 2 shows that a single-qubit gate 
can be represented as a rotation on a Bloch sphere. The positioning on the Bloch 
sphere can be manipulated through pulses of light, specifically microwave radi-
ation in the case of a superconducting qubit. Section 3.3.1.1 explores the interplay 
between radiation and a two-level system or qubit to comprehend how we can 
exercise control over the state of a single qubit on the Bloch sphere.

3.3.1.1  Rabi Oscillations

The most basic scenario for the interaction between light and matter involves a two-
level system, or a qubit interacting with a single-mode EM field. This interaction 
leads to oscillations of the qubit state between the ground and excited states at a 
frequency referred to as the Rabi frequency. Figure 3.20(a) demonstrates that the 
Rabi oscillation corresponds to the rotation of the state vector on the Bloch sphere. 
As we will soon discover, the speed of this rotation is determined by the Rabi fre-
quency, which is influenced by the field’s amplitude and the qubit’s dipole moment.

Let us now explore two models for light-matter interaction: the semi-classical 
Rabi model and the Jaynes-Cummings model. The semiclassical model utilizes a 
quantized atom model combined with a classical description of the electromag-
netic field. On the other hand, the Jaynes-Cummings model quantizes both the 
atom and the field.

The Rabi model is based on the assumption of a classical representation of the 
field E(t), which is given as follows E(t) = Ex(t) = E0cos(ωt) [16]. The atom is consid-
ered to be quantized into two states: the ground state |g⟩ and the excited state |e⟩. 
The interaction between the field and the atom occurs through the atom’s dipole 
moment, denoted as d = −er, where e represents the charge of the electron, and r 
corresponds to the size of the atom. The Hamiltonian describing the interaction 
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between the atom and the field is given by Ĥ(I)(t) = d̂  ⋅ E(t) = −d̂E0cos(ωt), where 
d̂  is the dipole moment operator.

Recall from Section 1.5.2.4 that the Hamiltonian of an isolated noninteracting 
atom with the ground state energy of zero is given by Ĥatom = ℏωeg|e⟩⟨e|. The total 
Hamiltonian consists of the atom and the interaction Hamiltonian given by

	
Ĥ = Ĥatom + Ĥ I( ) = !weg e e − d̂E0 cos wt( ) 	 (3.27)

We assume that the probability of finding the atom in the ground state |Cg(t)|2 
and excited state |Ce(t)|2 are time-dependent. Therefore, the following Ansatz is 
used to solve the Schrödinger equation.

	
y t( ) = Cg t( ) g + Ce t( )e

− i Ee−Eg( )t
! e = Cg t( ) g + Ce t( )e− iwegt e 	 (3.28)

Substituting this Ansatz in the time-dependent Schrödinger equation 
iℏ∂|ψ(t)⟩/∂t = Ĥ|ψ(t)⟩ results in a system of coupled first-order differential equa-
tions for the probability amplitudes

	

!Cg = − i
"
E0 cos wt( )dege

iwegtCe

!Ce = − i
"
E0 cos wt( )deg∗ e

− iwegtCg

	 (3.29)

The initial conditions for solving this system of differential equations at t 
close to zero are Cg(0) ≈ 1 and Ce(0) ≈ 0, meaning that all the population is in the 
ground state at t ≈ 0. By substituting these initial conditions in (3.29), we obtain

Figure 3.20  Visualization of Rabi oscillations on a Bloch sphere: (a) resonant (no detuning), 
(b) nonresonant (finite detuning), and (c) Rabi oscillations for various detuning values. The vertical axis is 
the probability of being in the excited state.
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!Cg = 0

!Ce = − i
"
E0

e+ iwt + e− iwt

2
deg
∗ e− iwegt = − i

2"
E0deg

∗ e
+ i w−weg( )t + e− i weg +w( )t⎛

⎝
⎞
⎠

	 (3.30)

Using the rotating-wave approximation (RWA), the e–i(ωeg+ω)t term can be 
neglected, which results in

	
!Ce = − i

2"
E0deg

∗ e
− i weg −w( )t = − i

2"
E0deg

∗ eiΔt 	 (3.31)

where the difference between the frequency of the electromagnetic field ω and the 
transition frequency of the atom ωeg is defined as detuning ∆ = ω − ωeg.

Let us now discuss the RWA. Consider a radiation frequency ω that is close to 
the atom’s transition frequency ωeg, such that |ωeg − ω| ≪ ωeg + ω. For the near-res-
onant term with frequency (ωeg − ω), it takes τ = 2π/∆ to complete one full oscil-
lation, while the nonresonant term with frequency (ωeg + ω) will complete many 
cycles. As a result, the nonresonant term will average to zero over the full oscil-
lation timescale of τ = 2π/∆. This allows us to neglect the nonresonant term since 
its effect is negligible. This approximation is known as the RWA.

Integrating the differential equation in (3.31) results in

	
Ce t( ) = −i

deg
∗ E0

ΩR!
e
− iΔt

2 sin
ΩRt
2

⎛
⎝⎜

⎞
⎠⎟ 	 (3.32)

where ΩR is the Rabi frequency. The generalized Rabi frequency, denoted as ΩR
eff, 

represents the frequency at which the state oscillates between the ground and the 
excited states. The generalized Rabi frequency is given by

	
ΩR

eff = Δ2 + ΩR
2 = Δ2 +

deg
∗ E0( )2
!

2 	 (3.33)

For zero detuning ∆ = 0, the generalized Rabi frequency becomes equal to the 
Rabi frequency (i.e., ΩR

eff = ΩR = d∗
egE0/ℏ). This means that the rate at which the 

state vector rotates on the Bloch sphere depends on the amplitude of the radiation 
E0 and the atom’s dipole moment d∗

eg. The resonant and nonresonant Rabi oscil-
lations on a Bloch sphere are depicted in Figure 3.20(a, b).

The probability that the atom is in the excited state is given by

	

Pe t( ) = Ce t( ) 2
=

deg
∗ E0( )2

ΩR
eff
!( )2

sin2 ΩR
efft
2

⎛
⎝⎜

⎞
⎠⎟

	 (3.34)

The probability that the atom is in the ground state can be calculated using 
the fact that |Cg(t)|2 + |Ce(t)|2 = 1. Equation (3.34) is plotted in Figure 3.20(c) for 
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Figure 3.21  An electromagnetic pulse can bring the qubit’s state vector to the desired position 
on the Bloch sphere.

various values of the detuning ∆. The smaller the detuning, the larger the proba-
bility of finding the atom in its excited state. At resonance, ∆ = 0, the time it takes 
for all the atomic population to be transferred to the excited state is given by t = 
πℏ/(d∗

egE0). Hence, larger excitation fields and a greater dipole moment lead to 
quicker oscillations on the Bloch sphere. Section 3.3.1.2 shows how these same 
parameters influence the speed of quantum gates, since Rabi oscillations serve as 
the fundamental principle for controlling qubit states and performing qubit gates.

3.3.1.2  Qubit Rotations

To control the rotation angle of a qubit on the Bloch sphere, pulsed radiation can 
be employed instead of continuous wave (CW) radiation, as depicted in Figure 
3.21. By employing the optical Bloch equations, one can determine the complete 
dynamics of a state vector on the Bloch sphere.

In the case of resonance with zero detuning, the rotation angle φ of a rect-
angular pulse with width T is given by φ = ΩRT. For a pulse with an arbitrary 
shape, the rotation angle is given by φ = ∫ΩR(t)dt. It is important to note that any 
rotation on the Bloch sphere can be achieved using no more than three microwave 
pulses. It can be demonstrated that a simple microwave drive with a controllable 
phase can be utilized for x and y rotations. Direct z rotations can be accomplished 
through either fast flux tuning or an off-resonant drive that induces an ac-Stark 
shift, as we will see shortly.

Gate speed refers to the rate at which the state of a qubit can be manipulated 
on the Bloch sphere. A higher gate speed enables the execution of a greater num-
ber of gate operations within a specific time frame. As illustrated in (3.51), a larger 
dipole moment leads to a higher Rabi frequency, which necessitates a shorter pulse 
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duration to achieve a specific angle on the Bloch sphere. In comparison to natural 
atoms, artificial atoms like the transmon qubit are considerably larger, spanning 
a length of a few hundred micrometers. Consequently, they possess a substantial 
dipole moment and a correspondingly large ΩR. This implies that gate implemen-
tation is faster for artificial atoms compared to natural atoms, owing to the larger 
Rabi frequency.

Alongside gate speed, gate fidelity plays a crucial role in qubit operations, as 
having gates with high fidelity is essential for quantum-error correction. Gate 
fidelities of 99.9% (equivalent to one error per 1,000 operations) have already been 
achieved. For more comprehensive information on gate fidelity and quantum-error 
correction, please refer to Chapter 2.

3.3.1.3  Rotation around X- and Y-Axes

The qubit drive can be represented by [17]

	

E t( ) = Ωx t( )cos wdt( ) + Ωy t( )sin wdt( ), 0 < t < tg
0, otherwise

⎧
⎨
⎪

⎩⎪
	 (3.35)

which shows a single-frequency carrier ωd and two independent quadrature con-
trols, Ωx(t) and Ωy(t); tg is the time taken for one gate operation.

With zero detuning between the drive and the qubit frequency, rotations either 
around the x or y axes will follow the relative weight of Ωx(t) and Ωy(t). For exam-
ple, a π-pulse or bit-flip gate σx can be generated by choosing a drive Ωx = Ωπ and 
Ωy = 0, which is on for a time tg, with ∫0

tg Ωpdt  = π. This takes the qubit population 
from the ground state to the excited state and vice versa. The π-pulse can simi-
larly be performed as a y-rotation just by switching, Ωy = Ωπ and Ωx = 0. To make 
superpositions of the qubit, π/2 pulses around x and y can also be performed to 
generate (|0⟩ ± |1⟩)/ 2  and (|0⟩ ± i|1⟩)/ 2 , respectively. Arbitrary rotations about 
any axis can be performed using combinations of x and y rotations.

3.3.1.4  Rotation Around the Z-Axis

Recall that a qubit state in the x-y plane initiates precession around the z-axis at 
the qubit transition frequency. Therefore, manipulating the frequency of the qubit 
enables adjustments to the rate and direction of its precession. This can be achieved 
through two methods: external flux or ac-Stark shift.

3.3.1.4.1  Flux Bias Gate

Using a flux bias line makes it possible to change the Josephson energy of the 
SQUID and therefore change the qubit’s frequency. For a transmon qubit with EJ 
≫ EC the qubit Hamiltonian reads Hq = ! 8EJ

maxEC cos(pΦ/Φ0)sz . As a result, the 
amount of z-phase θz can be controlled by controlling Φ over a gate period tg such 

that θz = ∫0
tg dt 8EJ

maxEC cos(pΦ(t)/Φ0) .
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3.3.1.4.2  ac-Stark Shift

The ac-Stark shift can also be used to control rotations around the z-axis. As dis-
cussed in Section 3.3.2.3, the qubit frequency can be shifted depending on the 
number of photons in the cavity.

A direct rotation around the Z-axis to shift the phase of a single qubit can 
be implemented by employing the off-resonant ac-Stark shift effect (see Section 
3.3.2.3 for ac-Stark shift), where the qubit transition frequency, and subsequently 
its phase, is changed due to virtual photon transitions. Note that the drive must be 
sufficiently detuned from the qubit transition frequency to avoid inducing direct 
transitions via the σx term.

3.3.1.5  Qubit Drive Pulse Shaping

Rectangular pulses are not employed in practical applications for controlling the 
qubit state; instead, Gaussian or other pulse shapes are preferred. Shortly, we will 
understand why this is the case. Furthermore, due to the weak anharmonicity of 
the transmon qubit, it becomes necessary to employ optimal pulse-control tech-
niques to mitigate phase and population errors caused by leakage into the third 
energy level.

Pulse shaping is widely used in various fields of physics and engineering to 
tailor the pulse shape for specific purposes, such as reducing occupied bandwidth. 
Different pulse-shaping filters, including raised cosine, sinc, and Gaussian, are 
employed. The choice of the filter involves trade-offs, considering factors such as 
sidelobes, spectral width, and ease of implementation.

In qubit experiments, it is desirable to have a band-limited pulse to avoid 
exciting higher-order transitions, such as the second excited state |f⟩. (Recall that 
|g⟩ represents the ground state and that |e⟩ is the first excited state.) Let’s explore 
how the pulse shape can impact higher-order qubit transitions.

Figure 3.22(a) illustrates that a rectangular pulse exhibits a sinc shape in the 
frequency domain, occupying a relatively broad bandwidth. The presence of non-
zero frequency components at sufficiently high frequencies can inadvertently excite 
undesired higher-order qubit transitions. By smoothing out the sharp edges of the 
rectangular pulse, we can eliminate the high-frequency components and restrict 
the pulse’s bandwidth. Now, let’s examine the Fourier transform of a Gaussian 
pulse. The Gaussian pulse is unique in that its Fourier transform is also a Gaussian 
function. Figure 3.22(b) shows that the frequency content of the Gaussian pulse 
approaches zero as frequency increases, and its bandwidth is limited, thereby 
preventing higher-order qubit excitations.

Figure 3.22(c) illustrates the Fourier transform of Gaussian pulses with differ-
ent widths in the time domain. According to the scaling property of the Fourier 
transform, reducing the pulse width in the time domain leads to an increase in 
the bandwidth in the frequency domain, and vice versa. A Gaussian pulse with 
a standard deviation σ in the time domain corresponds to a Gaussian standard 
deviation of σf = (2πσ)–1 in the frequency domain.

When dealing with longer pulses in the time domain, they result in shorter 
pulses in the frequency domain. By adjusting the pulse width, we can ensure that 
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Figure 3.22  (a) A rectangular pulse occupies a relatively large bandwidth in the frequency 
domain; high-frequency components can cause higher-order qubit transitions. (b) Using a Gaussian 
pulse limits the bandwidth and prevents higher-order qubit transition. The Gaussian pulse 
bandwidth for various pulse widths is compared. (c) Comparison between a regular Gaussian qubit 
drive pulse and a derivative removal by Adiabatic gate (DRAG) qubit drive pulse. The DRAG pulse 
suppresses the unintended excitation of the qubit |f⟩ state.

the frequency bandwidth remains significantly smaller than the anharmonicity of 
the third level, which is typically in the frequency range of approximately 300–450 
MHz. It is important to control the pulse width to avoid significant effects from 
the third level, especially when using Gaussian pulses with a range of σ = 1–2 ns. 
However, employing longer pulses is generally not preferred since shorter pulses 
allow for shorter gate operations, enabling the implementation of more qubit gates 
before dephasing and relaxation occur. Even with longer pulses, the width in the 
frequency domain may still encompass the qubit |e⟩ ↔︎ |f⟩ transition, particularly 
in designs with relatively low anharmonicity.

To further improve the performance of the Gaussian pulse, we can utilize a 
technique known as Derivative Removal by Adiabatic Gate (DRAG) pulse [18]. The 
DRAG pulse effectively eliminates the frequency component at the |e⟩ ↔︎ |f⟩ tran-
sition frequency, as shown in Figure 3.22(d). By optimizing the qubit drive pulse 
using DRAG, we can successfully suppress leakage outside the computational sub-
space and minimize phase errors resulting from coupling to higher energy levels.

In upcoming chapters, we will explore in more detail the generation of pulses 
using techniques such as arbitrary waveform generators (AWGs).
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Figure 3.22  (Continued)

3.3.2  Qubit Readout

In order to read out the state of a qubit, it is necessary to determine whether it 
is in the ground state or the excited state. This process must be carried out with 
minimal interaction to avoid strong disturbance to the system, which can lead to 
changes in the qubit’s state and the collapse of the wavefunction. One approach 
to achieve this is through a technique known as quantum nondemolition (QND) 
measurement, wherein the qubit is coupled to a cavity, and the state of the qubit 
is determined by observing the shift in the resonant frequency of the cavity. This 
technique, referred to as CQED, has been widely studied in the field of quantum 
optics. It offers a means to investigate the interaction between light and matter, 
encompassing the physics of a spin and an oscillator in mutual interaction. This 
methodology can be directly applied to superconducting qubits in the microwave 
range, as we will soon explore.
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3.3.2.1  Purcell Effect

As shown in Section 3.2 coupling the atom to resonant modes of the vacuum results 
in spontaneous emission or qubit relaxation. The atom’s interaction with vacuum 
modes can be engineered by modifying the atom’s environment. By putting atoms 
in a cavity (for now, think of a cavity as a box that confines light), the density of 
vacuum modes and its spatial distribution are modified, as shown in Figure 3.23(a).

Let’s consider a scenario where an atom is placed inside a resonant cavity (i.e., 
a cavity whose fundamental mode aligns with the atom’s transition frequency). In 
this setup, the atom’s dipole is aligned with the polarization of the cavity mode, 
and it is positioned at the maximum field location, as depicted in Figure 3.23(b). 
When the emitter’s linewidth is narrower than the cavity linewidth, the probability 
of spontaneous emission is increased beyond its bulk value. This enhancement of 
the spontaneous emission rate is determined by the Purcell factor, denoted as FP 
= (3λ3

c/4π2)(Q/V), where V is the volume of the resonant mode, Q is the cavity’s 
quality factor, and λc the wavelength in the material [16]. The volume of the reso-
nant mode is a measure of the spatial confinement of EM fields inside the cavity. 
A smaller mode volume enhances the light-matter interaction. This enhancement 
of spontaneous emission has to do with the increased density of vacuum modes 
due to the presence of the cavity. Decreasing vacuum modes’ density can inhibit 
the spontaneous emission rate (see Purcell filter in Section 3.3.2.2). This shows 
that a classical macroscopic system (i.e., a cavity) can be coupled coherently to an 
atom and control its radiative properties. This technique will be used for the qubit 
readout, as we will see shortly.

3.3.2.2  Cavity QED

A cavity serves as a resonator that confines EM energy through reflection. The 
choice of reflecting mechanisms depends on the frequency of the EM field. Mirrors 
are used for reflection in optical cavities, open-ended microwave transmission lines 

Figure 3.23  (a) Engineering the vacuum, suppression, and enhancement of emission (γ ~ 
Ω2Svac(ωa)). The spontaneous emission rate can be enhanced by weak coupling to a cavity and also 
due to the way that the photon excitation may not be recovered due to the cavity’s damping. This 
is due to the increase in the local density of modes compared with their density in free space. (b) 
The rate of spontaneous emission increases when the atom is placed in a cavity.
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(2D) or metallic enclosures (3D) form microwave cavities, and acoustic cavities can 
be created using two acoustic mirrors (Bragg reflectors). Due to inherent losses, 
cavities can only store photons for a limited period. The rate at which a photon 
exits the cavity, denoted as κ, is inversely proportional to the photon’s lifetime τ 
inside the cavity, which represents the duration a photon remains in the cavity 
before being lost. The photon loss rate κ is also related to the quality factor Q of 
the cavity, expressed as κ = ω/Q. The spectrum of a lossy resonator exhibits a 
Lorentzian shape with a finite linewidth determined by κ. Chapter 5 covers res-
onators in more detail.

Now, let us consider the combination of an atom and a cavity. Figure 3.24(a) 
illustrates a generic CQED system, consisting of two reflecting surfaces with an 
atom positioned at the cavity’s field maximum. Standing waves are formed within 
the cavity through the superposition of incoming and reflecting waves from the 
mirrors. The standing wave interacts with the atom, resulting in alternating cycles 
of atom as observed from the excitation (due to photon absorption) and relaxation 
(due to photon emission). The speed at which the atom interacts with the cavity 
field is determined by the coupling factor g.

Table 3.3 compares the length scales for various cavity QED systems. A larger 
atom size corresponds to a larger dipole moment, which results in a larger cou-
pling factor. With optical light, the wavelength is approximately λ ≈ 10–7 − 10–6m, 
and the radius of natural atoms is of the order of r ≈ 10–10m. Hence, the size of the 
atom is small compared to the light wavelength, and the light field can be consid-
ered constant over the atom. However, for a transmon coupled to surface-acoustic 
waves (SAWs), the wavelength is comparable to the size of the transmon, making 
it a giant atom. In this case, multiple coupling points cause strong interference 
effects, resulting in frequency-dependent relaxation rate and Lamb shift. Exploit-
ing this interference effect in giant atoms allows for the design of relaxation rate, 
Lamb shift, and anharmonicity [19].

Figure 3.24(b) compares the elements of optical and microwave CQED systems. 
Figure 3.24(c, d) shows the planar (2D) and 3D CQED systems for transmon qubits. 
Later, we will discuss the details of each structure.

Jaynes-Cummings (JC) Model

We previously analyzed the interaction of free-space EM field with qubit using 
the semiclassical Rabi model. In this model, we treated the EM field classically 
without quantization. We next use the well-known Jaynes-Cummings (JC) Ham-
iltonian to model the interaction between the qubit and cavity, which employs the 
quantization of the EM field as well as the atom.

Quantization of EM Field

In EM field quantization, one finds a way to express the Hamiltonian of an EM 
field in terms of a quantum harmonic oscillator. Consider a one-dimensional cav-
ity with length L along the z-axis with E-field polarized in x̂  direction such that 
E(r, t) = Ex(z, t) x̂ . It can be shown that the EM field Hamiltonian can be written 
in terms of raising and lowering operators â and â† as follows
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Figure 3.24  (a) A two-level atom in a resonant cavity. The cavity is characterized by three parameters: 
g, κ, and γ, which, respectively, quantify the atom-cavity coupling, the photon decay rate in the cavity, 
and the nonresonant decay rate. (b) Comparison of the optical and microwave cavity QED systems with 
natural and artificial atoms. (c) A superconducting qubit coupled to a CPW cavity. The electric fields are 
formed between the two sides of the central conductor and the grounds. The qubit is placed in the middle 
of the cavity where the electric field is maximum. (See Chapter 5 for details on microwave cavities.) (d) A 
superconducting qubit coupled to a 3D microwave cavity.

Table 3.3  Atom Sizes in Different Cavity QED Systems Discussed in [43]

Type of atom interacting field Length scale

r = radius
l = length λ r/λ or (l/λ)

Natural atom/optical light r ≈ 10–10m 10–7 − 10–6m 10–4 − 10–3

Rydberg atom/microwaves r ≈ 10–8 − 10–7m 10–3 − 10–1m 10–7 − 10–4

Transmon/microwaves l ≈ 10–5 − 10–3m 10–3 − 10–1m 10–4 − 1

Transmon/SAW l ≈ 10–5 − 10–4m 10–6 − 10–5m 1–100
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Ĥ = Ĥfield = !wc â t( ) â† t( ) + 1

2
⎡
⎣⎢

⎤
⎦⎥
≈ !wcâ t( ) â† t( ) = !wcââ

†
	 (3.36)

where the zero-point energy is at ℏωc/2. The electric and magnetic fields can be 
expressed in terms of raising (creation) and lowering (annihilation) operators

	

Êx z,t( ) = E0 â t( ) + â† t( )⎡⎣ ⎤⎦sin kz( )
B̂y z,t( ) = B0 â t( ) − â† t( )⎡⎣ ⎤⎦cos kz( ) 	 (3.37)

JC Hamiltonian

Like the semiclassical Rabi model, the JC Hamiltonian consists of three terms, the 
isolated atom, the EM field, and their interaction: Ĥ = Ĥatom + Ĥfield + ĤI. The free-
field Hamiltonian is given by Ĥfield = ℏωcââ†, as obtained in (3.37).

Two-level atom ground and excited states can be written as |g⟩ = (0  1)T, |e⟩ = 
(1  0)T. The Hamiltonian can then be written as

	

Ĥ = Eg g g + Ee e e =
Ee 0
0 Eg

⎛

⎝
⎜

⎞

⎠
⎟ = 1

2

Eg + Ee 0

0 Eg + Ee

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

+ 1
2

Ee − Eg 0

0 − Ee − Eg( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= 1

2
Eg + Ee( )1̂ + 1

2
Ee − Eg( )ŝz

	 (3.38)

with ωa the atomic transition frequency, where the energy difference can be writ-
ten as ℏωa = Ee − Eg. As we only care about energy differences, we can shift the 
zero-point energy to Eg + Ee. Using the ŝz  Pauli operator, the free-atom Hamil-
tonian becomes

	
Ĥatom = 1

2
!wa e e − g g( ) = 1

2
!waŝz 	 (3.39)

The field interacts with the atom through its dipole moment d̂ . We also assume 
that we put the atom where the electric field is a maximum so sin(kz) = 1. The 
interaction Hamiltonian then reads

	
ĤI = −d̂ ⋅ Ê = −d̂ !w

e0V
⎛
⎝⎜

⎞
⎠⎟

1
2
â + â†( ) 	 (3.40)

where d̂ = d̂ ⋅ e , and e is the unit vector in the field direction. We now introduce 
the atomic transition operators ŝ+  = |e⟩⟨g| and ŝ−  = |g⟩⟨e|. Because of parity con-
sideration, one can say ⟨e| d̂ |e⟩ = 0 = ⟨g| d̂ |g⟩. We assume that the matrix element 
d = ⟨g| d̂ |e⟩ is real. Therefore, we have d̂  = d|g⟩⟨e| + d∗|e⟩⟨g| = d(ŝ− + ŝ+). The total 
Hamiltonian of the system becomes.
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Ĥ = 1

2
!wa ŝz + !wc â

†â + !g ŝ+ + ŝ−( ) â + â†( ) 	 (3.41)

Where the single photon dipole coupling strength is defined as

	
g = − d

!

!wc

e0V
⎛
⎝⎜

⎞
⎠⎟

1
2

	 (3.42)

Two of the four atom-field coupling terms (ŝ+ + ŝ−) (â + â†) can be neglected by 
applying the rotating wave approximation, as explained next.

We use Heisenberg’s equation of motion (See Section 1.6.5) for the annihilation 
operator of a harmonic oscillator

	

dâ
dt

= i
!
Ĥ, â⎡⎣ ⎤⎦ = i

!
!w â†â + 1

2
⎛
⎝⎜

⎞
⎠⎟ , â

⎡
⎣⎢

⎤
⎦⎥

= iw â†ââ + 1
2
â⎛

⎝⎜
⎞
⎠⎟ − ââ†â + 1

2
â⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥
= −iw â, â†⎡⎣ ⎤⎦ â = −iwâ

	 (3.43)

Using (3.43), we find the time-dependent solution â(t) = â(0)e–iωt for the anni-
hilation operator. In the same way, it can be shown that â†(t) = â†(0)eiωt, ŝ+(t)  = 
ŝ+(0)eiw0t , and ŝ−(t)  = ŝ−(0)e− iw0t . The operator products look like ŝ+â  ~ ei(ω0–ω)t 
(atom goes to the excited state due to photon absorption), ŝ+â

†  ~ ei(ω0+ω)t (atom goes 
to the excited state, and a photon is created), ŝ−â  ~ e–i(ω0+ω)t (atoms go to the ground 
state, and a photon is absorbed), ŝ−â

†  ~ e–i(ω0–ω)t (atom goes to the ground state, 
and a photon is created). Only the ŝ+â  and ŝ−â

†  conserve energy, and the other 
two terms are not energy-conserving as they express a simultaneous excitation 
or relaxation of the atom and field mode. Because the latter terms have a small 
probability at moderate ac fields, we only keep the two energy-conserving terms. 
This is called RWA. This approximation holds if the energy of adding a photon or 
adding a qubit excitation is much larger than the coupling or the energy difference 
between them (ω + ωa) ≫ g, |ωr − ωa|. In particular, when the coupling strength g 
≪ ω, ωa and the two systems are close to degeneracy ~ω, ωa the nonconserving 
energy terms can be dropped. Therefore, the Hamiltonian becomes

	
Ĥ = 1

2
!waŝz + !wcâ

†â + !g ŝ+â + ŝ−â
†( ) 	 (3.44)

The following section examines the solutions of the JC Hamiltonian.

Solutions of JC Hamiltonian

The JC Hamiltonian in (3.41) can be solved analytically. The uncoupled eigenstates 
of the atom (ground and excited states |g⟩, |e⟩) and the field (photon number state 
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|n⟩) are called bare states. The bare states are no longer the eigenstates of the JC 
Hamiltonian. The atom-field coupling lifts their degeneracy and results in the 
entanglement of bare states, creating dressed states |n, e⟩ and |n + 1, g⟩. This means 
that the only way to describe the atom-cavity system is by describing all of it. In 
other words, the system cannot be described by describing the state of the atom 
or the cavity separately (see Section 2.2). The Hamiltonian can be expressed as [16]

	

Hn =
!wc n + 1

2
⎛
⎝⎜

⎞
⎠⎟ + !Δ

2
!g n + 1

!g n + 1 !wc n + 1
2

⎛
⎝⎜

⎞
⎠⎟ − !Δ

2

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

	 (3.45)

where the detuning is ∆ = ωa − ωc. The eigenenergies of this Hamiltonian are

	
E1n = n + 1

2
⎛
⎝⎜

⎞
⎠⎟ !wc +

1
2
!Ωn 	 (3.46)

	
E2n = n + 1

2
⎛
⎝⎜

⎞
⎠⎟ !wc −

1
2
!Ωn 	 (3.47)

with the generalized Rabi frequency Ωn

	
Ωn = Δ2 + Ω0

2 n + 1( ) 	 (3.48)

Ω0 = 2g is called the vacuum Rabi frequency. The eigenstates are

	 1n = sinϑn e,n + cosϑn g,n + 1 	 (3.49)

	 2n = cosϑn e,n − sinϑn g,n + 1 	 (3.50)

with coefficients

	

cosϑn =
Ωn − Δ

Ωn − Δ( )2 + 4g2 n + 1( ) 	 (3.51)

	

sinϑn =
2g n + 1( )

Ωn − Δ( )2 + 4g2 n + 1( ) 	 (3.52)

At resonance ∆ = 0, the two maximally entangled symmetric and antisym-
metric superposition states are split by E1n − E2n = !Ω0 n + 1 , as shown in the 
level diagram in Figure 3.25. The energy-level splitting depends on the coupling 
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factor g and the number of photons in the cavity n. So, if we start with the atom 
in its ground state and one photon in the cavity, the atom absorbs the photon and 
goes to the excited state |g, 1⟩ → |e, 0⟩, and vice versa. Moreover, this interaction 
happens at the rate of vacuum Rabi frequency Ω0 = 2g. The next section discusses 
vacuum Rabi oscillations.

Vacuum Rabi Oscillations

The difference between the fully quantized and semiclassical formulations of the 
light-matter interaction is that the semiclassical expression for the generalized 
Rabi frequency (Rabi frequency with detuning) is replaced with Ω0 n + 1 . This 
striking difference shows that even the vacuum field with zero field amplitude 
or no photons (n = 0) can cause coherent oscillation and couple the two dressed 
states. This is why Ω0 is called vacuum Rabi-frequency.

The coefficients c1n(t), c2n(t) of an arbitrary state |ψ(t)⟩ = c1n(t)|1n⟩ + c2n(t)|2n⟩ 
can be expressed as

	

c2n t( )
c1n t( )

⎛

⎝
⎜

⎞

⎠
⎟ =

exp iΩnt( ) 0

0 exp −iΩnt( )
⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

c2n 0( )
c1n 0( )

⎛

⎝
⎜

⎞

⎠
⎟ 	 (3.53)

In resonance with zero detuning ∆ = 0, this gives for a state initially in the 
excited state

	
ce,n t( ) 2

= cos2 g n + 1t( ) 	 (3.54)

	
cg,n+1 t( )

2
= sin2 g n + 1t( ) 	 (3.55)

Figure 3.25  Dressed states and the JC ladder. Note that the {|g, n⟩, |e, n − 1⟩} basis is used here 
so that Ωn = n!g0 .

7092_Book.indb   1007092_Book.indb   100 12/20/23   3:12 PM12/20/23   3:12 PM



3.3  Qubit Control and Readout� 101

Even with no photon in the cavity n = 0, there is a coherent exchange of one energy 
quantum between the atom and the field mode called vacuum Rabi oscillations

	
ce0 t( ) 2

= cos2 gt( ) = 1
2

1 + cos Ω0t( )( ) 	 (3.56)

The vacuum Rabi oscillation is very different than the irreversible exponential 
decay of an excited atom. The periodic energy exchange has an analogy with two 
coupled pendulums.

Strong Coupling

Strong coupling occurs when the rate of interaction between the atom and the cav-
ity is significantly faster than both the spontaneous emission rate and the photon 
loss rate, denoted as g ≫ (κ, γ), where (κ, γ) denotes the larger of κ and γ. In such 
a scenario, spontaneous emission can be reversed, allowing an initially excited 
atom in a cavity to emit a photon(s) into a single-mode electromagnetic cavity and 
then subsequently reabsorb it. Over time, these oscillations will dampen due to 
cavity losses, eventually causing the photon to leave the cavity. The relaxation time 
of the atom, T1, can be determined by analyzing the envelope of the damped Rabi 
oscillations. Strongly coupled systems are those in which the Rabi dynamics can 
persist despite dissipation [7–20].

It is possible to show that many characteristic features of strongly coupled 
quantum systems can be derived from classical analysis of a simple coupled har-
monic oscillator, such as two coupled spring-mass systems. Both the classical and 
quantum coupled oscillators share an intriguing property in the strong coupling 
regime known as anticrossing. The eigenenergies as a function of detuning for two 
uncoupled oscillators are shown in Figure 3.26(a). As coupling is introduced, anti-
crossing occurs (i.e., a splitting at zero detuning emerges), known as the vacuum 
Rabi oscillation, a hallmark of strong coupling. This is shown in Figure 3.26(b). 
The interaction is considered a weak coupling if g ≪ (κ, γ). When two systems 
are far detuned (i.e., ∆ = ωa − ωc ≫ 1), the cavity’s resonance frequency is equal 
to its bare frequency. However, when ∆ ≈ 0 (i.e., when the atom and cavity are 
in resonance), a splitting emerges, where its size is proportional to the coupling 

Figure 3.26  Eigenenergies of two coupled oscillators as a function of the detuning ∆: (a) Zero 
coupling, where one eigenenergy was kept at a fixed reference level; and (b) avoided crossing due 
to strong coupling. Avoided crossing in a qubit-cavity system can be observed by using a flux bias 
line to sweep the qubit frequency to bring it in and out of resonance with the microwave cavity.
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factor (i.e., 2g). As we will see in the following section, having a large coupling 
factor g is essential for distinguishing the qubit’s ground and excited states when 
performing the readout.

To generate the plot displayed in Figure 3.26(b), one of the systems must vary 
the resonant frequency to sweep through different detuning values. As the qubit 
has a tunable resonant frequency, this can be achieved by controlling the flux pass-
ing through the SQUID. Then, the transmission (S12 parameter) of the resonator 
can be measured and plotted versus detuning.

Strong Dispersive Regime

Recall that the wavefunction collapses when the qubit state is measured at res-
onance. Therefore, it is necessary to use a QND measurement, based on the dis-
persive shift, for probing the qubit state in a nondestructive way. In the dispersive 
limit, where the qubit and cavity are far detuned with respect to each other (i.e., 
∆ = |ωa − ωc| ≫ g), only virtual photon exchange is allowed, and no atomic tran-
sitions occur, nor is there any energy exchange. In this case, the coupled system 
experiences level shifts proportional to g2/∆, as shown in Figure 3.27(a, b). These 
level shifts arise due to dispersive interactions mediated by virtual photons.

Using the second-order time-dependent perturbation theory, the JC Hamilto-
nian can be approximated in the dispersive regime. Expanding the Hamiltonian 
terms into powers of g/∆ yields [20, 21]

	

H = !wr a†a + 1/2( )
Single photon mode
harmonic oscillator

" #$$ %$$
+ !wa sz /2

Two-level system
" #$ %$

+ !c a†a + 1/2( )sz

Dispersive interaction
" #$$$ %$$$ 	 (3.57)

where χ = g2/∆ is called the dispersive shift. We can rewrite the Hamiltonian as:

	
H

JC disp( ) ≈ ! wr +
g2

Δ
sz

⎛
⎝⎜

⎞
⎠⎟
a†a + 1

2
⎛
⎝⎜

⎞
⎠⎟ +
!wa

2
sz 	 (3.58)

As can be seen from (3.58), the qubit-cavity coupling is QND concerning both 
photon number and qubit polarization since it commutes with both. The qubit 
state-dependent shift of the cavity with the new resonance frequency !wr  = ωr ± g2/∆ 
is observed in (3.58). This shift in the cavity frequency is called the dispersive shift.

As can be seen in Figure 3.27(a), for a large enough g and small enough detun-
ing and photon loss rate κ, and qubit relaxation rate γ, the ground and excited 
states can be distinguished due to the state-dependent frequency shift of the cav-
ity. The strong dispersive regime refers to the situation when the dispersive shift 
χ = g2/∆ is greater than the linewidths of the qubit, γ, and of the cavity, κ. In this 
regime, the transmission through the cavity becomes a nonlinear function of the 
qubit’s state, which permits a projective QND readout. The cavity transmission is 
a Lorentzian, which can be written as T = (κ/2)/(ω − (ωC ± χσz) + iκ/2).

It is now clear why a large coupling factor, g, is desired to increase the dis-
persive shift χ resulting in sufficiently large distinguishability between the qubit 
states. A large g also means strong coupling to the environment, which results in 
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Figure 3.27  (a) Amplitude and (b) phase of the cavity’s transmission spectrum depends on the 
qubit’s state. Here Ω represents the transition frequency, ωr the resonance frequency of the 
cavity, ∆ = Ω − ωr the detuning, g the coupling strength, and κ is the decay rate of the cavity. In 
the dispersive regime, qubit and resonator are far detuned from each other with g/∆ ≪ 1.  
(c) Multiplexed qubit readout scheme; each qubit has its own dispersive shift.

qubit relaxation. It can be shown that the Purcell relaxation rate of the qubit due 
to the resonator-environment coupling is given by g res-env

Purcell  = (g/∆)2 κ [10]. This 
shows that the relaxation rate increases by reducing the detuning ∆ between the 
qubit and the cavity, although increasing ∆ will also increase the dispersive shift 
and the qubit state’s distinguishability. Moreover, having a larger bandwidth κ 
for the resonator allows for fast readout, as we will see shortly however, it also 
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increases the relaxation rate. Therefore, it is essential to engineer g and κ to allow 
fast readout without compromising the qubit coherence.

Let us look at real-world numerical values for a transmon qubit coupled to 
a CPW cavity. The qubit-cavity coupling strength is g0/π = 100 MHz, the cavity 
frequency is ωr/2π = 7 GHz, photon decay rate is κ/2π = 300 kHz, and the qubit 
charging energy is EC/2π = 340 MHz. The qubit is detuned from its flux sweet 
spot by ~1.5 GHz with a resonant frequency of ω01/2π = 6 GHz.

The same concept of a dispersive shift can be applied for the multiplexed 
readout of multiple qubits, as illustrated in Figure 3.27(c). Each resonator is cou-
pled to a qubit and a shared RF readout line. By examining the dispersive shift in 
the power spectrum of each resonator, depicted in Figure 3.27(c), the state of each 
qubit can be determined.

Qubit Readout Requirements

Achieving high-fidelity qubit readout requires satisfying two requirements. First, 
it is necessary to have a sufficiently large signal-to-noise ratio (SNR) in order to 
clearly distinguish the peaks of the dispersive shift. This can be achieved by using 
quantum-limited amplifiers, such as a Josephson parametric or SLUG amplifier (see 
Chapter 5). Second, the readout process must be fast enough to complete it within 
a time significantly shorter than the qubit coherence time. A lengthy readout time 
increases the likelihood of qubit relaxation, thereby reducing the readout fidelity. 
It will be demonstrated that Purcell filters can enable fast readout. By combining 
quantum-limited amplifiers and Purcell filters, it becomes possible to achieve a 
readout fidelity of 99% or higher within approximately 100 ns, which is much 
shorter than the current qubits relaxation time [10].

High SNR

We saw that the dispersive shift of the cavity frequency could be used for the 
readout of qubits states. In order to resolve the separation between the |0⟩ and (|1⟩ 
peaks, the SNR needs to be sufficiently large. We can define a parameter called 
readout fidelity F as follows, which strongly depends on the SNR

	
F = 1

2
1 + erf

SNR
2

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ 	 (3.59)

where erf is the Gaussian error function [22]. A readout fidelity of 99% corresponds 
to one erroneous readout in 100 measurements. To achieve F = 99.9%, an SNR = 
10 is needed.

One way to achieve a sufficiently large SNR is to repeat qubit measurements 
and use time averaging, which helps to improve the SNR by a factor of N , where 
N is the number of signals used in averaging. So, improving the SNR by a factor 
of 10 reduces the measurement time by a factor of 100. Figure 3.28(a, b) shows that 
by increasing the sampling time, the separation between the peaks shown in solid 
lines increases linearly in time, whereas the peak widths only increase as t  [10].

Another way to improve SNR is to use quantum-limited amplifiers with an 
extremely low noise figure in the readout chain, which allows single-shot readout 
to reduce the measurement time significantly.
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Let us analyze how much signal power is typically necessary for the readout 
to achieve SNR = 10. As discussed in Chapter 4, SNR is defined as the ratio of 
the signal power to the noise power SNR = P/N. The vacuum noise power can be 
calculated as the noise power density [i.e., noise power per unit of bandwidth in 
the vacuum PSDvac = ℏω/2 = −207 dBm/Hz], times the bandwidth of the readout 
resonator, which is usually around 1 MHZ, so κ = 2π × 1 MHz. Therefore, the 
SNR = P/(κ × PSDvac). So, for an SNR = 10, the readout power is P ≈ −130 dBm at 
a frequency of 6 GHz.

Now, one might say that we could easily improve the SNR by increasing the 
readout power or equivalently increasing the average number of photons in the 
cavity n, where the power for an overcoupled resonator is related to the average 
photon number as P ≈ nℏωκ. The issue is that for a cavity populated with a large 
number of photons, the frequency shift induced by the qubit will be dependent 
on both the number of photons in the cavity due to the ac-Stark shift, as well as 
the state of the qubit, as shown in Section 3.3.2.3

In practice, the PSD of the measurement instruments is typically in the range 
of −150 dBm/Hz, which is much higher than the vacuum noise floor. To reach an 
SNR = 1, a measurement time of 25 ms is needed, which is much larger than the 
qubit’s relaxation time. Therefore, amplification is necessary to improve the SNR 
and reduce the measurement time. We examine quantum-limited amplifiers, such 
as the parametric amplification, in Chapter 5 to see how they can improve the 
overall SNR of the readout chain by the noise-squeezing technique.

Recently, researchers could perform fast, high-fidelity qubit readout even 
without a quantum-limited amplifier using shelving techniques, two-tone readout 
excitation of the readout resonator, and machine learning algorithms [24].

Fast Readout

According to DiVincenzo’s criteria, a qubit needs to be sufficiently isolated from 
the environment to prevent decoherence yet still be accessible for the state read 
out, which represents two contradictory criteria. We have observed that coupling 
the qubit to the environment results in qubit relaxation due to enhanced sponta-
neous emission. The coupling to the environment occurs during measurement, 
requiring a coupling to the readout port. The readout fidelity F is affected by the 
readout time τro, as given by F(τro) = 1 − e–(τro/T1), where τro = τrd + τs/2 denotes the 
total time for the readout, τrd is the readout delay due to the resonator transient, and 
τs is the sampling time [10]. Therefore, it is necessary to perform a fast single-shot 
readout such that τro ≪ T1, which requires decreasing the two-time factors τrd and 
τs. The τs can be reduced by keeping the integration time τs as short as possible.

To reduce the τrd, the resonator’s bandwidth needs to be increased as a larger 
bandwidth results in faster damping of the transients. The coupling regime of the 
resonator also plays an essential role in reducing the response time. We investigate 
various coupling regimes for resonators in Chapter 5. Strongly coupled (overcou-
pled) resonators with low-quality factors (high bandwidth) are appropriate for per-
forming fast measurements. Moreover, a large bandwidth is beneficial for resetting 
a qubit to its ground state, which can be done by bringing its frequency near the 
cavity resonance and using the Purcell-enhanced decay rate. Undercoupled res-
onators with large quality factors adversely affect the qubit readout fidelity since 
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fewer signal photons are collected during a qubit lifetime. Large-quality factor 
resonators can store photons in the cavity on a long-time scale, with potential use 
as a quantum memory [25].

While operating in the dispersive regime, the qubit and resonator are far 
detuned from each other, allowing for separate engineering of their environment 
through carefully designing the impedance seen by the resonator and the qubit 
using a so-called Purcell filter. The filter is designed to provide sufficiently large 
bandwidth with a strong coupling to the readout port at the resonator frequency 
while isolating the qubit from its environment at the qubit frequency, as shown 
in Figure 3.29(a). This technique allows for fast readout while protecting the qubit 
from relaxing into its environment.

Figure 3.29(b) shows the coupling between the qubit (ωq), resonator (ωr), Pur-
cell filter, and the environment. The qubit is capacitively coupled to the resonator 
with a coupling strength shown by g. The resonator is coupled to the Purcell filter 
with a photon loss rate of κ. The Purcell filter is then coupled to the environment. 
The transmission spectrum of the Purcell filter shown in Figure 3.29(a) protects 
the qubit while allowing the resonator field’s fast decay to the environment. The 
decay rate of the qubit-resonator-filter-environment chain is given by [10]

	
g res-filter-env

Purcell = k g
Δ

⎛
⎝⎜

⎞
⎠⎟

2 wq

wr

⎛
⎝⎜

⎞
⎠⎟

wr

2QFΔ
⎛
⎝⎜

⎞
⎠⎟

	 (3.60)

where QF denotes the quality factor of the Purcell filter.
The Purcell filter can be implemented depending on the required bandwidth, 

insertion loss (see Chapter 5), and qubit-resonator detuning. The Purcell filter can 
be as simple as a quarter-wavelength impedance transformer [26]. It can also be 
implemented as a wideband stepped-impedance filter [26] or the low-Q bandpass 
filter, which also acts as a quantum bus that makes it possible to connect several 
frequency-multiplexed readout resonators sharing the same amplifier chain.

3.3.2.3  ac-Stark Shift and Lamb Shift

The Hamiltonian in (3.58) can be interpreted either as a shift in the cavity frequency 
which depends on the state of the qubit, or as the ac-Stark shift plus the Lamb shift 
of the qubit frequency proportional to the number of photons in the cavity [27]. 
We can rewrite the Hamiltonian in (3.58) as follows:

	

	 (3.61)

The dispersive interaction can be viewed as a constant Lamb shift1 of g2/∆ 
induced by the vacuum fluctuations in the cavity and a photon-number–dependent 

1. Natural atoms such as hydrogen atom also undergo the Lamb shift due to the coupling of the atom 
to the vacuum field that should otherwise have the same energy in classical empty space.
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Figure 3.28  (a) The distribution of qubit states during the readout signal sampling in the 
presence of noise. As time progresses, the distance between the peaks (represented by solid lines) 
increases linearly, while the peak widths only increase as the square root of time t . Three black 
arrows indicate the points where line cuts were taken for three different sampling times shown 
in (b), (c), and (d). (b) The states are not separated for a short sampling time, resulting in a weak 
measurement (SNR < 1). (c) After a longer sampling time, the peaks begin to separate, and in (d) 
finally become completely distinct, resulting in a strong measurement (SNR > 1). (After: [10].)
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Figure 3.29  (a) The added Purcell filter protects the qubit while allowing the resonator field 
to decay fast to the environment. The transmission spectrum of a Purcell filter shows that the 
peak is centered around the resonator frequency, and the qubit frequency is far detuned. (b) The 
equivalent circuit of the qubit, the resonator, and the Purcell filter.
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shift, called an ac-Stark shift, of (2g2/∆)n where n = ⟨a†a⟩ is the average number of 
photons present in the cavity. The shift in the qubit frequency due to the Lamb 
shift and ac-Stark shift is given by

	
!wq = wq + g2

Δ
+ 2g2

Δ
n 	 (3.62)

So, in this case, the atom and cavity remain uncoupled, and the energy levels of 
the atom undergo a constant Lamb shift of g2/∆ and a photon-dependent ac-Stark 
shift of 2ng2/∆. This property makes it possible to tune the qubit transition fre-
quency with microwave pulses to produce controlled rotations about the z-axis. 
Moreover, this shows that the measurement power, proportional to the number 
of photons in the cavity, can affect the qubit’s frequency.

Photon Number Calibration Using ac-Stark Shift

The QND aspect of the readout depends on the photon population of the resonator, 
as the qubit’s relaxation and dephasing rates are influenced by the number of pho-
tons in the resonator [23]. Moreover, we will discover that nonlinear effects arise 
as the number of photons in the cavity increases. As discussed in Chapter 4, some 
inherently nonlinear systems can be approximated as linear under small signal 
conditions; that is where the system is driven with sufficiently small amplitude. 
However, in the large-signal regime with sufficiently large excitations, the system’s 
nonlinearity must be considered. The small-signal and large-signal regimes of the 
JC Hamiltonian are shown in Figure 3.30(a).

The dispersive JC Hamiltonian is inherently nonlinear; however, it can be 
approximated linearly if the number of photons is much smaller than the critical 
photon number (i.e., n ≪ ncrit = ∆2/4g2), so the ncrit determines the boundary between 
the linear and nonlinear approximation. For a g = 150 MHz and a detuning of ∆ = 
1.5 GHz the ncrit = 25 photons. Recall that number of photons in a cavity is given 
by n ≈ P/ℏωκ. Therefore, to remain in the linear regime, the average population of 
the cavity must be in the range of a few photons corresponding to power levels as 
low as −150 dBm. So, when performing measurements, the amplitude of the tone 
must be adjusted to maintain the average population of the cavity well below the 
critical photon number. In the presence of insertion loss, the average number of 
photons n inside the cavity on resonance is given by n = 2Pin ILQL /!w2,  where 
IL is the insertion loss of the resonator, and QL is the cavity’s quality factor. Figure 
3.30(b) shows the ac-Stark shifted qubit transition frequency with a linear depen-
dence on the applied measurement power.

As we increase the number of photons and reach the n ≈ ncrit, the linear approx-
imation starts to break down entirely, and the resonator’s photons significantly 
populate excited levels. More terms in the JC Hamiltonian must be considered to 
take the nonlinear effects into account, where these terms are of the Kerr-type. 
Also, increasing the number of photons in the cavity comes at the cost of reduced 
coherence time [26].

Figure 3.31(a, b) shows the line broadening and the shift of the qubit frequency 
due to the increased number of photons. As shown in Figure 3.31(c), the spectrum 
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of the qubit can be resolved into individual photon number peaks with χ > γ, 
where this photon number–splitting pattern allows for the determination of the 
mean photon number of the cavity. As shown in Figure 3.31(c), the qubit frequency 
peaks will be located at ωn = ωq + 2nχ. Note that there is always a nonzero number 
of thermal photons in the cavity (n = 0.1) due to leakage of infrared photons or 
insufficient cooling of an attenuator stage on the input or output microwave lines.

The weighting of the amplitudes for various photon numbers in Figure 3.31(d) 
can be used to find the average photon number in the cavity. A Poisson distribu-
tion P(n) = e−nnn /n!  with a mean value of ṉ gives the average occupation number 
of the nth state.

The Kerr-type nonlinear terms result in the nonlinear photon number (n) 
dependence of the cavity’s resonant frequency ωr. Kerr-type terms represent the 
lowest-order approximation of the full nonlinearity arising from the JC interaction. 
The total qubit state-dependent dispersive shift of the cavity frequency is given 
by χ ≅ χge − χef/2, where χge = g2

ge/∆ge dispersive shift for |g⟩ → |e⟩ transition, and 
χef = g2

ef/∆ef dispersive shift for |e⟩ → |f⟩ transition. The photon number-dependent 
resonance frequency of the resonator is given as

	 wr n( ) = !wr + csz + znsz + ′z n 	 (3.63)

where the self-Kerr ζ′ and cross-Kerr ζ terms are given by

Figure 3.30  (a) Small- and large-signal regimes of the dispersive JC Hamiltonian. (b) ac-Stark shifted 
qubit transition frequency with a linear dependence vge(navg) = vge(0) + 2χnavg on the applied measurement 
power (dots). The detuning-dependent qubit shift per photon of 2χ. The relevant parameters are ∆/2π = 
−1.088 GHz, g/2π = 54 MHz and the calculated ac-Stark shift per photon of 2χ/2π = −1.69 MHz. From the 
linear fit, a coherent measurement power of Pn=1 ≈ −32 dBm populates the cavity with, on average, a single 
photon.
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Figure 3.31  (a) Intraresonator photon number n ≈ 1 with fit to Lorentzian line shape. The 
qubit transition frequency !ωa  at low measurement power and the half width at half maximum 
δvHWHM are shown. (b) Measurement at high power with average photon number n  ≈ 40 with fit to 
Gaussian line shape. The ac-Stark shift ωac of the lines are indicated. (c) Photon number-splitting 
in the transmon spectrum. The primary qubit transition is seen at !ωge /2p  = 4.982 GHz. The peak 
at 4.973 GHz is due to a residual population of thermal photons nth = 0.1 in the resonator. (d) A 
cavity tone is applied at ωc/2π = 5.474 GHz and power Prf = 2.5 aW, producing a population of 
n  = 0.3 photons in the resonator. (e) Cavity tone of power Prf = 20 aW, n  = 1.2 photons in the 
resonator. (f) Cavity tone of power Prf = 160 aW, n  = 2.1 photons in the resonator. Multiple peaks 
corresponding to different cavity-photon numbers. The weighting of these peaks is given by a 
simple Poisson distribution as a function of the mean number of photons in the cavity n  = 2.
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′z ≈ cge − cef( ) lge

2 + lef
2( ) 	 (3.64)

	
z ≈ cef lef

2 − 2cgelge
2 +

7cef
4

lge
2 −

5cge
4

lef
2 	 (3.65)

and where λj,j+1 ≡ gj,j+1/∆j,j+1.
Although high-power measurements have their challenges, Reed et al. have 

shown that a simple and robust measurement protocol can be used for single-shot 
measurement of a transmon qubit when working at very large measurement 
power [27].

3.3.3  Spectroscopic Measurement Methods

Spectroscopic qubit measurements play a crucial role in circuit QED. They provide 
essential information about the qubit’s energy levels such as the ground-to-first 
and first-to-second excited state transitions energies, which unveil the charging 
and Josephson energies and enable us to characterize the qubit spectrum. Figure 
3.32(a) illustrates the commonly employed qubit spectroscopy techniques used to 
determine the qubit frequencies.

Figure 3.32  (a) Pulse sequences used for continuous wave spectroscopy; the qubit and the 
readout resonator are driven continuously and simultaneously. (b) Pulsed qubit spectroscopy; the 
readout signal is turned on only after the qubit drive has been switched off.
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In CW spectroscopy, both the qubit and the readout resonator are simultane-
ously driven. However, a disadvantage of CW spectroscopy is that the photons 
within the readout resonator can cause ac-Stark shifts in the qubit frequencies 
during the qubit drive. Therefore, the measurement needs to be conducted at low 
resonator drive power to mitigate this effect.

Pulsed spectroscopy, as depicted in Figure 3.32(b), addresses the ac-Stark 
shift problem by activating the resonator drive only after turning off the qubit 
drive. This ensures that no photons are present in the resonator when the qubit is 
driven. To avoid power broadening of the linewidth, it is recommended to drive 
the qubit at low power, as higher power can reduce the resolution of the qubit 
frequency. However, to observe both the |g⟩ ↔︎ |e⟩ and |e⟩ ↔︎ |f⟩ transition frequen-
cies, the measurement must be conducted at a higher qubit drive power compared 
to regular spectroscopy. This is necessary to induce a two-photon transition at 
ωef = 2ωgf/2 − ωge.

3.3.4  Equivalent Circuit of Qubit-Cavity Coupling

The qubit, which is coupled to a single cavity mode, can be represented using an 
equivalent linear circuit. This circuit is comprised of LC resonators that correspond 
to the qubit and the cavity, interconnected by a coupling capacitor, as depicted in 
Figure 3.33. The utilization of an equivalent circuit approach facilitates a deeper 
comprehension of the parameters that influence the coupling dynamics and is valid 
for the lowest two qubit states. This understanding is valuable for the purpose of 
designing and optimizing the qubit-cavity system.

As mentioned in Chapter 1, an electrical oscillator comprised of an inductor 
and a capacitor can be likened to a mechanical oscillator consisting of a mass and 
spring. In this analogy, the charge on the capacitor represents the position coordi-
nate of the mass, while the flux through the inductor emulates the role of momen-
tum [48]. The process of circuit quantization follows a straightforward approach: 
We obtain a Hamiltonian for the circuit and reformulate it in a manner akin to 
the Hamiltonian of a quantum harmonic oscillator. Subsequently, we identify 
the variables that correspond to position and momentum, enabling us to treat the 
system as a quantum harmonic oscillator by defining commutation relations and 
utilizing lowering and raising operators. This section delves into the derivation 
of the Hamiltonian from the Lagrangian.

Figure 3.33  A pair of LC oscillators connected by the coupling capacitor Cc.
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The circuit’s topology in Figure 3.33 suggests that the nodal circuit analysis is 
appropriate. The unknown variable is the voltage of each node, which is equal to 
the time derivative of the inductor’s flux connected to that node. We choose the 
flux of inductors Φi as the coordinate. The Lagrangian of the equivalent circuit 
can be written as [28]

	
L = T − V = 1

2
C1
!Φ1

2 + 1
2
C2
!Φ2

2 + 1
2
C0
!Φ1 − !Φ2⎡⎣ ⎤⎦

2
− 1

2L1

Φ1
2 − 1

2L2

Φ2
2

	 (3.66)

The kinetic energy (T) and potential energy (V) can be obtained by com-
paring the charge and flux to position and momentum. Matrix notation is often 
employed for convenience, where the Lagrangian can be written in matrix form 
as given by ℒ = (1/2) !ΦC !Φ − (1/2)ΦL−1Φ , where the capacitance matrix is C ≡ 

≡
C1 + C0 −C0

−C0 C2 + C0

⎛

⎝
⎜

⎞

⎠
⎟  and the inverse inductance matrix is L–1 ≡

1/L1 0
0 1/L2

⎛

⎝
⎜

⎞

⎠
⎟ .

This equivalent circuit has the nice property that the inductance and capac-
itance matrices can be found easily by inspection. The ith diagonal element of 
the capacitance matrix is the sum of the capacitances connected to the ith nodes. 
For nondiagonal elements, the entry is minus the capacitance between the nodes. 
Now, we are going to find the Hamiltonian. The canonical momenta are given by 
Qi = ∂L/ ∂ !ji

. In terms of the inverse capacitance matrix, we obtain !Φ  = C–1Q. The 
Hamiltonian can be written as H = Qi

!Φi  − ℒ = 1/2(QC–1Q + ΦL–1Φ). Rewriting 
the above Hamiltonian gives

	
H = 1

2
QC−1Q + 1

2
ΦL−1Φ 	 (3.67)

with Q = −iQZPF(ai − ai
†), where QZPF = C!Ω/2|  the resonant frequency of each 

resonant mode is Ωi = 1/ LiCi . The coupling factor or the g-factor can be found 
by looking at the coefficients of QiQj terms in the Hamiltonian given in (3.67).

	

Cij
−1QiQj = −Cij

−1QZPF,iQZPF, j ai − ai
†( ) aj − aj

†( )
= −!

Cij
−1

2

ΩiΩ j

Ci
−1Cj

−1 ai − ai
†( ) aj − aj

†( )
	 (3.68)

where the g-factor with the unit of angular frequency is given by

	
gij =

Cij
−1

2

ΩiΩ j

Ci
−1Cj

−1 =
C0

−1

2
Ω1Ω2

C1
−1C2

−1 	 (3.69)

This demonstrates how the equivalent circuit components contribute to the 
g-factor and how they can be adjusted to control it.
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Recall that the single mode of a resonator could be modeled using a parallel 
LC circuit with the resonant frequency of ωr = 1/LrCr . The photon loss rate or 
the resonator linewidth is given by κ = ωr/Q. The voltage across the resonator can 
be calculated as V̂r = Q̂r /Cr , where its average is zero 0 V̂r 0  = 0. However, the 
variance of the voltage is not zero 0 V̂r

2 0 = !wr /2Cr .
This is called the root mean square (RMS) vacuum voltage of the LC oscilla-

tor and is about ~1 μV for typical values of the resonance frequency. The qubit is 
coupled to this zero-point motion fluctuation. In a coplanar waveguide, a 5-μm 
distance between the central line and the ground results in an electric field of 
about E = V/d = 1μV/5μm = 0.2 V/m, which is large due to the nature of EM 
circuits. Vacancies and defects have dipole moments, and this large field can 
couple to them, so we can easily lose quantum information by transferring it to 
vacancies and defects. So, one way to solve this problem is to reduce the strength 
of the electric field (e.g., by using a 3D cavity), as shown in Figure 3.24(d). In order 
to compensate for the weak electric field, we need to make the qubit huge, such 
that d.E remains unchanged. This is why the qubit in a 3D cavity is so large, as 
shown in Figure 3.24(d). Using a qubit in a 3D cavity results in a large increase in 
coherence times T1 and T2.

Let us look at the Hamiltonian parameters for a transmon qubit coupled to a 
microwave cavity. We saw that RMS vacuum voltage of the LC oscillator is given 
by V = !wr /2Cr . The quantum gate voltage V̂g  = V(a + a†) is related to the gate 

charge as n̂g = CgV̂g /(2Cr) . By replacing this value in the electrostatic component 
of the charge qubit Hamiltonian described in (3.14) and then expanding the square, 
we derive a term that represents the coupling between the qubit and the resonator 
H ∝ −4EcCgV̂gn̂ . This contains the charge qubit state n̂ as well as the quantum 
field oscillator state V̂g  and can be simplified as Ĥ = 2ℏg(a + a†)n̂ with the single 
qubit cavity coupling strength g = (Cg/CΣ)(eV/ℏ) = β(eV/ℏ). The ratio β = Cg/CΣ 
∊ {0, 1} is the coupling capacitance divided by the total capacitance of the qubit.

It is noteworthy that the maximum dimensionless coupling strength between 
the qubit and cavity g/ωr depends solely on the resonator’s geometric and dielec-
tric properties without considering the transition matrix element. This implies 
a correlation between the coupling strength of a single superconducting qubit 
and the fine structure constant α given approximately by g/ωr ~ 4b a /εr  with 
α = e2/(4πò0ℏc). For practical values of the dielectric constant, the greatest possible 
coupling strength of a single qubit is approximately g/ωr ~ 0.1. However, this limit 
only applies to a half-wave transmission line resonator. Moreover, an inductively 
coupled superconducting qubit can easily surpass this limit, as shown in [8]. The 
same applies when multiple qubits are coupled together to the resonator field.

3.3.5  Qubit Control and Readout in Practice

Figure 3.34(a) illustrates a transmon qubit coupled to a resonator, along with the 
associated drive and readout lines. The qubit control involves two lines: the qubit 
drive line (X, Y control) and the flux bias line (Z control). Figure 3.34(a) provides 
a zoomed-in view of the qubit, showcasing the capacitive couplings to the drive 
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and readout lines. Figure 3.34(b) displays the equivalent circuit of the structure, 
showcasing the microwave readout and control pulses. Additionally, Figure 3.34(b) 
demonstrates how the current Ibias of the flux bias line tunes the qubit’s frequency 
by applying a magnetic flux to the SQUID.

Figure 3.34(c) depicts the room-temperature and cryogenic control and readout 
hardware. Chapter 7 presents a comprehensive discussion of the qubit’s hardware 
setup. In Figure 3.34(c), an AWG is responsible for generating flux bias pulses, 
while another AWG and a microwave signal generator are utilized to generate 
microwave pulses to control the qubit’s state. The readout pulse, generated by the 
AWG, undergoes modulation by the local oscillator (LO), which is a CW microwave 
signal, and is then applied to the input of the readout resonator. After amplification 
and downconversion, the output of the readout resonator is directed to a digitizer. 
The digitized signal is then processed on the host PC.

3.4	 Two-Qubit System

As discussed in Chapter 2, single-qubit and two-qubit gates are necessary for 
implementing quantum algorithms. This section focuses on two-qubit gates. The 
two-qubit gates in the transmon-like superconducting qubit architecture can be 
roughly divided into two main families. The first group relies on local magnetic 
fields to adjust the transition frequency of qubits, while the second group involves 
all-microwave control. Additionally, there are hybrid approaches that combine 
elements from both categories. Notably, the concepts of tunable coupling and 

Figure 3.34  (a) A single transmon device, (b) equivalent circuit of the device shown in (a), and (c) a 
hardware setup for superconducting qubits.
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Figure 3.34  (Continued)

parametric driving have emerged as significant components in modern super-
conducting qubit processors [10].

As we saw in Chapter 2, CNOT and CPHASE gates require a control qubit to 
apply an X-gate (CNOT) or a Z-gate (CPHASE) to the target qubit. This interaction 
between the two qubits can be achieved by coupling them using lumped circuit 
elements. Capacitive coupling is used for charge and phase qubits, while inductive 
coupling is used for flux qubits, as shown in Figure 3.35. However, these coupling 
mechanisms are limited to local interactions and only couple the nearest-neighbor 
qubits, making it challenging to perform gates between arbitrary pairs of distant 
qubits, which is highly desirable for scalable architecture.

To address this issue, a quantum bus, a distributed circuit like a transmission 
line resonator, can be used for long-range qubit coupling to distribute quantum 
information. A quantum bus must have a quantum degree of freedom that allows 
for strong interactions with independent quantum systems for quantum informa-
tion storage or transfer [28].
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Figure 3.36(a) shows two qubits on the opposite sides of a half-wavelength trans-
mission line resonator where we have voltage antinodes. The qubits are coupled 
to each other through the resonator. Using transmission line structures makes it 
possible to choose the line length and frequency such that multiple antinodes are 
present for coupling to multiple qubits.

As shown in Figure 3.36(b), each qubit has a split Josephson junction making it 
possible to tune the frequency using an external flux Φ through the loop accord-

ing to hf ≈ 8ECEJ
max cos pΦ/Φ0( )  − EC. The flux-bias lines using the bottom-left 

and top-right ports are coplanar waveguides with short-circuit termination next 
to their target qubit. This allows the current on the line to couple flux through the 
split junctions. Voltage inputs from room temperature VL and VR are used to tune 
left and right qubit frequencies fL and fR.

Figure 3.36(c) shows the cavity transmission and qubit spectroscopy as a func-
tion of the flux bias voltage VR. The difference between the qubit frequencies is 
necessary since driving one qubit will drive the other if they have the same fre-
quency. Bias point I is one where the maximum frequency of both qubits is far 
detuned from the cavity and each other. At this bias point, the interactions are 
small, and one may utilize the point for state preparation, single-qubit rotations, 
and measurement in the computational basis |0,0⟩, |0,1⟩, |1,0⟩, and |1,1⟩. Point I is 
also a flux sweet spot for both qubits, providing long coherence. A CPHASE gate is 
achieved by pulsing into point II, where a σz ⊗ σz interaction turns on [28]. Thus, 
points I and II are possible operating points of the processor.

As qubit QR is tuned into resonance with qubit QL at point III, an avoided 
crossing results from a cavity-mediated, qubit-qubit transverse interaction. The 
splitting has a magnitude J much greater than the qubit linewidths. This indi-
cates a coherent coupling, and the qubits are in a strong-dispersive regime. When 

Figure 3.35  Capacitive and inductive coupling schemes between two superconducting qubits: (a) direct 
capacitive coupling, (b) capacitive coupling via a linear resonator quantum bus, (c) direct inductive 
coupling through mutual inductance, M12, and (d) a frequency-tunable coupler is used to inductively couple 
two qubits through mutual inductances M1C and M2C. (After: [10].)
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Figure 3.36  (a) Scheme for capacitive coupling of two qubits to an on-chip microwave cavity. 
The two transmon qubits are located at opposite ends of the cavity where the electric field has 
an antinode. The resonator is coupled capacitively to the input and output lines. The microwave 
signals enter the chip from the left, interact with the qubits, exit from the right, and enter 
an amplifier. (b) Fabricated sample with two transmon qubits coupled by a transmission line 
resonator. The local flux-bias lines provide fast qubit tuning. Microwave pulses at the qubit 
transition frequencies fL and fR drive single-qubit rotations. For the two-qubit readout, a pulsed 
measurement of the cavity homodyne voltage VH (at frequency fC ) is used. (c) Cavity transmission 
and qubit spectroscopy as a function of flux bias voltage VR. (After: [27].)
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operating in the dispersive regime of CQED, virtual photons are exchanged during 
the coherent qubit interactions, which protects the qubit interactions against loss 
in the bus. If real photons were used, the cavity-induced relaxation of the qubits 
would make coherent state transfer unfeasible, mainly because a cavity with a large 
κ is required for fast measurements. The strong-dispersive regime allows for joint 
readout that can efficiently detect two-qubit correlations. Thus, we understand 
how both qubits can be controlled independently, and the qubit-qubit interactions 
can be switched on and off by adjusting the flux.

As we tune the QR into resonance with the cavity, point IV is reached, result-
ing in a vacuum Rabi splitting from which the qubit-cavity coupling strength is 
extracted. So, we see that the same cavity used to couple the qubits is also used 
for the multiplexed control and measurement of the qubit states. The cavity act-
ing as a quantum bus allows for long-range coupling and could be extended to 
nonnearest neighbors.

3.4.1  Dispersive Two-Qubit Interactions

In the dispersive regime, no energy is exchanged with the cavity, and both qubits 
with frequencies ω1 and ω2 are detuned from the resonator such that |∆1,2| = |ω1,2 
− ωC| ≫ g1,2. However, there is still dispersive coupling between the qubits and 
the cavity, resulting in a qubit-state-dependent shift ±χ1,2 = ±gj

2/∆ j of the cavity 
frequency, as shown in Figure 3.37(a). This shift can be calculated using the cou-
pling strength g1,2 and the detuning ∆1,2. The effective dispersive Hamiltonian 
reads [29]

	

H
!

= wC + c1sz1 + c2sz2( )a†a + 1
2
w1sz1 + 1

2
ω2sz2

+
g1g2 Δ1 + Δ2( )

2Δ1Δ2

s1
+s2

− + s1
−s2

+( )
	 (3.70)

where (σz1 = 1 ⊗ σz; σz2 = σz ⊗ 1). The first term is the cavity dispersively shifted 
by both qubits. The second and third terms are the bare qubit Hamiltonians. The 
last term is a two-qubit swap via virtual interaction with the cavity. The strength 
of interaction between the qubits is given by J = g1g2(∆1 + ∆2)/2∆1∆2, which is the 
coefficient of the last term in the Hamiltonian. The qubit-qubit interaction results 
from the virtual exchange of photons with the cavity.

As shown in Figure 3.37(b), by tuning the qubits to the same frequency, an exci-
tation in one qubit can be transferred to the other by virtually becoming a photon 
in the cavity. When the qubits are nondegenerate |ω1 − ω2| ≫ J the interaction is 
effectively turned off as this process does not conserve energy. So, the effective 
coupling strength can be controlled by tuning the qubit transition frequencies, 
which can be done using flux bias lines.

In the dispersive regime, the bare cavity transmission is shifted to four fre-
quencies depending on the state of the two qubits (|1,1⟩, |0,1⟩, |1,0⟩, |0,0⟩).
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3.5	 Calibration of Single-Qubit Operations

Prior to executing any quantum algorithms on a quantum processor, it is crucial 
to employ a systematic approach for characterizing and calibrating the qubit oper-
ations. This involves performing qubit performance characterization and pulse 
calibrations. A single-qubit calibration routine involves steps such as spectros-
copy on the readout resonator to determine the frequency ωr, spectroscopy on the 
qubit at the readout frequency to estimate the qubit transition frequency ωge, and 

Figure 3.37  (a) Transmission in the strong dispersive regime for two qubits. The four dispersive 
shifted cavity transmission peaks for a two-qubit and cavity system. (b) When the qubits are 
detuned from the cavity (|∆(1),(2)| ≫ g(1),(2)) they shift the cavity dispersively. The excited state in 
the left qubit |10⟩ ⊗ |n = 0⟩ and the excited state in the right qubit |01⟩ ⊗ |n = 0⟩ interact via the 
exchange of a virtual photon |00⟩ ⊗ |n = 1⟩ in the cavity.
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estimating the π and π/2 drive pulse amplitudes by driving the qubit at ωge. For 
a more comprehensive list of calibrations please refer to [30].

The highest gate fidelity can only be achieved with precise pulse calibration. 
Similar to NMR experiments, some tune-up schemes are carried out in which 
repeated pulses are applied such that small errors can be built up, leading to a 
large signal. This large signal may then be nulled out. The rotations Rx(±π/2), 
Ry(±π/2), Rx(±π), Ry(±π), are calibrated independently [17].

3.6	 Testing the Performance of a Quantum Processor

We have seen how to implement single- and two-qubit gates using supercon-
ducting qubits. The crucial question is how to ascertain whether these gates are 
functioning as intended, ensuring that gate errors remain within the fault-tolerant 
threshold for quantum-error correction, typically around 10–4. Chapter 2 discussed 
various methods for assessing gate fidelity, which serves as the standard metric 
for measuring the degree of agreement between an ideal operation and its practi-
cal implementation. Specifically, it explores three techniques: the double-π metric, 
QPT, and randomized benchmarking.

So far, we have covered the basics of quantum information processing using 
superconducting quantum qubits. The field of superconducting qubits is advanc-
ing at an incredibly rapid pace, and there is a significant need for both intriguing 
engineering and fundamental physics research to realize the ultimate quantum 
computer [31, 32]. Chapters 4 to 8 will be focused on hardware implementation.
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Microwave Systems

Thoroughly conscious ignorance is the prelude to every real advance 
in science.

—James Clerk Maxwell

The core concepts of microwave engineering that will be covered in this chapter 
and Chapters 5 and 6 have been adjusted to fit within the context of superconduct-
ing qubit design and implementation. This chapter provides a general overview 
of microwave engineering and discusses the fundamentals of microwave system 
analysis, including link budget calculation, distortion, noise, interference, and 
nonlinear effects.

4.1	 A Brief History of Microwave Engineering

Many renowned scientists, including Gauss, Faraday, Ampere, Lenz, and Oersted, 
devoted their research to studying electricity and magnetism. In 1873, Maxwell 
published his seminal work, A Treatise on Electricity and Magnetism, in which he 
integrated electricity and magnetism by introducing the term “displacement cur-
rent” to the set of equations developed by his predecessors. This additional term 
enabled the derivation of a wave equation using his unified mathematical frame-
work, demonstrating the theoretical existence of electromagnetic waves. Maxwell’s 
equations were initially expressed in integral form, which Oliver Heaviside later 
reformulated in differential form.

Between 1886 and 1888, Heinrich Hertz conducted a series of experiments that 
demonstrated the validity of Maxwell’s equations and the existence of electro-
magnetic waves. His setup consisted of two main components: a wave generator 
and a detector, as shown in Figure 4.1(a). The wave generator was constructed 
using a dipole antenna with a spark gap between their inner ends as a radiator 
connected in parallel with Ruhmkorff’s coils. A high-voltage spark in the gap is 
generated by interrupting the direct current in Ruhmkorff’s coil, generating radio 
waves. The electromagnetic waves were then picked up and detected using a loop 
antenna. Hertz made further discoveries about electromagnetic waves, including 
their polarization.

Guglielmo Marconi achieved a significant milestone in the history of wireless 
communication on December 21, 1901, by successfully establishing transatlantic 
wireless communication. He achieved this feat by modifying and enhancing 
Hertz’s equipment to extend the range of electromagnetic waves. The development 
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of early radio technology progressed rapidly, but primarily in the high-frequency 
(HF) to very high-frequency (VHF) range due to the absence of reliable microwave 
sources and components. It was not until the 1950s, with the advent of radar tech-
nology during World War II, that microwave theory and techniques received much 
attention. The invention of microwave sources such as Klystron and Magnetron 
played a crucial role in advancing radar technology, significantly impacting the 
battlefield. A basic block diagram of a radar system is shown in Figure 4.1(b). To 
promote research on radar theory and applications in the United States, the Mas-
sachusetts Institute of Technology (MIT) established the Radiation Laboratory. 
Some renowned scientists who have received Nobel prizes, such as H. A. Bethe, J. 
S. Schwinger, I. I. Rabi, and E. M. Purcell, worked together for a period of intense 
microwave research. Their work results are summarized in the classic 28-volume 
Radiation Laboratory series of books [1].

Figure 4.1  (a) Hertz’s experimental apparatus. A spark-gap transmitter (left) consisting of a 
dipole antenna with a spark gap (S) powered by high-voltage pulses from a Ruhmkorff coil (T). 
The receiver (right) consists of a loop antenna with a small gap. (b) Basic block diagram of a radar 
system. A single antenna transmits and receives the radar signals. A circulator (see Chapter 5) 
separates the transmit and receive paths.
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Microwave engineering has played a significant role in shaping the modern 
world. After the invention and development of radar, there was a surge of interest 
in microwave communication systems. This interest led to the utilization of much 
of the early work done for radar systems. Microwave systems’ benefits, such as 
wide bandwidth, made them essential for terrestrial and satellite communications.

Developing efficient, low-cost, and miniaturized microwave components has 
opened new paths and impacted every facet of our lives. Modern life is unimag-
inable without microwave technology, as we use it regularly to communicate using 
our cell phones, to cook our food, and to navigate using GPS devices.

Microwave engineering has also contributed to several other fields. Plasma 
technology, medical diagnosis and treatment, atomic and molecular physics, and 
remote sensing are just a few examples. Microwave engineering has expanded its 
applications in recent decades and now plays a crucial role in developing quan-
tum technologies and designing and operating fusion reactors. With its many 
applications, microwave engineering continues to be a critical field that drives 
innovation and progress.

4.2	 Microwave Engineering

Chapter 2 discussed the rationale behind utilizing microwave frequencies for 
superconducting qubits. To effectively design and operate superconducting qubit 
hardware, it is necessary to have a solid understanding of microwave systems and 
components. This chapter explores the key factors that influence the performance 
of a microwave system and shows us how to analyze their impact. Subsequently, 
Chapter 5 delves into the microwave components essential for implementing 
superconducting qubit hardware.

The terms radio frequency (RF) and microwave engineering are often used 
interchangeably, with RF frequencies covering the VHF band from 30 MHz to the 
UHF band ending at 3 GHz, and microwave frequencies covering the range of 3 to 
300 GHz [1, 2]. Although there is a significant overlap between the fundamental 
concepts of RF and microwave engineering, there are also some key distinctions.

For consistency, this text refers to RF and microwave frequencies as “micro-
wave,” since the superconducting qubits typically operate within the microwave 
frequency range. This section provides an overview of microwave engineering 
and its core building blocks.

Microwave engineering involves generating, transmitting, processing, and 
detecting microwave signals. Figure 4.2 illustrates these concepts using the example 
of a communication link. The first step in this process is to encode information, 
such as voice, video, or data, onto a microwave carrier signal using a modulator. 
The signal may undergo additional processing, such as amplification or filtering, 
before it can be transmitted.

The signal can be transmitted either through wires, such as in an optical fiber 
link, or wirelessly through free space. For long-distance transmission, repeaters 
can be used to boost the signal and extend its range. Upon entering the receiver, 
filters, amplifiers, downconverters, and other processing components are required 
to prepare the signal for detection. To hear the voice or watch the video at the 
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receiving end of the link, the detector or demodulator decodes the signal and 
brings it back to the baseband.

Depending on the application, one or more of the aforementioned four areas 
(processing, generation, transmission, and detection) may be involved. In certain 
applications, such as microwave heating, detection may not be necessary. On the 
other hand, detection is essential in fields like radio astronomy. However, in appli-
cations such as in a communication link or a superconducting quantum computer, 
all four areas play a crucial role.

To enhance our understanding of these concepts, Section 4.3 discusses them 
in the context of a microwave link.

4.3	 Microwave System Analysis

To effectively analyze and design a microwave system, it is crucial to have a sys-
tem-level understanding of critical performance factors, including noise, distor-
tion, and nonlinear parameters. The analytical tools covered in this section are 

Figure 4.2  (a) Technical areas related to microwave engineering fit into one of the categories of 
processing, generation, transmission, and detection. (b) An example of a communication link.
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powerful as they enable us to treat a microwave system and its components as a 
black box, examining the inputs and outputs of the system without requiring deep 
knowledge of electromagnetics or microwave engineering.

Our study of microwave engineering commences with analyzing a microwave 
link and performing link budget calculations, which is an essential first step in 
designing and evaluating such a system. Subsequently, we examine the effects of 
losses, distortion, interference, and noise on the performance of microwave systems. 
Furthermore, we explore nonlinear effects in microwave systems, including the 
1-dB compression point, the level of harmonics, and intermodulation distortion—
all essential considerations in designing and optimizing a microwave system’s 
performance and efficiency.

4.3.1  Microwave Link

A microwave link is comprised of four main components: signal generation, trans-
mission, processing, and detection. It can be used as a communication link between 
two cell phones or to transfer information within a superconducting quantum 
computer. The goal is to design the microwave link to ensure successful signal 
detection. Section 4.2 provided an example of a communication link. This section 
examines a microwave link in a superconducting quantum computer, illustrated 
in Figure 4.3.

Microwave signals are used to control and read out the state of the supercon-
ducting qubits. As shown in Figure 4.3, the microwave signals are generated at 
room temperature and transmitted into a dilution fridge using microwave coaxial 
cables. Along the way, filters and attenuators process the signal to reduce noise. 
After interacting with the qubit, the signal is processed using cryogenic amplifi-
ers and sent back to room temperature using special microwave cables. The sig-
nal is further processed at room temperature, including amplification, filtering, 
and downconversion, to prepare it for detection. Finally, a digitizer converts the 
analog signal into a digital one that a computer can process. Chapter 7 details 
these concepts.

As a signal travels down a microwave link, it is affected by cables, amplifiers, 
filters, and various other passive and active components that amplify or attenu-
ate it. To ensure that the signal is detectable at the receiving end, a link budget 

Figure 4.3  The microwave link for a superconducting quantum computer. Each box shows the components 
involved in each section of the microwave link.
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analysis is performed to calculate all the gains and losses in the microwave link. 
This analysis is crucial for microwave links in quantum computers, where a suf-
ficient signal-to-noise ratio is essential for successfully detecting quantum states.

In a communication link, the transmitted signal level is subject to losses caused 
by transmission lines, components, and environmental factors such as signal polar-
ization, terrain, and atmospheric effects. Amplifiers and antenna gains can help 
increase the signal level. Figure 4.4 illustrates a communication link and how the 
signal level changes as it travels along the link.

We use various forms of decibel units, such as decibel milliwatts (dBm), 
throughout this book. The total gain of the link in Figure 4.4 is calculated as

	

G = 20  TX power( ) + 10 Antenna Gain( ) + 15 RX antenna gain( )
= 45 dB 	 (4.1)

The losses are

	

L = 2  TX cable loss( ) + 116 Free space loss( ) + 2 RX cable loss( )
= 120 dB

	 (4.2)

The free-space loss LFSL is caused by the spreading of the wave front as it 
travels away from the source and is calculated as LFSL = (4πd/λ)2, where d is the 

Figure 4.4  Link budget analysis of a communication link.
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distance between the transmitter and receiver, and λ is the wavelength of the 
signal in meters.

The received signal level is

	 PRx = G − L = −75 dBm 	 (4.3)

The receiver’s minimum detectable signal level, also called sensitivity, is spec-
ified to be −85 dBm. Therefore, we have a 10-dB link margin, and the received 
signal can be detected successfully.

Section 4.3.2 discusses the factors contributing to signal degradation as it trav-
els from the generator to the detector in a microwave link.

4.3.2  Signal Degradation Factors

Signal degradation in a microwave link can be caused by various factors that can 
significantly impact signal detection. This section explores the four key factors 
that have a substantial negative impact on a signal: attenuation, distortion, inter-
ference, and noise.

4.3.2.1  Attenuation

Depending on the specific link, different loss sources can attenuate a signal in a 
microwave link. The attenuation, expressed in decibels and denoted as LdB, is a 
critical parameter used in link budget calculation. It is defined as the ratio of the 
power before attenuation (Pin) to the power after attenuation (Pout),

	
LdB = 10log10

Pin

Pout

⎛
⎝⎜

⎞
⎠⎟ 	 (4.4)

Sources of attenuation include cables, microwave components, and propagation 
effects in wireless links, such as free-space loss and atmospheric loss. Attenuation 
directly affects the signal amplitude and can make detection more challenging, 
particularly for weak signals like those in radar and satellite communication sys-
tems. In qubit systems, low signal levels on the order of a few photons can also 
pose challenges. Therefore, it is crucial to minimize losses at the output of the 
qubit readout resonator, where ultralow-loss and low-noise components, such as 
superconducting amplifiers and cables, are employed. Interestingly, it is worth 
noting that attenuation is intentionally applied at the input of the fridge for noise 
reduction, as discussed in Chapter 7.

Amplifiers or repeaters can compensate for losses, but this comes at the cost of 
introducing additional noise and occasional signal distortion. Thus, minimizing 
losses as much as possible using low-loss components and making smart design 
decisions is critical in designing a microwave link. However, we must also consider 
the costs of using such components and several other design factors. As discussed 
in Chapter 7, quantum-limited amplifiers, such as Josephson parametric amplifi-
ers (JPAs) with extremely low noise figures, are suitable for amplifying extremely 
weak signals from the quantum processor.
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4.3.2.2  Distortion

A communication link and countless other systems aim to reconstruct an exact 
copy of the input signal in the output or at the destination. However, in reality, 
the signal’s shape changes as it travels through the system, leading to distortion, 
which is undesirable, since it alters the information carried by the signal. In the 
early days of landlines, transmission lines added distortion, resulting in a voice 
change on the other side of the line. This was solved by balancing the line’s induc-
tive and capacitive time constants. (Refer to Section 5.3.1.1 for a discussion of dis-
tortion-less transmission lines.)

Distortion can be deliberately introduced to a signal, such as when a sound 
engineer applies signal-processing techniques to intentionally modify the shape 
of a signal for artistic purposes during music recording. However, in most cases, 
distortion occurs without control over the signal as it travels through the link. 
This alteration of waveform and spectrum can result in information corruption in 
qubit and communication systems, as we soon explore. Fortunately, the adverse 
effects of distortion can sometimes be mitigated by employing signal processing 
techniques like predistortion.

Microwave pulses are used for qubit control and readout, but they can become 
distorted as they propagate along the cables, interconnects, and microwave com-
ponents. Such distortions can cause errors and limit the fidelity of gate operations, 
as it can—among other negative effects—change the amplitude and width of the 
pulses. Quantum gates that employ fast-frequency tuning of the qubits are partic-
ularly sensitive to distortion and require precise calibration [3]. Another example 
is the impact of nonlinear amplitude distortions from microwave electronics on 
Rabi pulses [4]. Interestingly, the qubit can be utilized as a detector to characterize 
the nonlinear distortions [3].

4.3.2.3  Linearity

Before looking at the factors that cause distortion, let us see why linearity is essen-
tial to preserving the shape of a signal and, therefore, the information carried by 
the signal. A system is called linear if it satisfies two properties, homogeneity and 
superposition. If x(t) is the input to the system and y(t) is the output, and k is a 
constant, then the homogeneity property reads: kx(t) → ky(t). This means that if we 
multiply the input by a constant, the output will be multiplied by the same factor. 
The superposition property can be expressed as x1(t) + x2(t) → y1(t) + y2(t). This 
statement asserts that the system responds to the sum of two inputs by producing 
a response that is the sum of the responses to each input.

Figure 4.5 depicts the input and output of both linear and nonlinear systems 
in both time and frequency domains. Let us take a scenario where the linear sys-
tem is a speaker, and the input is a pure musical tone, such as the C note with a 
frequency of f1. In this case, the output of the linear system appears similar to the 
input, with only the amplitude and phase of the input signal being modified, as 
shown in Figure 4.5(a). In the frequency domain, the output spectrum remains the 
same as the input, except that the same factor scales the tone’s amplitude.

However, for a nonlinear speaker, as shown in Figure 4.5(b), the output is no 
longer the C note but includes harmonics at f2 and f3, resulting in a different sound 
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Figure 4.5  (a) A linear system does not generate new frequency components. In the time 
domain, it only changes the amplitude and phase of the input signal. (b) A nonlinear system 
distorts the signal’s shape and generates new frequency components in the output.
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than the input. So, a linear system maintains the input’s shape, which is essential 
for preserving signal information.

From the frequency-response standpoint, a linear system must exhibit a flat 
amplitude and linear phase over its frequency range, as demonstrated in Figure 4.6. 
A nonflat frequency response alters the shape of the signal’s spectrum, resulting 
in different amplitudes at different frequencies. As a result, it also modifies the 
waveform’s shape. A linear phase response yields a constant time delay for all fre-
quency components. Assume a time delay ∆t = ∆ϕ/2πf, where the phase difference 
∆ϕ is a linear function of frequency (i.e., ∆ϕ = cf), where c is a constant number. Then 
the delay ∆t = cf/2πf = c/2π becomes a constant. If the phase response is nonlinear, 
dispersion can occur, causing the propagation velocity of spectral components to 
become frequency-dependent, resulting in signal distortion.

4.3.2.4  Sources of Distortion

Recall that the primary source of distortion in RF and microwave systems is 
nonlinear effects. Many semiconductor components used in electronic chips and 
microwave circuits are inherently nonlinear, including transistors and diodes 
used in amplifiers, RF switches, and mixers, among several other components. 
As previously noted, nonlinear behavior adds harmonics to the input, changing 
the signal’s frequency content and directly affecting the signal’s shape in the time 
domain and the information it carries.

In addition, distortion can result from a nonflat frequency response, which 
can sometimes occur in passive components such as filters. This can alter the fre-
quency content and, therefore, the waveform.

Another source of distortion is dispersion, which occurs when the propaga-
tion velocity of a signal is frequency-dependent, leading to signal smearing. Dis-
persion is often present in transmission lines, such as cables, optical fibers, and 

Figure 4.6  The frequency response of a linear system with (a) constant amplitude and (b) linear phase 
over the operational bandwidth from f1 to f2.

7092_Book.indb   1347092_Book.indb   134 12/20/23   3:12 PM12/20/23   3:12 PM



4.3  Microwave System Analysis� 135

waveguides. Dispersion may be caused by a dispersive material, as in the case of 
an optical fiber, or it might occur due to the dispersive nature of the components 
or transmission lines such as hollow waveguides (see Chapter 5). An example of 
the distortion caused by transmission-line dispersion is shown in Figure 4.7(a). 
The effect of dispersion on a pulse sequence is shown in Figure 4.7(b). The pulses 
become indistinguishable due to the broadening caused by dispersion.

One might question the possibility of eliminating distortion altogether. While 
it is occasionally feasible to compensate for distortion, doing so adds complexity 
and costs to our design. Therefore, our initial focus should be on designing the 
system to be as linear as possible and eliminating as many sources of distortion as 
we can. However, some factors that cause distortion may not be under our control. 
In such cases, if we know the transfer function F, which describes the relationship 
between the input x(t) and output y(t) of a system y(t) = F(x(t)), we can intentionally 
predistort the original signal by applying the inverse function F–1 so that the signal 
comes out undistorted at the output. This idea is illustrated in Figure 4.7(c). The 
transfer function F can be determined using measurement instruments such as a 
network analyzer or spectrum analyzer. One practical example of this technique is 
digital predistortion (DPD) used in modern power amplifiers. This method applies 
a correction signal to the input signal before amplification. The correction signal 
is designed to cancel out the nonlinearities in the amplifier’s response, resulting 
in a faithful reproduction of the input signal at the output. The same principle of 
applying the inverse transfer function to the signal before transmission is utilized 
to cancel out the distortion in qubit systems [3].

Figure 4.7  (a) A dispersive transmission line and (b) a 1011-bit sequence. Distortion is caused by 
dispersion in pulses, where eventually pulses merge and the 0 bit gets lost. (c) Compensating distortion 
using the inverse function of the system with distortion.
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4.3.2.5  Interference

Designing a system entirely isolated from other systems and the environment is 
exceedingly difficult in the real world. Interference occurs when unwanted radio 
frequency or microwave signals are coupled to the system, affecting its function in 
an undesirable manner. The detection of a signal can be affected in different ways 
by interference. For example, the interfering signal can overlap with the desired 
signal, degrading the signal quality and causing distortion. Another example of 
interference is when the interfering signal’s amplitude is large enough to compress 
or saturate the receiver, rendering it unable to detect any signal.

We have learned that a qubit’s interaction with the environment results in 
qubit relaxation and dephasing. Therefore, any noise or interference coupled to 
the qubit can significantly affect its quantum state and its coherence.

Additionally, scalable quantum information processing requires parallel exe-
cution of gate operations. Short-range interference, also known as crosstalk, can 
impair the quality of simultaneous gate operations by reducing individual address-
ability, leading to erroneous results for simultaneous operations [5, 6].

Dealing with interference in qubit systems due to their extreme sensitivity to 
external signals is of paramount importance. For this purpose, a combination of 
techniques, such as filtering, shielding, and grounding is used, as discussed in 
Chapters 6 and 7.

4.3.2.6  Thermal Noise

Random physical processes, such as thermal vibration or fluctuation of charge 
carriers in solid-state devices, generate electric signals known as noise. This noise 
is often the primary factor adversely affecting signal detection. The various types 
of noise, each with specific properties [1], are described as follows:

•	 Thermal noise: This is caused by the thermal vibration of bound charges.
•	 Flicker noise (1/f noise): This happens in solid-state devices, where the noise 

power decreases with increasing frequency.
•	 Shot noise: Occurs following a random fluctuation of charge carriers in sol-

id-state devices.
•	 Quantum noise: This is caused by the quantized nature of charges and photons.

We often encounter the first two types of noise, which significantly contribute 
to the decoherence of qubits. Figure 4.8(a) illustrates a resistor at a physical tem-
perature of T degrees kelvin. The kinetic energy of the random motion of electrons 
in the resistor is proportional to the temperature. These random motions cause 
small voltage fluctuations at the resistor terminals, as shown in Figure 4.8(a).

This random voltage has a zero average value but a nonzero RMS value given 
by Planck’s blackbody radiation law

	
Vn = 4hfBR

ehf /kT − 1
	 (4.5)
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The formula for noise voltage given in (4.5) is valid for both classical (low-fre-
quency, high-temperature) and quantum limits (high-frequency, low-tempera-
ture), where h and k are Planck’s and Boltzmann’s constants, respectively, T is the 
temperature in degrees kelvin, B is the system’s bandwidth in hertz, f is the center 
frequency of the bandwidth in hertz, and R is the resistance in ohms. In the clas-
sical limit, where hf ≪ kT, (4.5) can be approximated as ehf/kT − 1 ≅ hf/kT. So, (4.5) 
reduces to Vn = 4kTBR .

This approximation is invalid for extremely high frequencies and very low 
temperatures. In qubit applications at temperatures on the order of millikelvin, 
(4.5) must be used, as shown in Chapter 7.

We are interested in a worst-case scenario to determine the maximum power 
a noisy resistor can deliver to a circuit. As illustrated in Figure 4.8(b), we can 
replace the noisy resistor with a noiseless resistor in series with a voltage source 
given by Vn = 4kTBR 1. According to basic circuit theory, a source (in this case, 
the equivalent noise voltage source) delivers maximum power when the source 
and load resistors have the same resistance. An ideal bandpass filter connects the 
equivalent circuit to a load resistor to limit the bandwidth.

By using Vn = 4kTBR , the delivered power from the noise source to the load 
can be calculated

	
Pn =

Vn

2R
⎛
⎝⎜

⎞
⎠⎟

2

R =
Vn

2

4R
= kTB 	 (4.6)

1. This is called the Thevenin equivalent circuit of the noisy resistor.

Figure 4.8  (a) The random voltage generated in a noisy resistor. (b) A noisy resistor is modeled 
as a noiseless resistor in series with a voltage source connected to a load resistor with an ideal 
bandpass filter.
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This maximum noise power is independent of frequency and resistance and 
only depends on temperature and bandwidth. To minimize noise power, we can 
use two techniques: limiting the bandwidth using filters or reducing the tempera-
ture. This is why receivers that demand exceptionally high sensitivity, like those 
used in radio astronomy, are placed in a cryogenic environment. By employing 
these measures, we can effectively reduce noise and enhance the overall sensitiv-
ity of the system.

Since the power due to the noise source given in (4.6) is frequency-indepen-
dent, or equivalently, constant at all frequencies, we call the noise source a white 
noise source. For white noise sources, we can add the noise powers of independent 
white noise sources. It is important to note that not all types of noise are additive.

4.3.2.6.1  Equivalent Noise Temperature

An equivalent noise temperature can be associated with the noise power of a white 
noise source. To do this, the source is connected to a load with the same impedance 
R as the source, as shown in Figure 4.9(a). This ensures that the maximum power 
is transferred to the load, where the delivered power is denoted by Ps. The equiv-
alent noise temperature, Te, can then be calculated using the formula Te = Ps/kB.

The concept of equivalent noise temperature is useful because in noise calcu-
lations, components can be characterized by their equivalent noise temperatures. 
Table 4.1 shows the equivalent noise temperatures of some microwave systems and 
components. Section 4.3.2.4 discussed the noise figure (NF) concept.

Figure 4.9  (a) White noise source with an input impedance R, (b) connect the noise source to an 
impedance equal to R to ensure maximum power transfer, and (c) equivalent noise temperature of 
a cascaded system.
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Recall that a microwave link is comprised of cascaded subsystems. We can 
compute the equivalent noise temperature of a cascaded system illustrated in Figure 
4.9(b), where each subsystem has a gain of Gi and an equivalent noise temperature 
of Tei. We can replace the entire chain with a single system with an equivalent gain 
of G1 = G1G2 … Gn and an equivalent noise temperature Tcas given by

	
Tcas = Te1 +

Te2
G1

+
Te3
G1G2

+! 	 (4.7)

As shown in (4.7), the noise temperature of the first stage has the most sig-
nificant impact on the noise temperature of the chain. The effect of noise is sig-
nificantly reduced from the second stage, as the equivalent noise temperature 
is divided by the gain of the previous stage, which is typically a large number. 
Therefore, it is crucial to place the component with a low noise temperature and 
high gain in the first stage to minimize the equivalent noise temperature of the 
chain. This is particularly crucial on the detection or receiver side, where having 
the lowest possible noise level is critical for successful signal detection. Chapter 
5 discusses a Josephson parametric amplifier with an extremely low equivalent 
noise temperature of less than one Kelvin that is placed at the output of the qubit’s 
readout resonator to minimize the noise and maximize the SNR.

4.3.2.6.2  SNR

Successfully detecting a signal depends on the desired signal level relative to the 
noise level. The SNR is defined as the ratio between the signal power Psig and the 
noise power PN

	
SNR =

Psig

PN
	 (4.8)

The SNR, expressed in decibels, is the difference between the signal level and 
the noise level, as illustrated in Figure 4.10, and it can be represented as SNR (dB) 
= Psig (dB) − PN (dB).

Therefore, the SNR indicates the extent to which the signal level is above the 
noise level. A spectrum analyzer is a helpful tool for measuring the SNR. As shown 
in Figure 4.10, the SNR is simply the distance between the peak of the signal and 

Table 4.1  Equivalent Noise Temperature and Noise Figure of Some Microwave Systems and 
Components

Component
Equivalent Noise 
Temperature in Kelvin Noise Figure

A 5G receiver 289K 3 dB

A good room-temperature low-noise amplifier (LNA) 21K 0.5 dB

Cryogenic HEMT amplifier 5K 0.06 dB

Josephson parametric amplifier (JPA) <1K <0.01 dB
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the noise floor and in decibel milliwatts, where the noise floor is −117 dBm and 
the signal level is −90 dBm resulting in SNR = 27 dB.

The SNR plays a critical role in information theory. According to Shannon’s 
theorem, the achievable channel capacity or data rate (C) of a communication link 
is related to its bandwidth (B) and SNR [7] C = B log2(1 + S/N).

Scientists and engineers have continuously researched various processing 
techniques to approach this limit. These techniques include bandwidth-efficient 
modulation, coding, and compression techniques. In the upcoming section, we’ll 
explore the relationship between SNR and the minimum detectable signal.

4.3.2.6.3  Minimum Detectable Signal

The noise floor is determined as follows. At room temperature (T = 300K), the noise 
power density, or the amount of noise power per unit of bandwidth, is kT = −174 
dBm/Hz. If the system has a bandwidth of B, then the noise level will increase to 
−174 + 10log(B) dBm as more noise enters the detector by increasing the bandwidth. 
Finally, adding the noise figure of the system (explained in Section 4.3.2.4), which 
is the noise added by the detector will result in the total noise floor for the system 
given by Noise floor (dBm) = −174 + 10 log (BW) + NF.

In order to achieve successful detection with acceptable quality, the signal level 
must be above the detector’s noise floor by a certain amount, which is determined 
by the minimum SNR required for the specific type of modulation and the level 
of corruption (e.g., bit error rate) that the system can tolerate. The required SNR 

Figure 4.10  The SNR shows how much the signal level is above the noise level.
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typically varies between 6 and 25 dB for different types of detectors. We define 
the minimum detectable signal (MDS) or sensitivity of a detector as follows:

	

MDS  dBm( ) = Noise floor  dB( ) + SNR dB( )
= −174 + 10 log BW( ) +NF + SNR

	 (4.9)

For instance, consider a receiver with a bandwidth of 100 MHz and a noise 
figure of 2 dB, which results in a noise floor of −92 dBm. To detect the signal with 
a minimum SNR of 10 dB, the receiver’s sensitivity or MDS is calculated to be −82 
dBm. This implies that the signal power that reaches the detector must be greater 
than −82 dBm to achieve successful detection. This is why link budget analysis 
is crucial, as it involves calculating the necessary power levels on the transmitter 
side to attain the required MDS level. Table 4.2 illustrates the MDS for GSM and 
Wi-Fi standards. It can be observed that GSM has a better sensitivity; however, 
Wi-Fi has a higher bandwidth and data rate. Therefore, a higher sensitivity does 
not necessarily indicate superior performance. We must consider both sensitivity 
and data rate while comparing the two systems [7].

As we will discuss in Section 7.4.4, averaging is one technique used to reduce 
the amount of noise and improve the SNR in qubit measurements. Averaging N 
times improves the SNR by a factor of N . The downside of averaging is that it 
takes time, slows the measurement, and risks missing fast transient events. Later 
on in Section 7.4.4, we explore the use of parametric amplifiers with extremely low 
noise figures that can improve the SNR to the point where a single-shot readout 
becomes possible.

4.3.2.6.4  Noise Figure

The SNR degrades as a signal travels through a system or component. Figure 4.11(a) 
illustrates how the SNR degrades as the signal passes through an amplifier. As the 
signal passes through the amplifier, both the signal and the noise get amplified. 
Additionally, the amplifier itself adds noise to the signal. As a result, the output 
SNR will be lower than the input SNR.

Noise figure is a parameter that characterizes the SNR degradation as a sig-
nal travels through a component or system. According to Figure 4.11(b), the NF 
is defined assuming that the input source is matched and that the input noise 
power is generated by a matched resistor at T = 290K, which is Ni = kT0B. The NF 
is defined as follows

	
F =

SNRi

SNRo

≥ 1	 (4.10)

Table 4.2  Comparison of GSM and Wi-Fi Standards

Wireless 
Standard

Channel 
Bandwidth

Minimum  
SNR

Receiver  
NF

Sensitivity  
(MDS) Data Rate

GSM 200 KHz 10 dB 5 dB −106 dBm 270 Kbps

Wi-Fi 20 MHz 20 dB 5 dB −76 dBm 55 Mbps
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Figure 4.11  (a) SNR degrades as a signal goes through an amplifier and (b) the equivalent circuit 
to determine the noise figure of a noisy network.

The NF is always a number greater than or equal to 1, implying that under 
ideal conditions, a system or component does not add noise to the input signal. 
However, all systems and components are inherently noisy and add noise to the 
input signal. Thus, the SNR always degrades as a signal travels through the system.

The noise figure, expressed in decibels, represents the difference between the 
input and output SNR and is always equal to or greater than 0 dB [i.e., F (dB) = 
SNRi (dB) − SNRo (dB) ≥ 0 dB].

Table 4.3 shows the noise figure of some microwave components and systems. 
Note that some books differentiate between the terms “noise factor” and “noise 
figure,” where the noise figure represents the noise factor expressed in decibels. 
However, this book uses the term NF to encompass both cases, thus avoiding any 
potential confusion.

The NF of a passive device is defined as its power loss, given by L = Pin/Pout, 
where Pin is the available source power, and Pout is the available power at the out-
put. For example, a filter with an attenuation (insertion loss) of 3 dB would have 
a noise figure of F = 3 dB [1].

Similar to the equivalent noise temperature of a cascaded system, the noise 
figure can also be defined for a cascaded system, where Gi represents the gain of 
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each stage, and Fi represents the noise figure at each stage. The cascaded noise 
figure in linear unit is calculated as

	
Fcas = F1 +

F2 − 1
G1

+
F3 − 1
G1G2

+! 	 (4.11)

Figure 4.12 shows a numerical example of NF calculation of a receiver.
The NF and equivalent noise temperature are interrelated. Figure 4.11(b) depicts 

noise power Ni and signal power Si injected into a noisy two-port network. The 
network has a gain, G, a bandwidth, B, and an equivalent noise temperature, Te. 
The output signal power is So = GSi. The input noise power is Ni = kT0B, and the 
output noise power is the sum of the amplified input noise and the internally 
generated noise, No = kGB(T0 + Te). We can determine the noise figure by applying 
these results to F = SNRi/SNRo.

	
F =

Si
kT0B

kGB T0 + Te( )
GSi

= 1 +
Te
T0

≥ 1  T0 = 290K( ) 	 (4.12)

Therefore, the equivalent noise temperature Te is given by

	
Te K( ) = T0 10

NF dB( )
10 − 1

⎛

⎝⎜
⎞

⎠⎟
	 (4.13)

Table 4.3 shows various noise figures with their corresponding equivalent 
noise temperatures.

Figure 4.12  Calculation of the gain and noise figure for a cascaded system.

Table 4.3  Noise Figures and  
Corresponding Noise Temperatures

NF (decibels) TN (kelvin)

0.5 35

1 75

2 170

3 289

5 538
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4.3.2.7  Phase Noise

Phase noise arises from small, random variations in the phase of a signal, as 
suggested by its name. Typically, phase noise refers to the noise produced by an 
oscillator, such as the one used in a microwave signal generator. The presence 
of phase noise can affect the spectral purity of the oscillator’s output, as we will 
soon demonstrate. Chapter 7 explores how phase noise affects the coherence time 
of a qubit.

Assume that the phase of a sine wave exhibits small, random fluctuations ϕ(t). 
By applying trigonometry identities, we can separate the pure sine wave from an 
additional term that reduces its purity, A cos(ω0t + ϕ(t)) = A cos(ω0t)cos(ϕ(t)) − 
A sin(ω0t)sin(ϕ(t)). For small values of the phase function ϕ(t) it becomes

	
Acos w0t + f t( )( ) ≈ Acos w0t( ) − Af t( )sin w0t( ) 	 (4.14)

Rather than consisting solely of a pure sine wave A cos(ω0t), which corre-
sponds to a delta function at ω0 in the frequency domain, the presence of phase 
fluctuations introduces an additional term that generates spurious sidebands as 
shown in Figure 4.13. As a result, the frequency content becomes broadened and 

Figure 4.13  (a) Spectrum of an ideal oscillator, (b) spectrum of an actual oscillator, (c) a tiny 
sideband added to a single tone causing AM and PM, and (d) a waveform in the time domain.
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deviates from the ideal delta function. We will discover in this section that this 
broadening could affect the system’s performance in several ways.

As discussed in Section 4.3.5, the amplitude and phase of a signal can be rep-
resented using in-phase (I) and quadrature-phase (Q) components. When two sig-
nals are added together, they can be expressed as a vectorial addition of the I and 
Q components in the complex plane. Therefore, when noise is superimposed on a 
signal, it affects both the amplitude and phase of the signal as it adds vectorially 
with the signal. Figure 4.13(c, d) shows a signal at ω0 and an additive noise at ω0 + 
∆ω, where the additive noise can be converted to amplitude and phase noise [7].

One example for this to happen in the real world is the power supply noise 
turning into phase noise, where a voltage regulator’s flicker noise (1/f noise) mod-
ulates the oscillator’s frequency and introduces frequency and phase noise. In such 
a case removing the flicker noise is challenging and nearly impossible due to its 
extremely low frequency.

The phase noise of an oscillator can be measured using a spectrum analyzer, 
given that the phase noise of the spectrum analyzer is considerably lower than 
the oscillator’s phase noise being measured. However, if this condition is not met, 
a dedicated phase noise analyzer utilizing the cross-correlation technique can be 
employed to measure extremely low phase noise levels.

Phase noise is expressed in decibels relative to the carrier per hertz at a spe-
cific offset from the carrier, such as −90 dBc/Hz @ 10 kHz and −101 dBc/Hz @ 
100 kHz. The calculated phase noise is the single-sideband phase noise according 
to the IEEE standard. Double-sideband phase noise has a value twice that of sin-
gle-sideband phase noise.

Figure 4.14(a) illustrates how the broadened spectrum of the oscillator can cause 
problems in a transmitter by leaking power into adjacent channels, especially in 
a narrowband system with closely spaced channels like GSM 900 with a 200-kHz 
channel [see Figure 4.14(a)]. There are two nearby users; user 1 is transmitting a 
high-power signal at f1, and user 2 is receiving this signal and a weak signal at f2. 
If f1 and f2 are located only a few channels apart, the LO phase noise skirt of user 2 
can mask and enormously corrupt the signal received at f2 before downconversion.

Additionally, when an interfering signal lies in the skirt of a nonideal LO sig-
nal, it can mix down to a frequency close to or the same as the main signal. This 
phenomenon, called reciprocal mixing, is illustrated in Figure 4.14(b).

The leakage issue can also happen for multiplexed qubits with tight frequency 
spacing. Hence, it is crucial to utilize instruments with outstanding phase-noise 
specifications and synchronize them by employing a stable frequency reference, 
such as a Rubidium clock. Chapter 7 explores how phase noise can impact the 
coherence time of the qubit [8].

4.3.2.8  Quantization Noise

Chapter 5 demonstrates that digital-signal generation and detection techniques 
offer numerous benefits, including simpler RF chains and reduced cost per chan-
nel, making them increasingly popular in research and industry.

These digital techniques depend on the staircase approximation of an analog 
signal, wherein the values of the original signal within a specific range are mapped 
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Figure 4.14  (a) The effect of phase noise. The power leakage into adjacent channels due to the 
broadened spectrum caused by phase noise. (b) Reciprocal mixing. The top drawing shows the 
downconversion with an ideal oscillator. The bottom drawing shows what happens at the receiver’s 
output in the presence of interferer and a nonideal local oscillator.

7092_Book.indb   1467092_Book.indb   146 12/20/23   3:12 PM12/20/23   3:12 PM



4.3  Microwave System Analysis� 147

to a single value, as depicted in Figure 4.15(a). The height of the staircase ∆ [also 
called the least significant bit (LSB)] depends on the full-scale level (FSL) and the 
number of bits (N) used to digitize the signal, where ∆ = FSL/2N. For example, a 
16-bit digitizer with a FSL of ±1V results in ∆ ≈ 30 μV. Staircase approximation, 
also called quantization, results in rounding errors, as shown in Figure 4.15(a). 
Figure 4.15(b) shows the probability density function of quantization error, as we 
see shortly.

Noise on a signal leads to deviations in the amplitude at each point from its 
actual value by the amount of noise present. According to this description, the 
rounding error can also be considered noise, as it causes deviation in the signal’s 
amplitude from its true value. Therefore, the actual signal is a superposition of 
the digitized and error signals. Unlike thermal noise, the digitization noise is not 
random. For example, when a sine wave is digitized, the noise resulting solely 
from digitization remains constant for each iteration and cannot be reduced by 
averaging, as averaging is only effective for random fluctuations. Consequently, the 
presence of additional random noise may sometimes prove beneficial in reducing 
the impact of quantization noise via averaging. Since the noise randomizes digi-
tization, averaging can effectively reduce the effects of both thermal and quanti-
zation noise, as shown in Figure 4.16(a–c).

In general, the quantization error is nonlinear and dependent on the signal. 
Suppose, however, that the original signal is much larger than the staircase’s 
height ∆, which is typically the case. Then, the error has an approximately uniform 

Figure 4.15  (a) Staircase transfer function of a linear N-bit ADC, (b) probability density function of 
quantization error.

Figure 4.16  (a) Quantization noise effect, (b) adding noise to the digitized signal, and (c) reducing the 
effect of both the thermal and digitization noise by averaging.
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distribution as shown in Figure 4.16(b), as the quantization error is not significantly 
correlated with the signal. The average power of the quantization noise Pquantization 
can be calculated using the expectation value of the quantization error e as given by

	
Pquantization = e2p e( )de

−Δ /2

Δ /2

∫ = e2 1
Δ
de

−Δ /2

Δ /2

∫ = Δ2

12 	 (4.15)

where p(e) is the probability density function of quantization error. So, as can be 
seen, decreasing the ∆ = FSL/2N or equivalently increasing the number of bits and 
reducing the FSL will reduce the quantization error.

The power spectral density shows how power is distributed at various fre-
quencies. The power spectral density is a constant for the uniform distribution, 
indicating that the quantization noise is white.2 Substituting ∆ = FSL/2N in (4.15) 
results in Pquantization = FSL2/12 × 22N. For a sine wave with (FSL/2)sin(ωt), the SNR 
is given by

	

SNR = 10log
Psig

Pquantization

⎛

⎝⎜
⎞

⎠⎟
= 10log

FSL2 8
FSL2 12 × 22N

⎛
⎝⎜

⎞
⎠⎟

= 10log 1.5( ) +10log 22N( )
	 (4.16)

This results in

	 SNR = 1.76 + 6.02N 	 (4.17)

So, this determines the maximum SNR of an ideal N-bit quantizer when the 
input is a sine wave with the amplitude (FSL/2). The SNR of a 16-bit digitizer only 
due to the quantization noise is about 96 dB. Note that each additional bit of res-
olution increases the SNR by 6.02 dB.

The total noise in an ADC or digital-to-analog converter (DAC) consists of 
thermal and quantization noise. The quantization noise is dominant in a low-res-
olution ADC, as shown in Figure 4.17, while the thermal noise becomes dominant 
in a high-resolution ADC [9].

While users cannot directly manipulate thermal noise, they can adjust to 
reduce quantization noise. The quantization noise can be reduced for a low-res-
olution ADC using the smallest acceptable reference. This reduces the staircase 
height and noise power, which in turn, reduces the FSL. On the other hand, for a 
high-resolution ADC, the largest acceptable reference can be used to increase the 
dynamic range. Increasing the FSL, in this case, does not affect the quantization 
noise in a way that it dominates the overall noise.

2. The Fourier transform of the autocorrelation function is the power spectral density. The autocor-
relation function can be approximated with a delta function in the time domain if the noise samples 
are not correlated, which results in a constant function in frequency domain.

7092_Book.indb   1487092_Book.indb   148 12/20/23   3:12 PM12/20/23   3:12 PM



4.3  Microwave System Analysis� 149

4.3.3  Nonlinear Effects in Microwave Systems

Nonlinear effects have a significant impact on the performance of microwave 
systems. As discussed in Section 4.3.2.2, nonlinearity can lead to distortion. This 
section delves deeper into the nonlinear effects and focuses on those particularly 
important for superconducting qubit systems.

4.3.3.1  Overview

The analysis of linear systems relies on powerful mathematical tools such as lin-
ear differential equations, the Laplace transform, and the Fourier transform. We 
can use these tools by linearizing a system around its operating point. To achieve 
this, the amplitude of the input signal must be small enough so that a line can 
reliably approximate the curve across which the input swings, as shown in Figure 
4.18(a). This approach, known as small-signal approximation, is widely used to 
analyze and design microwave circuits and systems. However, in many cases and 
applications, the small-signal approximation is not applicable, and the system’s 

Figure 4.17  Comparison of quantization noise and the thermal noise in (a) low-resolution ADC 
and (b) high-resolution ADC.
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nonlinear nature must be considered. Figure 4.18(b) demonstrates the strong non-
linear behavior that arises from large signal inputs.

Nonlinear systems offer fascinating effects and essential applications in micro-
wave engineering, such as frequency conversion using a mixer. Another example 
is the qubit, whose nonlinearity is essential to have addressable energy levels, as 
discussed in Chapter 3. However, in some applications, where linearity is essen-
tial, nonlinear effects like distortion are not desired, as they affect the signal and 
spectrum purity. To classify the effect of nonlinearities, we investigate the effect 
of the input’s frequency, amplitude, and modulation on the output of a nonlinear 
system, as shown in Table 4.4, where f, A, and M denote the effect of frequency, 
amplitude, and modulation, respectively.

Sections 4.3.3.2–4.3.3.6 discuss these nonlinear effects.

4.3.3.2  Harmonic Distortion

A linear system only affects the input signal’s amplitude and phase, as shown 
in Figure 4.5(a). This effect shows itself in the output’s spectrum as a frequency 

Figure 4.18  (a) Small-signal approximation (linearization) of an IV curve and (b) large-signal behavior.

Table 4.4  Some Nonlinear Effects and How They Affect Various Inputs

Nonlinear Effect Input to the System Output of the System

Harmonic distortion f A single frequency at f1 Generation of frequencies at integer multiples 
of the input frequency nf1.

Intermodulation f Two inputs at f1 and f2 Generation of frequencies at nf1 + mf2, where n 
and m are integers.

Gain compression A Large input Compression in the characteristic curve of the 
output (saturation).

AM-PM conversion
A & M

Amplitude-modulated  
(AM) signal
Vin(t) = V1 cos(ωt)

Phase-modulated (PM) signal; the variations 
of the input’s amplitude transfer to the phase 
of the output signal.
Vout(t) = V2 cos(ωt + φ(V1))

Cross-modulation M A weak signal and a  
strong interferer

Transfer of modulation from the interferer to 
the signal.
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component at the same frequency as the input and with a different amplitude. 
However, nonlinear systems generate harmonics, which are frequency components 
at the integer multiples of the input frequency [see Figure 4.5(b)]. The harmonics 
are not present in the input spectrum, which means that the shape of the output 
signal is not similar to the input, since the new frequency components contribute 
to the signal’s shape in the time domain. Therefore, harmonics contribute to the 
distortion of the input signal. Figure 4.19(a, b) show the time-domain and frequency 
domain representation of a distorted signal with the contributing harmonics.

Figure 4.19  (a) The time-domain representation of a 500-MHz signal, which is not a pure sine 
wave due to higher-order harmonics in its spectrum, (b) the spectrum of a 500-MHz sine wave 
generated by a relatively low-quality signal generator, and (c) the interference effect of harmonics 
with LTE and WLAN bands. (d) A low-pass filter (LPF) can be used to remove the harmonics of the 
700-MHz signal to avoid interference with other bands.
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Harmonics can be problematic if they interfere with other channels. For exam-
ple, as shown in Figure 4.19(c), a 700-MHz signal with its third harmonic at 2.1 GHz 
interferes with LTE band 1, and the eighth harmonic at 5.6 GHz interferes with 
WLAN. Therefore, it is necessary to filter out the harmonics to avoid interference 
with other channels, as shown in Figure 4.19(d).

In many cases, the harmonic distortion is harmless, especially in narrowband 
systems, where the harmonics get attenuated significantly due to the narrow band-
width. Sometimes we might need to use techniques such as filtering to eliminate 
the harmonics if they cause a problem.

In a qubit control system, nonlinearities, such as those caused by upconversion 
of pulses using mixers, can generate harmonics in the output signal and create 
overlaps between critical frequency bands. For instance, in a cross-resonance 
gate—a two-qubit–entangling gate—the control and target qubits operate at dis-
tinct frequencies. The harmonics produced during a cross-resonance pulse may 
coincide with the frequency range of the control qubit, which can adversely affect 
devices sensitive to single-photon perturbations, such as readout resonators [10]. 
One advantage of employing digital control systems, including digital-signal gen-
eration, is the potential for significant reduction in harmonic levels [10].

Now, let us use a simple mathematical model of a nonlinear system to see how 
harmonics are generated due to nonlinearity. We can use a polynomial function 
to approximate a nonlinear system around its operating point [7]

	 y t( ) ≈ a1x t( ) + a2x
2 t( ) + a3x

3 t( ) 	 (4.18)

For a pure sinusoidal input x(t) = A cos(ωt), (4.18) reads

Figure 4.19  (Continued)
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y t( ) = a1Acoswt + a2A
2 cos2 wt + a3A

3 cos3 wt

=
a2A

2

2
+ a1A +

3a3A
3

5
⎛
⎝⎜

⎞
⎠⎟

coswt +
a2A

2

2
cos2wt +

a3A
3

5
cos3w

	 (4.19)

The output consists of a DC term arising from the second-order nonlinear-
ity, the fundamental frequency cos(ωt), the second harmonic (cos(2ωt)), and the 
third harmonic (cos(3ωt)). Most of the time, the amplitude of the harmonics after 
the third one is negligible. For small-signal operations, the output can be approx-
imated linearly as y(t) ≈ α1x(t) = α1A cosωt, where α1 is the gain of the system. 
We will use this nonlinear approximation later to analyze the gain compression 
and intermodulation effects.

4.3.3.3  Gain Compression

Active circuits, such as amplifiers, are a critical component of a microwave link and 
inherently nonlinear. Figure 4.20 illustrates the output of an amplifier versus its 
input, where the amplifier behaves linearly up to a specific input power of around 
9 dBm. In the linear region, the amplifier’s gain is represented by the slope of the 
line. However, beyond a certain input power, the output deviates from the linear 
behavior and becomes saturated, indicating the compression region.

Figure 4.20  The gain compression in an amplifier.
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The 1-dB compression point denotes the input power level at which the output 
power level is 1 dB below the ideal linear response, as shown in Figure 4.20 [1, 2]. 
A larger 1-dB compression point indicates that the amplifier can operate linearly 
over a larger range of input signals. Also, note that the 1-dB compression point 
represents a 20% reduction in the power gain.

One should operate an amplifier in its linear region (i.e., below its compression 
point) to avoid distortion. However, in some cases, compression does not signifi-
cantly affect the signal’s performance, such as in the case of frequency modulation 
(FM), where the information is encoded in the frequency rather than the ampli-
tude. In such cases, the amplifier can be intentionally operated in its compression 
region to maximize the output power while maintaining acceptable signal quality.

The 1-dB compression point value varies depending on the type of amplifier. 
For room-temperature LNAs, the input 1-dB compression point typically falls 
within the range of −30 to −10 dBm. On the other hand, for solid-state power ampli-
fiers it may vary between +30 and +60 dBm. For a JPA, the 1-dB compression point 
can be as low as −100 dBm. However, recent JPA designs have made remarkable 
progress, achieving a significantly higher compression point of around −73 dBm 
[11]. Caution must be exercised when working with JPAs to avoid driving them 
into their compression region.

In addition to amplifiers, other solid-state devices such as microwave switches, 
mixers, and attenuators can also exhibit compression. Hence, it is crucial not to 
drive these components into their compression region.

4.3.3.4  Intermodulation

We now understand that an input containing a single frequency creates harmonics 
at the output of a nonlinear system. Now, let us investigate what happens at the 
system’s output if we simultaneously apply two sine waves with different frequen-
cies at f1 and f2. Assume a purely linear system. If the input consists of two pure 
sine waves (called tones) at f1 and f2 the spectrum of the output contains frequency 
components only at f1 and f2 as shown in Figure 4.21. In a linear system, none other 
than the input frequencies are generated at the output.

Suppose we do the exact two-tone measurement for a nonlinear system, as 
shown in Figure 4.21(b). In this case, the output spectrum contains frequency 
components that are not harmonics of the input frequencies but rather a linear 
combination of both input frequencies, as shown in Figure 4.21(c). This is called 
intermodulation (IM) and comes from multiplication (mixing) terms resulting 
from second-order and third-order nonlinearities in the fit function in (4.18). The 
generated IM products are given as the linear combinations of fundamental fre-
quencies ( f1 and f2) in the following form 

	 mf1 + nf2    with    m,n = …,− 2,− 1,0,1,2, … 	 (4.20)

The order of IM products is determined by order = m + n. The intermodulation 
products can be extracted using the Pascal triangle, as shown in Figure 4.22(a). The 
combined effect of the nonlinear properties of the system that we have studied 
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Figure 4.21  (a) Two-tone measurement in a linear system, where the input and output have the same 
frequencies in their spectrum, (b) two-tone excitation of a nonlinear system, and (c) the output spectrum 
of a nonlinear system when applying two tones at f1 and f2 to the input. The second and third-order 
intermodulation products are shown.

so far, shown in Figure 4.22(b), consists of the main signal, harmonics, and spurs, 
including IM products.

Equation (4.18) is used to find the amplitudes of third-order IM products and 
fundamental tones, as shown in Table 4.5.

As will be discussed in Section 4.3.3.4, these amplitudes help us to calculate the 
relative IM, which shows how much the amplitude of the third-order IM products 
is below the fundamental tones.
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Figure 4.22  (a) Pascal triangle to extract the IM frequencies. The output of a nonlinear 
system with possible IM products of different orders with two input tones at f1 and f2. (b) The 
fundamental tone, harmonics, and spurs.

Generally, the amplitude A of the nth harmonic is proportional to An, where in 
decibels the power transfer function has a slope of n, as shown in Figure 4.23(a). 
The slope of the fundamental frequency amplitude in decibels is 1. We observe 
that the amplitude of the second- and third-order harmonic is proportional to A2 
and A3, respectively. In terms of decibels, the slope of the second-order harmonic 
is two times the slope of the fundamental frequency. For the third harmonic, the 
slope is three times the fundamental frequency.

If f1 and f2 are close to each other, then the third-order IM products at 2f1 − f2 
and 2f2 − f1 lie close to f1 and f2 as shown in Figure 4.23(b). This can cause problems 
in several ways. First, if f1 and f2 are interferers, their third-order IM products can 
fall into the desired channel and corrupt the signal, as shown in Figure 4.23(b). 
More specifically, this happens if the frequency of the IM product matches the 
desired frequency (i.e., 2f1 − f2 = f0). This happens when the channels are equally 
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spaced (e.g., a WLAN channel at 5.6 and 5.7 GHz can interfere with the channel 
at 5.5 ((2 × 5.6) − 5.7 = 5.5 GHz).

In qubit systems, the multiplexing technique efficiently utilizes hardware 
resources [12]. In multiplexed readout, the usual frequency separation between 
concurrently applied readout tones is typically several tens of megahertz [11]. IM 
distortion can lead to significant crosstalk as in the multichannel communication 
link mentioned above, where the IM products can have frequency overlap and 
interfere with other qubits. This results in the reduction of fidelity for multiplexed 
readout of superconducting qubits [13].

4.3.3.5  Third-Order Intercept Point (IP3)

We now investigate how the effect of IM products can be characterized quantita-
tively. The IM products and harmonics that lie far from the fundamental tones, 
such as 2f1 + f2 and 2f2 + f1 can be easily filtered out. However, the third-order 
IM products close to the fundamental frequencies lie almost always within the 

Figure 4.23  (a) The slope of the fundamental tone, the second- and third-order harmonic of the 
power transfer function and (b) the third-order IM product generated in the LNA interfering with 
the desired signal and corrupting it.
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bandwidth of the system for a sufficiently small distance between fundamental 
tones and cannot be easily filtered out. The intermodulation measurement is 
superior to the harmonic distortion measurement since if the harmonic compo-
nent lies outside the system’s bandwidth, it will be attenuated significantly and 
make the system appear linear, which is not the case for two-tone measurement 
[see Figure 4.24(a, b)].

Now, using the amplitudes given in Table 4.5 for two tones with the same 
amplitude, we can calculate the relative amplitude of the IM product to the fun-
damental frequency given by [7]

	 Relative IM = 20 log((3/5)(α3/α1)A2) dBc	 (4.21)

The value of relative IM shows how much the level of IM product is below 
the fundamental tones. However, the relative IM varies with amplitude. It is pre-
ferred to use a measure independent of the input, which tells us the degree of 
nonlinearity of a circuit. This is called the IP3. Suppose we plot the output power 
of fundamental frequency and the third-order product. In that case, they intercept 
at a hypothetical point [Figure 4.24(c)], where the amplitude of both the third-order 
and fundamental frequency components become equal. As can be seen, the IP3 
point is always above the 1-dB compression point. As seen in Figure 4.24(c), the 
IP3 can be read with reference to input or output. In this case, they are called IIP3 
and OIP3, respectively. As shown before, the third-order IM products increase 
at a rate three times larger than the fundamental tones—a larger IP3 results in a 
larger linear region for the amplifier.

Note that the IP3 cannot be directly measured, and sometimes, the value of 
AIIP3 becomes larger than the supply voltage. However, it can be shown that the 
value of AIIP3 can be calculated as follows

	
AIIp3 = Ain1 + ΔP

2 	 (4.22)

Table 4.5  Amplitude of Fundamental Tones  
and Third-Order IM Products [7]

Frequency Amplitude

ω1
a1A1 + 3

5
a3A1

3 + 3
2
a3A1A2

2

ω2
a1A2 + 3

5
a3A2

3 + 3
2
a3A2A1

2

2ω1 ± ω2 3a3A1
2A2

5

2ω2 ± ω1 3a3A1A2
2

5
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This means that the IP3 point is the input amplitude Ain1 (in decibels) plus 
half of the IM level ΔP (in decibels), as shown in Figure 4.24(d). A well-designed 
JPA at the output of the readout resonator can achieve IM3 suppression levels on 
the order of −60 dBc (decibels relative to the carrier) [11].

If we calculate the ratio of the IIP3 and the 1-dB compression point, we come to 
the value of 9.6 dB, which holds only for a third-order system and may be invalid 
if we consider higher-order terms. Nevertheless, this value can be used for quick 
engineering estimations of the IP3 point.

	

AIIP3

Ain,1dB

= 5
0.535

≈ 9.6 dB 	 (4.23)

4.3.3.6  Other Nonlinear Effects

The AM-PM conversion is one of the primary sources of signal degradation for 
analog modulations and can lead to an increased bit error rate (BER) in digital 
modulations. The AM-PM conversion can be caused by fluctuations in the volt-
age amplitude of the DC power supply causing amplitude modulation (AM), 

Figure 4.24  (a) A two-tone measurement is more suitable to test the nonlinearity effects of 
a system. (b) The harmonic test is not enough for the nonlinearity tests of the system as the 
harmonic can lie outside the system’s bandwidth, making it appear linear. (c) Third-order intercept 
point, with IIP3 and OIP3 referring to input and output intercept points, respectively. (d) The 
spectrum consisting of fundamental tones and IP3 components.

7092_Book.indb   1597092_Book.indb   159 12/20/23   3:12 PM12/20/23   3:12 PM



160� Microwave Systems

Figure 4.24  (Continued)

which eventually transforms into phase modulation (PM) in the output of the 
microwave system. The AM-PM conversion is especially relevant for systems that 
employ phase modulation, such as FM, QPSK, or 16 QAM. AM-PM conversion can 
affect qubits (e.g., by causing phase instability when the DC bias of the amplifier 
has fluctuations).

Furthermore, the AM-AM conversion is a distortion that causes a change in 
the output signal amplitude due to variations in the amplitude of the input signal. 
It can be caused by nonlinearities in the amplifiers or other components in the 
system, which results in distortion. For example, AM-AM can potentially alter 
the amplitude of the qubit control pulse, causing errors in the qubit’s final state 
on the Bloch sphere.
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Another nonlinear effect when a strong interferer accompanies the desired 
signal is the transfer of the interferer’s modulation to the desired signal, known 
as cross-modulation. However, this is not relevant for qubit systems.

4.3.3.7  Nonlinear Parameters of Cascaded Systems

Eventually, we want to determine the total IP3 or P1dB of the microwave link. The 
P1dB of a cascaded system can be calculated as follows, where P1dBi and Gi are the 
P1dB and gain of each stage, respectively [7]

	

P1−dB total = 10log10

1
 P1dB1Gain2Gain3

+ 1
P1dB2Gain3

+ 1
P1dB3

⎛
⎝⎜

⎞
⎠⎟

−1⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

	 (4.24)

The IP3 of a cascaded system can be calculated as follows [7]

	
IP3tot = 1

IP31

+
G1

IP32

+
G1G2

IP33

+
G1G2G3

IP35

+ …[ ]⎛
⎝⎜

⎞
⎠⎟

−1

	 (4.25)

4.3.4  Dynamic Range

So far, we have examined how the performance of a microwave system is lim-
ited for small and large power levels of a signal. The upper limit corresponds to 
large signals with nonlinear effects, such as compression. In contrast, the lower 
limit corresponds to weak signals, where the amount of noise limits the ability 
of successful signal detection. The dynamic range of a microwave system is the 
difference between the largest signal it can handle before compression occurs 
and the weakest signal it can successfully detect, known as its sensitivity. Figure 
4.25(a) illustrates the dynamic range, with the received integrated noise equaling 
the receiver noise floor and the sensitivity equivalent to the concept of minimum 
detectable signal discussed earlier. The dynamic range of a cell phone receiver 
can be as large as 100 dB.

Another definition for the dynamic range is the spurious-free dynamic range 
(SFDR), which considers the effect of noise and interference. The lower end is still 
equal to the sensitivity. The maximum input level in a two-tone test for which the 
third-order IM products do not exceed the receiver’s noise floor determines the 
upper limit. The SFDR is shown in Figure 4.25(b) and given by [7]

	

SFDR = Pin,max  − −174 dBm + NF + 10logB +SNRmin( )

=
2 PIIP3 + 174 dBm − NF − 10logB ( )

3
− SNRmin

	 (4.26)

For example, a GSM receiver with NF = 7 dB, PIIP3 = −15 dBm, and SNRmin = 
12 dB achieves an SFDR of 55 dB, a substantially lower value than the dynamic 
range without interference.
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High readout dynamic range is essential for multiqubit systems [14]. For com-
mercial qubit control modules, the output SFDR varies from 65 dB to 75 dB, depend-
ing on the operational frequency [15].

4.3.5  Error Vector Magnitude

All the impairment factors we have studied, such as noise and nonlinear effects, 
manifest themselves in the error vector magnitude (EVM). To understand the 
concept of EVM, we first need to get familiar with the concept of a constellation 
diagram and in-phase (I) and quadrature phase (Q) components.

A sinusoid signal with amplitude A and phase α can be displayed as a point 
on a complex or an IQ plane, as shown in Figure 4.26(a). The real axis is called the 
in-phase (I) component, and the imaginary axis is called the quadrature-phase 
(Q) component. The amplitude A and phase α of the signal can be expressed in 
terms of I and Q components as

	
A = I2 + Q2 ,    a = arctan 

I
Q

⎛
⎝⎜

⎞
⎠⎟ 	 (4.27)

A tone S(t) with amplitude A and phase, α can be written in terms of I and Q 
components as follows

	

S t( ) = Acos wt + a( ) = Acos a( )cos wt( ) − Asin a( )sin wt( )
= I cos wt( ) − Qsin wt( ) 	 (4.28)

This way of representing a signal helps to visualize digital modulations by 
looking at their IQ constellation diagram. For example, the IQ constellation of a 
16QAM modulation is shown in Figure 4.26(b), where each symbol (each point) 
encodes 4 bits. The amplitude and phase of the qubit readout signal are also rep-
resented in an IQ diagram, as shown in Figure 4.26(c). Most factors contributing to 
the EVM in communication systems also contribute to the error in the qubit system.

EVM is a crucial performance parameter for digital communication systems, 
quantifying the distance of the constellation points from their ideal positions, as 

Figure 4.25  (a) Dynamic range and (b) spurious free dynamic range (SFDR).
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Figure 4.26  (a) IQ signal representation, (b) 16QAM constellation diagram, (c) IQ components of a qubit 
readout signal corresponding to ground |g⟩ and excited |e⟩ states, (d) EVM concept, and (e) representation 
of various signal impairments on the constellation diagram.

shown in Figure 4.26(d). The EVM is expressed in percentage or decibels. A lower 
percentage or decibel value is better and signifies a smaller error.

The maximum allowable EVM for some wireless systems is shown in Table 
4.6. Increasing the modulation order (i.e., the number of bits per symbol) can lead 
to better throughput; however, symbols placed closer together increase the error 
probability, making a better EVM essential for higher-order modulation schemes. 
It is worth noting that Rydberg atoms have shown the capability to establish a 
communication link and create BPSK, QPSK, and QAM modulations with an 
EVM < 3% RMS [16].

Factors such as noise, nonlinear effects, and IQ imperfections (like ampli-
tude imbalance or quadrature offset) can displace an IQ symbol from its ideal 
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Table 4.6  EVM Requirements for Some Modulation 
Schemes 

Modulation Scheme Required EVM [%]

QPSK 17.5%

16 QAM 12.5%

64 QAM 8%

Figure 4.27  Bathtub EVM curve (EVM versus operating power).

position in the constellation diagram. Figure 4.26(e) illustrates the effect of various 
impairments on the constellation diagram. Chapter 7 discusses how calibrating 
IQ mixers are vital to compensate the IQ imbalance for reliable qubit control 
and measurement.

When plotting EVM against operating power, a bathtub curve similar to Fig-
ure 4.27 emerges. EVM performance at low power levels is limited by noise, while 
at high power levels, it is limited by linearity. For a given power level, the sum of 
white noise EVM, phase noise EVM, and linearity EVM indicates the total EVM 
level in a system

	 EVMtotal
2 = EVMWhite noise

2 + EVMphase noise
2 + EVMlinearity

2
	 (4.29)

For a cascaded system, the EVM depends on the individual EVMs of each 
system and the nature of their connection.

Chapter 5 discusses various microwave components utilized in a qubit hard-
ware setup. Subsequently, Chapter 7 integrates all the concepts presented in this 
chapter and Chapters 5 and 6, focusing on the hardware setup for superconduct-
ing qubits.
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Microwave Components

I do not think that the radio waves I have discovered will have any prac-
tical application.

—Heinrich Hertz

This chapter reviews microwave engineering fundamentals, concentrating on 
the elements that apply to the hardware setup for superconducting qubits. The 
discussion includes essential analytical methods and techniques for studying 
microwave circuits and components, such as the equivalent circuit approach and 
Maxwell’s equations. This chapter investigates the components utilized in gen-
erating, transmitting, processing, and detecting microwave signals, focusing on 
their applications in superconducting quantum computers.

5.1	 Microwave Component Analysis

The concepts studied in Chapter 4 are related to microwave system analysis. There, 
we treated the system as a black box, focusing solely on its behavior and impact 
on the input without delving into the details of its internal components. However, 
in this section, we open the black box and explore the microwave components. 
To comprehend the functionality of these components, it is crucial to familiarize 
ourselves with the tools used for their analysis, discussed in Section 5.1.1.

5.1.1  Tools for the Analysis of Microwave Components

Before delving deep into microwave engineering concepts, it is essential to become 
familiar with some fundamental tools widely employed for analyzing microwave 
circuits and components. These tools can be broadly categorized into two major 
groups: analytical and numerical methods, as illustrated in Figure 5.1.

Analytical methods encompass Maxwell’s equations and circuit theory [1–5]. 
Maxwell’s equations offer a comprehensive description of the electromagnetic field 
at every point in space, although this level of detail sometimes exceeds practical 
requirements. However, in specific cases, such as microwave component design, 
the solution of Maxwell’s equations becomes necessary. Circuit theory is more 
efficient in many practical scenarios than Maxwell’s equations. Unlike Maxwell’s 
equations, which comprehensively describe the electromagnetic field at every point 
in space, circuit theory focuses solely on determining relevant quantities such as 

7092_Book.indb   1677092_Book.indb   167 12/20/23   3:12 PM12/20/23   3:12 PM



168� Microwave Components

terminal voltage, current, power, and impedance. This narrower scope of analysis 
results in a significant reduction in computational cost.

Numerical tools complement the analytical methods mentioned earlier, as 
depicted in Figure 5.1. Structure simulators like HFSS and CST are employed for 
solving Maxwell’s equations numerically [6]. Circuit simulators such as Advanced 
Design System (ADS) or Microwave Office are utilized for solving circuit models 
[7]. These simulators provide valuable insights into the design process and facil-
itate extensive optimizations before significant investments of time and money 
are made in prototyping. Structure and circuit simulators play crucial roles in the 
design of superconducting qubits and circuits.

5.1.1.1  Analytical Methods

Analytical methods have the advantage of providing exact solutions, but their appli-
cability becomes limited as problem complexity increases. For instance, Maxwell’s 
equations can be analytically solved for certain waveguide shapes like rectangular 
or circular. However, numerical methods become necessary when dealing with 
waveguides of arbitrary cross-sections.

Despite this notable limitation, analytical solutions offer invaluable insights 
into the underlying physics of the problem and aid in comprehending the funda-
mental behavior at a deeper level.

Maxwell’s Equations

Maxwell’s equations describe electromagnetic fields at every point in space. Tech-
niques such as the method of separation of variables for solving partial differential 
equations and variational methods for solving integral equations are employed 
to solve these equations. Since numerous excellent references [1–6] are available 

Figure 5.1  Methods for analysis of microwave components and systems.
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on this topic, we do not delve into the mathematical details of solving Maxwell’s 
equations here.

Instead, we briefly overview Maxwell’s equations and examine different 
regimes, including the optical-, lumped-, and distributed-element regimes. These 
regimes determine whether a simplified version of Maxwell’s equations can be 
utilized. Table 5.1 summarizes Maxwell’s equations in both integral and differen-
tial forms. The electrical length E, given by the ratio of the physical length l of the 
analyzed structure to the wavelength λ, determines the regime in which we are 
operating. Table 5.2 illustrates the three different regimes based on the electrical 
length value.

The process typically involves solving a wave equation when solving Maxwell’s 
equations for an electromagnetic component or structure. This wave equation is 
derived by combining Maxwell’s coupled equations (i.e., the last two equations in 
Table 5.1). In a region that is source-free, linear, isotropic, and homogeneous, the 
wave equation, also known as the Helmholtz equation, reads ∇2E  + w2mεE  = 0. 
Section 5.3.1 explores how this equation simplifies to a one-dimensional wave 
equation specifically for the current and voltage on the TEM transmission line.

Lumped-Element Regime

A component is classified as a lumped element when its physical length is signifi-
cantly larger than the smallest wavelength of interest, typically at least 10 times 
larger. In this regime, the voltage and current do not exhibit significant variation 
across the physical dimensions of the structure. As a result, the length of wires in 
a lumped circuit can be disregarded, except when considering losses. This leads 
to two primary consequences.

Table 5.1  Summary of Maxwell’s Equations

Law
Integral Form
(Original Form by Maxwell)

Differential Form
(Invented by Heaviside) Kirchhoff’s Laws

Gauss’s law
E ⋅ dS

∂Ω
!∫∫ = 1

e0

r dV
Ω
∫∫∫

E = Electric field vector
ρ = Volume charge density

∇ ⋅ E = r
e0

—

Gauss’s law for 
magnetism

B ⋅ dS
∂Ω
!∫∫ = 0

B = Magnetic field density vector

∇ ⋅ B = 0 —

Faraday-Maxwell law 
(Faraday’s law of 
induction)

E ⋅ dℓℓ
∂Σ
"∫ = − d

dt
B ⋅ dS

Σ
∫∫ ∇ × E = − ∂B

∂t
Vi

loop
∑ = 0

Ampere-Maxwell law
B ⋅ dℓℓ

∂Σ
"∫

   = m0 J ⋅ dS
Σ
∫∫ + e0

d
dt

E ⋅ dS
Σ
∫∫

⎛

⎝
⎜

⎞

⎠
⎟

J = Current density vector

∇ × B = m0 J + e0

∂E
∂t

⎛
⎝⎜

⎞
⎠⎟

Ii
Node
∑ = 0
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Table 5.2  Electromagnetic Regimes Based on the Size of the Electrical Length

Electromagnetic Regime Lumped Element Circuits
Distributed Element 
Circuits

Geometrical Optics/Wave 
Optics

Electrical length E = l/λ E ≪ 1 E ≈ 1 E ≫ 1

Governing equations Circuit theory (KVL/
KCL)

Maxwell’s equations •	 Maxwell’s equations 
(wave optics)

•	 Principles of 
geometrical optics

Spatial voltage/current 
variation

Voltages and currents 
are almost constant in 
magnitude and phase 
over the length of the 
structure.

Voltages and currents 
vary in magnitude and 
phase over the length of 
the structure.

Voltages and currents 
vary significantly in 
magnitude and phase 
over the length of the 
structure.

Electric and magnetic 
fields’ relationship

Electric and magnetic 
fields are decoupled.
•	 No wave theory is 

included.
•	 No reflection happens 

due to impedance 
mismatch.

Electric and magnetic 
fields are coupled.
•	 Wave phenomena 

such as reflection is 
relevant.

•	 Reflection happens 
due to impedance 
mismatch.

Electric and magnetic 
fields are coupled.
•	 Wave phenomena 

such as reflection is 
relevant.

•	 Reflection happens 
due to impedance 
mismatch.

First, a lumped element structure can be treated as a localized element and 
fully characterized by its terminal I-V relationship. For instance, a lumped capac-
itor C can be characterized entirely by understanding its I-V relation, expressed 
as I = CdV/dt.

Second, we can simplify Maxwell’s equations and utilize Kirchhoff’s voltage 
law (KVL) and Kirchhoff’s current law (KCL) to analyze lumped-element circuits. 
When the electric field varies slowly along the length of a component, its curl will 
be zero (curl is associated with the spatial rate of change), and no magnetic field 
will be induced (i.e., ∇ × E = −μ0∂H/∂t = 0). In this scenario, the electric field can 
be represented as the gradient of a potential V, denoted as E = −∇V [1–4]. Through 
calculus, we understand that the integral of a gradient over a closed path yields 
zero. Consequently, this implies that the total voltage drop across a closed loop 
is also zero.

	
E = −∇V → V = −  E ⋅ dℓℓ

∂Σ
"∫ = 0 →

loop
∑Vi = 0                                      5.1( )	 (5.1)

The intuition behind KVL is that an electric field in a lumped-element circuit 
does not induce a magnetic field. Any induced magnetic field would contribute 
to a voltage drop following Lenz’s law.

Similarly, a slowly varying magnetic field does not induce an electric field (i.e., 
∇ × H = J + ε0∂E/∂t = J). Therefore, any changes in the magnetic field do not result 
in an induced electric field. If we apply the divergence operator to both sides of an 
equation and utilize the divergence theorem, we can approximate the resulting 
integral using a summation. This approximation yields the following expression:
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∇ ⋅ J = ∇ ⋅ ∇ × H( ) = 0 → Ii

Node
∑ = 0 	 (5.2)

The absence of divergence at a node implies that the net current entering 
or leaving that node must be zero, commonly referred to as KCL. Interestingly, 
Maxwell’s equations become decoupled when dealing with a lumped element or 
a structure with a large electrical length. In this case, the equations include only 
an electric field (E) or only a magnetic field (H), but not both simultaneously. As 
a result, voltage and current can be treated independently, allowing us to apply 
Kirchhoff’s laws to analyze and solve the circuit.

Optical Regime

On the opposite end of the spectrum, when the electrical length is extremely small, 
we can exploit approximations of Maxwell’s equations. For example, Fermat’s 
principle can be derived by examining the asymptotic behavior of solutions to 
Maxwell’s wave equation as the wavelength approaches zero. This regime holds 
significant importance in optical engineering.

Distributed-Element Regime

The third regime, known as the distributed-element regime, falls between the pre-
vious two regimes, where the physical length of the component and the wavelength 
are comparable. The voltage varies along the component within this regime, and 
the electric and magnetic fields become interconnected. The ratio of these coupled 
electromagnetic fields is defined as the characteristic impedance of the medium 
(Z0 = E/H). We typically operate within this regime at microwave frequencies, 
which has two important consequences.

First, we need to employ the precise form of Maxwell’s equations. However, 
these equations are simplified for the transverse electromagnetic (TEM) propaga-
tion mode, as described in Section 5.3.1. As discussed in Section 5.3.1, a distribut-
ed-element circuit, such as a transmission line, can be represented as an infinite 
sequence of lumped-element circuits specifically for the TEM mode.

Second, the fields are no longer localized; instead, they are distributed through-
out the component. This implies that the voltage and current phases vary over the 
length of the device. Consequently, the entire device length must be considered 
in the analysis. In such cases, wave phenomena, including reflection, become rel-
evant. Unlike low-frequency signals, which can be transmitted using almost any 
type of transmission line, the transmission of microwave signals necessitates using 
transmission lines with controlled impedance. This ensures that signals propagate 
within a controlled electromagnetic medium to avoid reflections.

Circuit Theory

In microwave engineering, solutions to Maxwell’s equations often yield more 
information than is necessary for practical purposes. Instead, focusing on terminal 
quantities such as voltage, current, power, and impedance is typically sufficient for 
designing and analyzing a wide range of applications. The upcoming sections delve 
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into circuit modeling and demonstrate how S-parameters can effectively charac-
terize microwave components and circuits without solving Maxwell’s equations.

5.1.1.2  Circuit Modeling

The toolbox for modeling a system encompasses ideal elements that serve as sim-
plified models representing the fundamental properties of the system. These ideal 
elements can be combined to create models for real-world systems. For example, a 
real-world capacitor can be modeled using ideal circuit elements such as a resistor 
(R), inductor (L), and capacitor (C), as shown in Figure 5.2(a). The resistors in the 
model account for leakage in the dielectric material and lead resistance, while the 
capacitor element represents the actual capacitance. The presence of inductance is 
included to account for the inductance of the leads. As discussed in Section 7.4.3.1, 
a capacitor exhibits inductive behavior at sufficiently high frequencies, which can 
be verified using the equivalent circuit extracted from the capacitor. This verifica-
tion is impossible if only a single capacitor is used in the model. Circuit modeling 
is also crucial in qubit design. For instance, as demonstrated in Chapter 3, a qubit 
coupled to a resonator can be effectively modeled using two capacitively coupled 
LC resonators, as depicted in Figure 5.2(b).

Circuit-analysis techniques allow us to transform an electromagnetic problem 
into an equivalent circuit problem, which can be solved using circuit-analysis meth-
ods. This approach serves as the foundation for the functionality of circuit-simu-
lation tools, where the equivalent circuit model of a physical device is utilized for 
analysis. By employing circuit modeling and analysis tools, our primary objective 
is to extract terminal quantities such as voltage, current, power, and impedance 
of a microwave circuit.

Scattering Parameters

The understanding of voltage and current in microwave circuits differs signifi-
cantly from their use in low-frequency lumped circuits due to the inclusion of 
wave phenomena. Therefore, it is crucial to consider the behavior of electromag-
netic waves when analyzing microwave circuits. The scattering parameter, or 

Figure 5.2  (a) Equivalent circuit of a capacitor and (b) equivalent circuit of a qubit coupled to a 
resonator.
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S-parameter, effectively captures the voltage and current wave nature. This section 
explores the significance of S-parameters.

During the propagation of a microwave signal, a portion of the signal reflects 
whenever there is a change in the properties of the medium. This phenomenon is 
illustrated in Figure 5.3, which depicts the behavior when a signal is applied to the 
device under test (DUT) at either port one or port two. The voltage amplitudes Vi

+, 
and Vi

– correspond to the amplitudes of the incident and reflected waves, respec-
tively, at port i. The amplitude of the reflected wave at each port can be determined 
using the following expressions [3]:

	

V1
− = S11V1

+ + S12V2
+

V2
− = S21V1

+ + S22V2
+ 	 (5.3)

So, using (5.3), the S-parameters can be defined as the ratio of the reflected 
and incident voltages at the ports

	

S11 = Reflected
Incident

=
V1

−

V1
+ V2

+ = 0

S21 = Transmitted
Incident

=
V2

−

V1
+ V2

+ = 0

	 (5.4)

The S22 and S12 parameters are defined similarly.

Figure 5.3  Definition of S-parameters.
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There are two important considerations to be made. First, the forward S-pa-
rameters (i.e., S12 and S21) are determined when the output is terminated in a load 
that precisely matches the characteristic impedance of the test system. In this case, 
there is no contribution to the amplitudes due to reflection. Section 5.3.3.1 explains 
how an impedance mismatch leads to reflection, similar to how light reflects when 
transitioning from air to glass due to the difference in characteristic impedance 
between the two media.

Second, there is a numbering convention to be taken into account. The first 
number following the S indicates the port from which energy emerges, while the 
second number indicates the port into which energy enters. Therefore, S12 measures 
the power emerging at port 1 when a signal is applied to port 2. For a two-port 
device, the reflection coefficients are represented by (S11, S22), and the transmission 
coefficients are represented by (S12, S21).

Equation (5.3) can be expressed as a 2 × 2 matrix. The S-parameter matrix of 
a two-port network consists of four components; the diagonal elements represent 
the reflection coefficient of each port. In contrast, the off-diagonal elements repre-
sent the transmission coefficient between the ports. In general, an n-port network 
will have n2 S-parameters. Components with up to four ports are commonly used 
in practical applications.

For instance, an antenna is considered a one-port network; an amplifier is a 
two-port network; a circulator is a three-port network; and a coupler is a four-port 
network, as illustrated in Figure 5.4.

Now, let us address a concept that can be confusing regarding S-parameters. 
While S-parameters in linear units always refer to voltage amplitude, S-parameters 
expressed in logarithmic (decibel) units relate to power. Therefore, even though 
S-parameters represent voltages when transformed into decibels, they indicate 
power. As noted previously, we perform addition and subtraction operations with 
powers in decibel-milliwatts (dBm) and losses or gains in decibels (dB) because 
S-parameters in dB relate to power.

Last, it is worth noting that S-parameters are commonly measured using a 
network analyzer. As mentioned in Chapter 3, the dispersive readout of a qubit 

Figure 5.4  (a) Antenna as a one-port network; (b) amplifier as a two-port network; (c) circulator 
as a three-port network; and (d) a directional coupler as a four-port network, where one port is 
terminated to a matched load.
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involves analyzing the transmission parameter of a microwave resonator coupled 
to the qubit. In practice, this measurement is achieved by utilizing a network ana-
lyzer to measure the S-parameters of the resonator. This highlights the importance 
of S-parameter measurements conducted with a network analyzer, not only in the 
realm of microwave circuits but also in quantum computing.

S-Parameters Terminology

The S-parameters for the reflection coefficient Γ and transmission coefficient T have 
unique names. The insertion loss is employed in passive circuits and is associated 
with the transmission coefficients (S12, S21). The insertion loss, IL, represents the 
reduction in signal power as it traverses through the network from port 1 to port 
2. It can be calculated using IL = −20 log|T| dB = −20 log|S21| dB.

The insertion loss is expressed as a positive decibel value, where a lossless 
transmission corresponds to an insertion loss of 0 dB. The magnitude of insertion 
loss can vary depending on the component, ranging from a few tenths of a decibel 
in a short cable to a few decibels in filters or mixers.

On the other hand, the return loss (RL) is related to the reflection coefficients 
(S11, S22) and is defined as follows for port 1 RL = −20 log|Γ| dB = −20 log|S11| dB.

It is essential to mention that the value is always nonnegative in the case of 
reflection from a passive network. An RL of 0 dB indicates complete reflection, 
while a higher RL value indicates a lower reflection from a port. In practical appli-
cations, many consider an RL value of 10 dB or higher as an acceptable RL. Table 
5.3 illustrates the amount of power reflected for different RL values.

Return loss is a crucial performance factor for microwave components and 
systems, indicating good impedance matching and low reflections. However, 
there are cases where a low return loss may be desired, such as in the stop band 
of a reflective filter. It is important to note that while return loss is essential for 
overall performance, it does not necessarily guarantee optimal system operation. 
Low reflection can also arise from internal system losses, where the energy is 
dissipated within the system, such as through radiation. Hence, it is essential to 
consider return and insertion losses when analyzing microwave components.

Energy conservation dictates that the sum of incident and reflected powers 
must equal the transmitted power for a two-port network, following the unitary 
property of S-parameters [3]. This principle can be expressed as |S11|2 + |S21|2 = 1 and 
|S22|2 + |S12|2 = 1. For a reciprocal network |S21|2 = |S12|2 and therefore |S11|2 = |S22|2.

The transmission coefficient between two ports in a microwave circuit can 
be referred to by various names, depending on the component and its specific 
application in a given configuration. Figure 5.5 provides a visual representation 

Table 5.3  Amount of Reflected Power for Various Values of Return Loss

Return Loss in Decibels Means

0 dB 100% reflection, no power flows into the device

3 dB 50% reflection, 50% power flows into the device

10 dB 10% reflection, 90% power flows into the device

15 dB 3% reflection, 97% power flows into the device

20 dB 1% reflection, 99% power flows into the device
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of how this terminology is used. The different terminologies commonly used in 
microwave circuits are explained as follows:

•	 Insertion loss: This term is predominantly used in passive circuits, including 
filters, cables, and power dividers. It quantifies the amount of attenuation 
experienced by a signal as it passes through the circuit.

•	 Gain: Gain is primarily used in active circuits, such as amplifiers. It denotes 
the amount of signal amplification that occurs within the circuit.

•	 Coupling: Coupling is a term employed in components with three ports and 
more, such as couplers. It refers to the intentional transfer of a portion of the 
signal to a specific port, allowing for further processing or measurement.

•	 Isolation: In cases where coupling is not desirable, the term isolation is used. 
Isolation ensures that the signal does not leak from one port to another within 
the circuit. High isolation is desirable in circuits such as power dividers, 
isolators, and circulators to prevent unwanted signal leakage between ports.

We would like to emphasize that, generally, a low insertion loss (minimal sig-
nal attenuation) and high return loss (excellent impedance matching) are desirable 
across the frequency range of operation.

Furthermore, it is essential to note that other parameters are used for analyz-
ing specific types of microwave circuits. For instance, X-parameters are utilized to 
analyze nonlinearities [5–8], mixed-mode S-parameters are employed to analyze 
differential mode microwave circuits, and active S-parameters and hot S-param-
eters have their applications and interpretations in specialized scenarios such as 
microwave plasma measurements.

5.1.1.3  Numerical Methods

Simulation plays a crucial role in both research and industrial design. Simulating a 
potential design’s behavior, advantages, and disadvantages can save considerable 

Figure 5.5  Terminologies used for the transmission coefficient in various microwave 
components.
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time and expenses before committing resources to construct an actual system. 
Recall that powerful simulation software is utilized for both 3D structure analysis 
and circuit analysis. These software packages employ numerical methods such as 
the finite-element method (FEM), the method of moments (MoM), the finite-dif-
ference time-domain (FDTD), as well as other standalone and hybrid methods to 
facilitate the simulation process [5, 6].

5.2	 Signal Generation

Sections 5.2 to 5.4 delve into the constituents of a microwave link, encompassing 
the generation, transmission, processing, and detection of microwave signals. 
Specifically, we introduce these four domains’ fundamental components and key 
performance indicators and illustrate their utilization in a microwave system, 
focusing on their application in superconducting quantum computers.

Generating microwave signals is the initial step in establishing a microwave 
link, as outlined in Chapter 4, where it is emphasized that these signals are crucial 
for controlling and reading out superconducting qubits.

Sections 5.2.1.1 to 5.2.1.3 explore the generation of microwave signals by dis-
cussing scalar, vector, and digital signal generators and their respective figures 
of merit.

An oscillator is the heart of any signal generator, and the purity of the generated 
oscillation is an important figure of merit critical in many applications, including 
quantum computing. Chapter 4 showed how oscillation purity, or its phase noise, 
can affect the coherence time of a qubit.

A voltage-controlled oscillator (VCO) functions as an electronically tunable 
oscillator, with its frequency susceptible to variations caused by factors such as 
temperature and supply voltage. To ensure a stable output frequency, a phase-
locked loop (PLL) synchronizes the VCO’s output frequency with a precise refer-
ence frequency provided at the input.

In addition to PLL, other options for analog signal generators include yttrium 
iron garnet– (YIG)-tuned oscillators (YTOs). Digital techniques like direct digital 
synthesis (DDS) are also employed for signal generation. YTO-based or YIG-based 
synthesizers are widely used in the industry due to their high spectral purity and 
submillisecond switching speeds, making them the preferred choice for most 
high-frequency signal generators.

5.2.1.1  Analog Signal Generators

Signal generators are crucial in testing and measuring RF and microwave sys-
tems. Modern generators’ advanced capabilities facilitate sophisticated channel 
modeling, incorporating interference, noise, fading effects, and analog and digital 
modulations. In the realm of qubit experiments, signal generators are essential for 
generating signals used in qubit control, readout, downconversion, and parametric 
amplification as the pump signal.

Signal generators can be broadly classified into two main groups. The first 
group is comprised of scalar-signal generators, which in addition to frequency 
offer control over the signal’s amplitude. The second group consists of vector-signal 
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generators, which provide control over both the signal’s amplitude and phase. This 
capability allows for the generation of complex modulated signals using I and Q 
components. In the following sections, we will elaborate on scalar and vector sig-
nal generators and their respective figures of merit.

Scalar-Signal Generators

Scalar-signal generators provide control over the amplitude and frequency of the 
generated signal but not the phase. They are capable of producing CW signals as well 
as classical analog modulated signals, including AM, FM, and pulse modulation.

In specific applications, such as qubit measurements, sweeping across a range 
of frequencies becomes necessary. In such cases, the signal generator’s sweep mode 
is utilized, requiring the specification of a start frequency, stop frequency, and 
sweep step, in addition to the output power, typically expressed in dBm.

Conversely, when there is a need to generate signals at specific frequencies 
with varying power levels for testing specific channels, the list mode is more effi-
cient. This mode involves creating a list of signals with designated frequencies 
and power levels.

Vector-Signal Generators

Vector-signal generators control the signal’s amplitude, phase, and frequency. This 
level of control makes it possible to manipulate both the I and Q components of 
the signal, as discussed in Chapter 4. With this capability, more advanced signals 
can be generated, including those used in digital modulation schemes such as 
QPSK, FSK, and QAM, commonly utilized in LTE and satellite communication 
systems. In quantum computing, precise phasing is vital for accurately manipu-
lating quantum states on the Bloch sphere.

As illustrated in Chapter 4, a signal’s I and Q components encode its ampli-
tude and phase. The IQ data represents the baseband signal before it is converted 
to RF. Using arbitrary digital-modulation techniques, the signal generator can 
automatically generate I and Q components internally. Alternatively, IQ data can 
be pregenerated using software tools such as MATLAB and then loaded into the 
signal generator.

In specific scenarios, an external source like an AWG can supply the IQ com-
ponents to the signal generator. The generator then modulates the internally gen-
erated microwave signal using the external IQ waveform.

5.2.1.2  Signal Generator Figures of Merit

The figures of merit of a signal generator are described as follows:

•	 Frequency range: This refers to the range of frequencies that a signal gen-
erator can generate. In qubit experiments, signals up to 12 GHz are typi-
cally required.

•	 Bandwidth: The bandwidth of a signal generator determines the widest signal 
in the frequency domain that it can reliably generate.

•	 Output power: The generator’s output power can vary from a minimum to a 
maximum. In certain cases, extremely low output power is necessary, such 
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as in qubit experiments with few photons in the cavity. An internal atten-
uator is required to reach that low signal level in such cases. Conversely, 
higher signal levels may be necessary for certain measurements, such as 
power amplifier tests, where an internal amplifier is needed to extend the 
output power.

•	 Flatness of the frequency response: A flat frequency response, indicating low 
amplitude variation over the output frequency range, is an important figure 
of merit for a signal generator. As mentioned in Chapter 4, a flat frequency 
response is essential for the system to operate linearly and avoid distortion. 
Techniques like automatic level control (ALC) actively adjust the output 
signal amplitude to maintain a flat frequency response.

•	 Switching speed: In some applications, such as agile electronic-warfare trans-
mitters or the calibration of cellular receivers, microwave signal generators 
must switch from one frequency to another as quickly as possible and set-
tle within specified amplitude and frequency requirements. The switching 
speed refers to the time it takes to switch between two output frequencies, 
and it is influenced by various parameters such as the group delay of the 
VCO’s loop filter, the speed of internal switches, and the transient response 
of components. The switching speed also depends on the signal-generation 
technology used. For generators based on DDS, it typically lies in the sub-
microsecond range. In contrast, VCO or YTO analog methods usually lie in 
the submillisecond range.

•	 Phase noise: As mentioned in Chapter 4, a significant figure of merit for a 
signal generator is its phase noise. The phase noise level varies between −140 
and −100 dBc with a carrier offset of 20 kHz, depending on the signal gen-
erator model and the operating frequency. Recall that the phase noise level 
decreases with larger carrier offsets. It is important to note that the phase 
noise level increases with frequency. For example, a leading signal generator 
on the market exhibits a phase noise of −140 dBc at 1 GHz, whereas at the 
same carrier offset, the phase noise increases to about −102 dBc at 44 GHz.

•	 Harmonics and spurs: The spectral purity of a signal generator, which refers 
to its ability to have low levels of harmonics and spurs, is a critical figure of 
merit. The effects of harmonics and spurs are discussed in Chapter 4. In an 
ideal scenario, the output of a signal generator would not have any spurs 
or harmonics, but this is not achievable in reality. Typically, modern signal 
generators exhibit harmonic levels ranging from −30 to −50 dBc, depending 
on the operating frequency and the model used.

Additionally, the nth subharmonic of a signal with a fundamental fre-
quency of f is a signal with a frequency of f/n. The subharmonic level ranges 
from −85 to −50 dBc, depending on the frequency. Higher frequencies result 
in higher subharmonic levels.

5.2.1.3  Digital Methods for Signal Generation

An AWG generates waveforms based on the samples stored in its memory. Figure 
5.6(a) illustrates a block diagram of an AWG, which incorporates a variable-rate 
clock that advances through the AWG memory. The digitized signal is subsequently 
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converted to analog using a DAC. Modern AWGs can achieve sample rates of up 
to 50 GS/s and analog bandwidths of up to 15 GHz.

To comprehend the operation and key characteristics of an AWG, it is crucial 
to grasp the fundamental concept of sampling. An ADC approximates an analog 
signal by stair-stepped voltages, as depicted in Figure 5.6(b). Harry Nyquist estab-
lished that reliably reconstructing a signal requires a sampling rate at least twice 
the highest frequency component of the given signal. So, the highest frequency 
signal that a DAC with a sampling frequency fs can generate is equal to half the 
sampling rate or fs/2. However, in practice, as we will see shortly, the maximum 
output frequency or bandwidth of an AWG is typically 40% of the sample rate. The 
extra 10% reduction in bandwidth comes from the reconstruction filter to smooth 
the output waveform.

Figures 5.6(c–e) explain why the output spectrum of an actual DAC exhibits a 
sinc roll-off, and Figure 5.6(f) illustrates the generated images in various Nyquist 
zones with image frequencies |kfs ± fo|, where fo is the output frequency, fs is the 
sampling frequency, and k = 1, 2, 3 ….

Traditionally, AWGs only operate within the first Nyquist zone. However, mod-
ern AWGs can generate signals well above the sampling rate by taking advantage 
of higher Nyquist zones. This can be achieved by applying a proper bandpass filter 
to the desired frequency component in the appropriate Nyquist zone.

AWG Figures of Merit

Understanding the key specifications of an AWG is crucial for selecting the suitable 
one for a given application. Some of the critical figures of merit associated with 
AWGs are described as follows.

•	 Vertical resolution: The vertical resolution of an AWG plays a vital role in 
accurately reconstructing the amplitude of a signal. For instance, a 10-bit res-
olution with a 2-V peak-to-peak input range can distinguish voltage changes 
as small as approximately 2 mV (2/210). However, it is essential to consider 
the effective number of bits (ENOB), a significant figure of merit that may 
be less than the maximum resolution. Note that the vertical resolution is 
doubled for every bit added.

•	 Memory size: Sufficient memory size is essential for high sample rates and 
accurate signal reconstruction. It makes it possible to store long sequences 
of waveform sample points. The memory size is commonly specified in 
gigasamples (GSas).

•	 Sample rate: The sample rate of an AWG is measured in gigasamples per sec-
ond (GSa/s) and determines the number of samples that the DAC can take 
within a specific time interval. It is important to note that the maximum 
frequency that an AWG can generate is only a fraction of the sample rate.

The play time of an AWG represents the duration of the generated pulse 
and can be calculated as playtime = memory/sample rate. Therefore, increasing 
the sample rate would require increasing memory size to maintain the same 
play time. For example, a memory size of 1 GSa and a sample rate of 8 GSa/s 
would result in a playtime of 8 seconds.
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Figure 5.6  (a) Block diagram of an AWG; (b) concept of waveform sampling; (c) the spectrum of a signal 
without sampling, (d) sampling in the time domain generates periodicity in the frequency domain; (e)
actual sampling happens with zero-order hold circuits, effectively resulting in the convolution of the 
sampled wave with a rectangular pulse and the convolution in the time-domain results in multiplication 
in the frequency domain where the sampled signal in (c) is multiplied by the Fourier transform of the 
rectangular pulse, which is a sinc function. (f) DAC output with sinc roll-off, the generated image 
frequencies, and Nyquist zones.

•	 Bandwidth: The bandwidth of an AWG is limited by the maximum output 
frequency it can generate. Two factors contribute to the bandwidth: the 
sample rate and the reconstruction filter. According to Nyquist’s theorem, 
frequencies up to half the sample rate can be reliably generated. Thus, a 
sample rate of 4 GHz corresponds to a DAC output bandwidth of 2 GHz. 
Additionally, using a reconstruction filter to smooth the output waveform 
results in a 10% reduction in bandwidth. Therefore, the maximum output 
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Figure 5.6  (Continued)
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frequency or bandwidth of an AWG is typically 40% of the sample rate. For 
example, a sample rate of 10 GSa/s yields a bandwidth of 4 GHz.

•	 ENOB: Impairments such as noise, harmonics, and spurious signals can 
decrease the resolution and ENOB to a value typically lower than the num-
ber of DAC bits. The ENOB tends to decrease with increasing frequency, as 
illustrated in Figure 5.7(a). For instance, in a 14-bit system, the ENOB can 
drop to 8 bits at 2.5 GHz.

The ENOB can be calculated using the following formula:

	
ENOB =

SINAD − 10log 3/2( )
20log 2( )

⎛
⎝⎜

⎞
⎠⎟
= SINAD − 1.76

6.02
	 (5.5)

where SINAD represents the signal-to-noise and distortion ratio of the receiver. 
ENOB provides a more accurate measure of resolution compared to the number 
of DAC bits. Jitter specifications should be taken into consideration to ensure true 
signal fidelity.

•	 SFDR: SFDR is defined for RF systems in Chapter 4. For AWGs, as shown in 
Figure 5.7(b), it is the distance in decibels from the desired tone to the highest 
visible spur or harmonic within the stated bandwidth.

•	 Jitter: Jitter is associated with random phase jumps that can misalign 
pulse edges and introduce errors. Jitter is typically measured in picosec-
onds (ps) peak-to-peak between the synchronization clock and the direct 
data output.

5.3	 Signal Transmission

To comprehend the intricacies of microwave-circuit behavior, it is crucial to grasp 
the principles of signal transmission at microwave frequencies and how it dis-
tinguishes itself from low-frequency circuits. This section explores transmis-
sion-line theory and sheds light on commonly employed transmission lines in the 
microwave and quantum engineering domains. Examples include coaxial cable, 
rectangular waveguide, microstrip, and CPW. Table 5.4 compares the characteris-
tics of lumped-element and distributed-element transmission lines, while Figure 
5.8 visually illustrates the difference between lumped- and distributed-element 
transmission lines.

Section 5.3.1 highlights the applicability of circuit-analysis techniques to a 
particular category of transmission lines characterized by two conductors, namely 
TEM lines. Examples of TEM lines include coaxial- and parallel-plate waveguides. 
The circuit method greatly simplifies the analysis and design of such transmission 
lines. However, for other types of transmission lines like rectangular waveguides, 
field-analysis methods involving the solution of Maxwell’s equations are necessary 
to analyze their structure.
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Figure 5.7  (a) ENOB versus the output frequency and (b) spurious free dynamic range of a DAC.

Figure 5.8  Current distribution on (a) a lumped-element transmission line and (b) a distributed-
element transmission line.
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5.3.1  TEM-Mode Transmission Lines

In TEM propagation along the z-direction, the electric and magnetic fields do not 
have any components in the direction of propagation, denoted as Ez = Hz = 0. Con-
sequently, the wave equation simplifies to the Laplace equation in the cross-section 
of the transmission line. This reduction transforms the problem into an electrostatic 
scenario, where the electric field can be expressed as the gradient of a potential 
Φ(x, y). The potential satisfies the Laplace equation ∇t

2Φ(x, y) = 0, allowing for the 
definition of a unique voltage between the two conductors at every point along 
the transmission line. This property makes it possible to utilize circuit-analysis 
techniques instead of directly solving Maxwell’s equations.

In non-TEM transmission lines, the voltage between two points becomes 
path-dependent, making it impossible to establish a unique voltage between 
them. However, circuit-analysis techniques can still be applied by making cer-
tain assumptions.

A TEM transmission line can be modeled as an infinite sequence of infinites-
imally small-length transmission lines connected in series, as shown in Figure 
5.9(a). Each infinitesimal segment, having a small electrical length, can be treated 
as a lumped circuit as shown in Figure 5.9(b), permitting the application of KVL 
and KCL to the circuit. The per-unit length circuit parameters for the transmission 
line are defined as follows [3]:

•	 R: Series resistance per unit length, applicable to both conductors, measured 
in Ω/m.

•	 L: Series inductance per unit length, applicable to both conductors, mea-
sured in H/m.

•	 G: Shunt conductance per unit length, measured in S/m.
•	 C: Shunt capacitance per unit length, measured in F/m.

The transmission line equations can be derived using the KVL and KCL [3]

	

d2V z( )
dz2 − g 2V z( ) = 0 	 (5.6)

Table 5.4  Comparison of Lumped-Element and Distributed-Element Transmission Lines 

Lumped-Element Transmission Line Distributed-Element Transmission Line

Large electrical length E = l/λ. Moderate electrical length E = l/λ (physical 
length and wavelength are comparable).

•	 Voltage and current along the line are 
constant.

•	 Voltage and currents do not have a wave 
nature.

•	 Voltage and current vary along the line.
•	 Wave-like nature of the voltage and current 

needs to be considered.

No impedance matching is necessary to 
minimize reflections.

Matching to the characteristic impedance (Z0) is 
crucial to minimize reflections.
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Figure 5.9  (a) A transmission line of length Δz and (b) model of the transmission line of length 
Δz.

	

d2I z( )
dz2 − g 2I z( ) = 0 	 (5.7)

with the complex propagation constant

	 g = a + jb = ZY = R + jwL( ) G + jwC( ) 	 (5.8)

where α is referred to as the attenuation constant, and β is known as the phase 
constant. The attenuation constant governs the rate at which the voltage amplitude 
diminishes along the transmission lines. In contrast, the phase constant is the rate 
at which the voltage phase changes as it propagates along the transmission line.

The wavelength on the line is defined as:

	
l = 2p

b 	 (5.9)

Equations (5.6) and (5.7) represent one-dimensional wave equations, and their 
traveling-wave solutions can be obtained as follows:

	

V z( ) = Vo
+e−gz + Vo

−egz

I z( ) = Io
+e−gz + Io

−egz
	 (5.10)
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where the e–γz term represents wave propagation in the +z direction, and the eγz 
term represents wave propagation in the −z direction. The characteristic imped-
ance is defined as

	
Z0 = R + jwL

g = R + jwL
G + jwC 	 (5.11)

where the voltage and current on the line are related to the line characteristic 
impedance as follows:

	

Vo
+

Io
+ = Z0 =

−Vo
−

Io
− 	 (5.12)

and the current can be expressed as I z( ) = (Vo
+ /Z0)e−gz − (Vo

− /Z0)egz .
Converting back to the time domain, we can express the voltage waveform as 

v(z, t) = |Vo
+|cos(ωt − βz + ϕ+)e−αz + |Vo

–|cos(ωt + βz + ϕ–)eαz, where ϕ± is the phase 
angle of the complex voltage Vo

±.
We have observed that the voltage and current along a transmission line exhibit 

wave-like behavior. The properties governing the wave propagation along the line 
are encapsulated in the propagation constant γ and the characteristic impedance 
Z0, which can be derived from the line parameters (R, G, L, C) using (5.8) and 
(5.11). The following sections detail the propagation constant and characteristic 
impedance to provide a more comprehensive understanding.

5.3.1.1  Terminated Lossless Transmission Line

Section 5.3.1 explored wave propagation on an infinite transmission line with no 
reflections. However, in real-world scenarios, transmission lines are always ter-
minated to some impedance. Matching the impedance of the line with the termi-
nation impedance is crucial to prevent reflections. This process, called impedance 
matching, holds significant importance in microwave circuits. Regardless of the 
performance of individual components, inadequate impedance matching can 
substantially impair overall system performance.

Consider the circuit in Figure 5.10(a). The total voltage and current on the line 
are given by (5.10). The boundary condition at z = 0, where the load impedance is 
located, is given by ZL = V(0)/I(0) = (Vo

+ + Vo
–/Vo

+ − Vo
–)Z0 Solving for Vo

– gives Vo
– = 

(ZL − Z0/ZL + Z0)Vo
+. The voltage reflection coefficient, Γ, is the ratio of the ampli-

tude of the reflected voltage wave to the amplitude of the incident voltage wave.

	
Γ =

Vo
−

Vo
+ =

ZL − Z0

ZL + Z0
	 (5.13)

The total voltage and current waves on the line can be written as a superpo-
sition of an incident and a reflected wave, where these are called standing waves
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V z( ) = Vo
+ e− jbz + Γejbz( )

I z( ) = Vo
+

Z0

e− jbz − Γejbz( ) 	 (5.14)

There is no reflected wave when there is no reflection (Γ = 0). According to 
(5.13), this occurs when the load impedance (ZL) is equal to the transmission line’s 
characteristic impedance (Z0). In such a scenario, we say that the load is matched 
to the line’s characteristic impedance.

The standing-wave ratio (SWR), also known as the voltage standing-wave ratio 
(VSWR), is the ratio of the maximum and minimum voltage amplitudes along the 
transmission line. It serves as a measure of the degree of mismatch on the line.

	
SWR =

Vmax

Vmin

=
1 + Γ
1 − Γ 	 (5.15)

As |Γ| increases, the SWR increases. The reflection coefficient for a perfectly 
matched line is zero, corresponding to SWR = 1. The value of SWR varies as 1 ≤ 
SWR ≤ ∞.

Section 5.1.1.2 explored the concept of return loss, and this section examines 
the reflection coefficient and SWR. These are interrelated and convey the same 
concept using different parameters, as depicted in Figure 5.10(b). When the gen-
erator is matched in a way that eliminates re-reflection of the reflected wave from 
z < 0, the time-average power flow along the line at point z can be expressed as: 
Pavg = 1/2Re{V(z)I(z)∗} = 1/2(|Vo

+|2/Z0)(1 − |Γ|2). The average power delivered to 
the load is equal to the incident power (|Vo

+|2/2Z0) minus the reflected power 

Figure 5.10  (a) A transmission line with load impedance ZL; (b) the relationship between 
reflection coefficient, return loss, and VSWR.
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(|Vo|2|Γ|2/2Z0). If Γ = 0, maximum power is delivered to the load, while no power 
is delivered for full reflection |Γ| = 1.

Note that in a transmission line, the power flow occurs solely through the 
electric and magnetic fields between the two conductors rather than through the 
conductors themselves. For conductors with finite conductivity, some power may 
penetrate the conductors, resulting in heat loss that is not delivered to the load.

5.3.1.2  Impedance Matching

Impedance matching plays a crucial role in various areas of electrical engineering, 
including electric power transfer and communication systems. It is essential to 
differentiate between two types of impedance matching: maximum-power transfer 
and zero reflections. The choice of matching depends on the specific application. 
The concept of impedance matching is shown in Figure 5.11(a).

In specific scenarios, the objective is to maximize power transfer to the load, 
such as in a microwave oven or a microwave plasma generator, where the avail-
able power is converted into heat or plasma. In such cases, conjugate matching is 
employed, where the input impedance Zin and the load impedance ZL are related 
as Zin = ZL

∗, where * represents complex conjugation. This type of matching ensures 
maximum power transfer to the load. Although conjugate matching can result 
in reflections on the line, the power from multiple reflections can add in phase, 
delivering more power to the load than a reflectionless line.

In some situations, minimizing reflections is crucial, mainly when a micro-
wave signal carries information, and maintaining signal integrity is essential to 
avoid data corruption. In these cases, matching the load impedance ZL to the line is 
necessary [see Figure 5.11(a)] (i.e., Zin = ZL). Another scenario where reflection must 
be minimized is when standing waves on the line should be avoided. Standing 
waves can cause heating issues and pose challenges to power-handling capabil-
ity. Therefore, minimizing reflections is critical in such scenarios. Figure 5.11(b) 
illustrates the S-parameters of a filter with and without matching.

Nevertheless, neither conjugate matching nor matching for zero reflection 
always leads to the most efficient system. The maximum-power transfer and 
zero-reflection conditions can only be simultaneously met when both the load 
and characteristic impedances are real (i.e., resistive).

Various factors, such as transmission-line discontinuities can result in imped-
ance mismatch in a microwave circuit. Techniques for impedance matching 
include the use of lumped elements, distributed elements, and low-bandwidth 
and wide-bandwith matching. The Smith chart is a valuable visualization tool 
that greatly simplifies impedance matching [3].

The Bode-Fano criterion sets limits on how well we can achieve matching 
over a specified bandwidth. Regardless of the matching technique employed, 
the minimum achievable reflection increases as the bandwidth to be matched 
increases. In other words, achieving better matching becomes more challenging 
with increasing bandwidth. Although we do not delve deeper into this topic, it is 
essential to consider this limitation when examining the return loss of a wideband 
amplifier. Therefore, it should not be surprising if a wideband amplifier’s return 
loss occasionally barely reaches 10 dB.
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One may have noticed that most RF and microwave systems and interconnec-
tions are designed with a characteristic impedance of 50Ω. The origin of this stan-
dard can be traced back to the development of air-filled coaxial cables for kilowatt 
radio transmitters in the 1930s. When transmitting signals over longer distances, 
it is crucial to have low losses and a high-power handling capability. It can be 
demonstrated that for an air-filled coaxial cable, a characteristic impedance of 77Ω 
minimizes the losses. Conversely, a characteristic impedance of 30Ω maximizes 
the power handling capability. An average of these corresponding characteristic 
impedances can be computed to strike a balance between low transmission loss 
and high-power handling capability, rounded to an engineering standard, result-
ing in a characteristic impedance of 50Ω.1

5.3.1.3  Propagation Constant

Equation (5.8) illustrates the complex propagation constant of a transmission line, 
comprising the attenuation α and the phase constant β. The wavelength of voltage 

1. There are also other standard impedances used in industry. The 75-Ω line is mainly used for cable 
TV (CATV). Sometimes 300-Ω characteristic impedance is also used in broadcasting systems, but it 
is not used as widely as 50-Ω and 75-Ω systems.

Figure 5.11  (a) Concept of impedance matching and (b) a comparison of the S-parameters of a 
matched and unmatched filter.
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waves on the line is related to the phase constant as λ = 2π/β, while the phase 
velocity is given by vp = ω/β.

Typically, the phase constant β is a function of the frequency ω. To maintain 
a constant phase velocity vp, the phase constant must be a linear function of fre-
quency, denoted as β = kω, where k is a constant. Otherwise, a frequency-dependent 
phase velocity leads to dispersion, resulting in signal distortion. Table 5.4 presents 
specific conditions under which the phase constant exhibits a linear relationship 
with frequency.

The propagation constant in (5.8) can be simplified under certain conditions 
outlined in Table 5.5. An ideal lossless transmission line experiences no ohmic 
losses, rendering the attenuation constant zero. However, real-world transmission 
lines fall into the category of low-loss, where some level of attenuation occurs.

A lossy transmission line can be distortionless under a specific condition men-
tioned in Table 5.5, first discovered by Oliver Heaviside. This condition was applied 
to older telephone lines by introducing coils to increase the line’s inductance, sat-
isfying the requirements for distortionless lines and reducing dispersion effects.

The next two sections investigate the attenuation and phase constants in 
more detail.

5.3.1.4  Attenuation Constant

The attenuation constant, α in the complex propagation constant γ = α + jβ, deter-
mines the rate at which the voltage amplitude decreases as it propagates along the 
transmission line. The ohmic losses represented by the line parameters R and G 
contribute to the attenuation constant. If the attenuation constant is frequency-de-
pendent, it can cause signal distortion if the dependency is strong. However, if the 
attenuation is frequency-independent, all frequency components are attenuated 
equally, preserving the signal’s shape. Table 5.5 shows the condition for a distor-
tionless transmission line in the presence of losses.

Attenuation is defined as the ratio of input power to output power and is 
commonly expressed in decibels:

Table 5.5  Attenuation and Phase Constant for Lossless, Low-Loss, and Distortionless 
Transmission Lines

Condition Circuit condition

α
(Attenuation 
Constant)

β
(Phase 
Constant)

vp

(Phase Velocity) Z0

Lossless R = 0
G = 0

0
= w LC = 1

LC
L
C

Low-loss R ≪ Lω
G ≪ Cω

1
2

R
Z0

+ G
Y0

⎛
⎝⎜

⎞
⎠⎟

Y0 = 1
Z0

≈ w LC ≈ 1
LC

L
C

Distortionless RC = LG
RG = R

C
L

= w LC = 1
LC

L
C
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attenuation in dB = 10log

Pi
Po 	 (5.16)

The attenuation constant given in (5.16) has units of Np/m and is usu-
ally expressed in dB/m. The conversion between the two units is as follows: 
αdB/m = 8.68αNp/m.

The attenuation for a specific length of a transmission line is simply the atten-
uation constant (α(dB/m)) multiplied by the line’s length (L). Therefore, the total 
attenuation for a given transmission line length is α(dB/m) * L.

Table 5.6 provides a list of the most common sources of attenuation in a trans-
mission line. The R and G parameters in the transmission line model represent 
the first two losses. The last two losses are not accounted for in the transmission 
line model, yet they can play a crucial role. We will discuss the losses mentioned 
in Table 5.6 in the following sections.

Conductive Losses

In the transmission line model, R represents the conductive losses. At high fre-
quencies, the skin effect causes most of the current to be confined to a very thin 
layer beneath the conductor’s surface. This layer, with a thickness of δ, is known 
as the skin depth. Due to the reduced effective area for current flow, the resistance 
increases, leading to higher losses.

The skin effect describes the exponential decay in current density J as we 
move from the surface of the conductor, where the current density is Js, toward 
the center, where the current density is given by J = Jse–d/δ. Here, δ represents the 
skin depth, and d is the distance from the surface. When the distance from the 
surface is equal to the skin depth (d = δ), the current reduces to 1/e of the current 
at the surface. This implies that approximately 63% of the current flows within 
one skin depth, corresponding to a thin layer beneath the conductor’s surface. The 
skin depth is calculated using the formula:

	
d = 1

pmsf 	 (5.17)

Here, μ denotes the permeability, σ represents the conductivity, and f is the 
frequency. As the frequency increases, the skin depth decreases, resulting in a 
higher resistance, as (5.17) indicates.

Table 5.6  Sources of Attenuation

Type of Loss Description

Conductive loss Due to the ohmic losses of the conductor; R represents it in the 
transmission line model.

Dielectric loss Due to the current leakage of the dielectric; G represents it in the 
transmission line model.

Radiation loss Loss of energy due to radiation; this attenuation appears for unshielded 
transmission lines such as the microstrip and CPW.

Mismatch loss Losses due to poor impedance matching, which causes signal reflections.
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For a coaxial cable, the attenuation constant due to the conductive losses is 
given by

	
ac =

RAC

2Z0

=

1
a
+ 1
b

⎡
⎣⎢

⎤
⎦⎥

m /32s

pZ0

w 	 (5.18)

where a and b represent the inner and outer conductor radii, and Z0 is the char-
acteristic impedance. In practice, the measured attenuation constant tends to be 
higher due to surface roughness on metallic surfaces. To account for this effect, a 
quasi-empirical formula can be used to correct for surface roughness in a trans-
mission line α′c = αc[1 + 2/π tan–1 1.4(Δ/δs)2], where αc is the attenuation due to 
perfectly smooth conductors, α′c is the attenuation corrected for surface roughness, 
Δ is the RMS surface roughness, and δs is the skin depth of the conductors [3].

Dielectric Losses

The G element in the transmission line model represents the dielectric loss associ-
ated with the leakage current in the dielectric material. To account for losses, the 
permittivity of the dielectric material is expressed as a complex number, with the 
imaginary part reflecting dielectric losses. These losses are quantified by the loss 
tangent, represented as tanδ in (5.19).

	 ε = ′ε − j ′′ε = ′ε 1 − j tand( ) 	 (5.19)

The dielectric loss constant of a coaxial cable can be determined using (5.20), 
which indicates that the dielectric loss cannot be reduced by modifying the cable’s 
geometry [3].

	
ad =

me tand[ ]
2

w 	 (5.20)

So, according to (5.20), to minimize dielectric loss, the only option is to utilize 
a low-loss tangent or a low-dielectric constant material. Teflon, for instance, is 
frequently employed as a dielectric with a low-loss tangent of 0.0004.

In contrast to conductor loss, dielectric loss becomes increasingly significant 
as the frequency rises. For example, in a 0.141"-diameter semirigid cable with cop-
per conductors and a Teflon dielectric, conductor loss exceeds dielectric loss up to 
the cutoff frequency. However, the two types of losses become nearly equal at the 
cutoff frequency. As the frequency surpasses the cutoff frequency, the loss tan-
gent becomes a more influential factor in the overall loss of the transmission line.

It is important to note that while dielectric losses are smaller than conductor 
losses, they still contribute to the overall loss of the system. Therefore, utilizing 
low-loss dielectrics and employing careful design techniques is crucial for mini-
mizing the total loss of the transmission line.
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Radiation Losses

The attenuation constant in (5.8) accounts only for conductor and dielectric losses, 
while radiation losses can sometimes contribute significantly to the overall losses, 
particularly at microwave frequencies. When the size of a transmission line is 
comparable to the wavelength, energy can escape from the line in the form of 
electromagnetic radiation. This phenomenon is well-known, as a good radiator 
(antenna) typically has a size comparable to the radiation wavelength. Shielded 
structures like strip lines, coaxial cables, or hollow waveguides exhibit much lower 
radiation losses than open, unshielded structures such as microstrip or CPW lines. 
Generally, bends in transmission line structures radiate more than straight sec-
tions, and larger substrates contribute more to radiation loss than thinner ones.

Accurately quantifying radiation losses can be challenging, and numerical 
simulations are often required to identify the radiating portion of the system and 
determine the power loss due to radiation. Radiation loss is not critical in qubit 
systems as microwave circuits are carefully shielded. However, radiation can 
still affect qubit performance. For instance, radiation can couple with the qubits, 
leading to decoherence and errors in the qubit state, as mentioned in Chapter 3. It 
is, therefore, crucial to carefully consider the effect of radiation in qubit systems 
and take appropriate measures to minimize their effects, such as implementing 
shielding for the structure (see Chapter 6).

Mismatch Losses

Recall that reflection of incident power results in only a portion of the signal being 
transmitted. The mismatch loss, expressed in decibels, can be calculated using the 
following equation:

	
Lmismatch = 10log

Pi
Pt

⎛
⎝⎜

⎞
⎠⎟
= −10log 1 − Γ 2( ) 	 (5.21)

Pi represents the incident power, Pt represents the transmitted power, and Γ is 
the reflection coefficient. The mismatch loss, as defined in (5.21), is the factor 
that reduces the maximum power transferred to the load, expressed in decibels. 
Depending on how multiple reflections combine, the overall system loss may be 
smaller or larger than the sum of the mismatch losses from each component.

To mitigate the effect of mismatch loss, it is necessary to ensure good imped-
ance matching over the frequency band of operation. While numerous ways and 
techniques are available for impedance matching, space constraints prevent us 
from covering them in this book.

5.3.1.5  Phase Constant

The phase constant β represents the imaginary component of the propagation 
constant γ. The relationship between the phase constant and frequency (β-ω) is 
called the dispersion relation. As Chapter 4 explained, a linear dispersion relation 
ensures a constant phase velocity, meaning that all frequency components travel at 
the same speed along the transmission line. This is crucial because a nonconstant 
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or frequency-dependent phase velocity introduces signal distortion through a 
phenomenon known as dispersion. Dispersion causes the signal to spread out as 
it propagates along the line due to variations in the arrival time delay among dif-
ferent signal components. This becomes particularly significant in qubit systems 
as pulses are utilized for qubit control, and dispersion can cause pulse spreading, 
leading to variations in pulse width and amplitude, eventually resulting in errors 
during the intended qubit rotation on the Bloch sphere. Figure 5.12 illustrates the 
impact of dispersion on a Gaussian pulse.

Dispersive media exhibit this property, and there are two primary sources of 
dispersion, described as follows:

1.	 Material dispersion: This arises from the frequency-dependent response of 
a material, such as the dielectric used in a transmission line.

2.	 Waveguide dispersion: This stems from the dependence of the phase velocity 
in a waveguide on its frequency.

To comprehend transmission phenomena, it is essential to understand the 
various types of velocities, described as follows:

•	 Speed of light (1/ me ): This refers to the velocity at which a plane wave would 
propagate through a medium and is dependent on the material properties 
of the medium.

•	 Phase velocity (vp = ω/β): The phase velocity represents the speed at which 
a point with a constant phase travels. For different types of guided-wave 
propagation, such as waveguide TE or TM modes, the phase velocity may 
be greater or less than the speed of light. Since the phase velocity of guided 
wave propagation varies with frequency, no single-phase velocity can be 
assigned to the entire signal.

•	 Group velocity vg = (dβ/dω)–1: When the signal’s bandwidth is relatively nar-
row or the dispersion is not too pronounced, the group velocity can be defined 
to describe the overall signal propagation speed. In a coaxial cable, the group 

Figure 5.12  Effect of dispersion in a transmission line on a Gaussian pulse.

7092_Book.indb   1957092_Book.indb   195 12/20/23   3:12 PM12/20/23   3:12 PM



196� Microwave Components

velocity is reduced by 1/ er , where εr represents the relative permittivity. 
Most coaxial cables utilize 100% PTFE insulation, with a dielectric constant 
of approximately 2.2. Consequently, this results in a group delay of 1.45 ns/
ft of coaxial cable.

The effect of pulse broadening becomes more pronounced as the length of the 
transmission line increases. This occurs because the time delays between differ-
ent frequency components accumulate as the pulse traverses the line. Therefore, 
if the length of the transmission line is sufficiently short, the dispersion effect can 
be negligible.

5.3.2  Non-TEM Transmission Lines

Propagation modes in microwave engineering are distinguished based on the 
orientation of electric and magnetic field vectors in relation to the direction of 
propagation. The three most frequently encountered propagation modes are TEM, 
transverse electric (TE), and transverse magnetic (TM). Hybrid modes can also 
propagate in certain transmission lines like microstrip lines, although they are less 
commonly employed than the other three modes. Table 5.7 provides a summary 
of the propagation modes in transmission lines.

In the TEM propagation mode, as shown in Figure 5.13(a), the electric and mag-
netic fields are perpendicular to each other and the direction of propagation. This 
mode is limited to two-conductor transmission lines such as coaxial cables and 
parallel-plate waveguides. The TEM mode exhibits three important characteristics: 
(1) it has no cutoff frequency and can propagate from DC onwards, (2) its phase 
velocity is independent of frequency, resulting in no dispersion or distortion, and 
(3) a unique voltage and current can be defined at each point on the line, allowing 
the use of circuit analysis techniques.

TE and TM modes can propagate in two- and single-conductor structures, such 
as hollow waveguides. The letter following the “T” designates the orthogonal field 
component to the propagation direction. Therefore, a TE mode lacks an electric 
component in the propagation direction, while a TM mode lacks a magnetic com-
ponent in the propagation direction. Figure 5.13(b, c) illustrate these modes and 

Table 5.7  Various Propagation Modes in Transmission Lines

Propagation Mode Description Transmission Line Characteristics

TEM Electric and magnetic 
fields are perpendicular 
to each other, and the 
direction of propagation

•	 Two-conductor 
transmission lines

•	 No cutoff frequency
•	 Phase velocity is 

constant

TE No electric field 
components in the 
direction of propagation

•	 Two-conductor 
transmission lines

•	 Waveguides

•	 It has a cutoff frequency
•	 Phase velocity is 

frequency-dependent 

TM No magnetic field 
components in the 
direction of propagation

•	 Two-conductor 
transmission lines

•	 Waveguides

•	 It has a cutoff frequency
•	 Phase velocity is 

frequency-dependent
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their propagation in a rectangular waveguide: The TE mode reflects off the side 
walls and propagates along the waveguide, whereas the TM mode reflects off the 
upper and lower walls and propagates along the waveguide.

The TE and TM modes have a cutoff frequency fc, indicating that modes with 
frequency f > fc will propagate, while evanescent or cutoff modes with f < fc will 
decay exponentially away from the source of excitation. The cutoff frequency is 
determined by solving Maxwell’s equations in the transmission line’s cross-section 
using appropriate boundary conditions. However, let us gain an intuitive under-
standing of how the cutoff frequency is determined. For a wave to propagate in a 
structure, the wavelength must match the physical dimension of the structure or, 
more precisely, the waveguide’s cross-section. To calculate the cutoff frequency, 
we must determine how many wavelengths fit in each dimension (x and y for a 
rectangular waveguide) of the waveguide cross-section, as illustrated in Figure 
5.13(d). The subscripts represent the number of half-waves at cutoff that fit across 
the x- and y-directions of the rectangular waveguide or along the circumferential 
and diametrical directions of a circular waveguide. For example, TEm,n indicates 
that there are m half-waves of the E-field across the x-dimension and n half-waves 
of the E-field across the y-dimension for a rectangular waveguide. As the oper-
ating frequency increases, the waveguide cross-section needs to decrease size to 
accommodate the half-waves within its cross-section.

In the case of the TE10 mode of a rectangular waveguide at cutoff, there is 
one half-wave in the x-direction, and the electric field exhibits no variation in the 
y-direction, as depicted in Figure 5.13(d). Figure 5.13(e) illustrates a rectangular 
waveguide’s various propagation modes and cutoff frequencies. For a circular 
waveguide, at cutoff, the TE10 mode has a uniform E-field in the circumferential 
direction with no variation. It is purely circumferential in orientation and has a 
zero value at the surface of the waveguide. There is a single peak precisely at the 
center of the waveguide.

Section 5.3.3.4 presents the cutoff frequency formula and examines the fre-
quency-dependent nature of the phase velocity for TE and TM waves, in contrast 
to the frequency independence of TEM waves. In this case, a group velocity can 
be defined to characterize the propagation speed of a signal, provided that the 
signal bandwidth is small enough.

5.3.2.1  Useful Bandwidth of a Transmission Line

Propagation of more than a single mode is desirable in specific applications, such 
as waveguide filters. In such cases, the waveguide is referred to as overmoded. 
However, for most microwave applications, single-mode propagation is preferred, 
as the simultaneous propagation of multiple modes can lead to undesirable effects, 
including distortion and high signal reflection. The bandwidth of a transmission 
line for single-mode propagation is defined as the range between the cutoff fre-
quencies of two consecutive modes.

In addition to the TEM mode, coaxial cables can also support TE and TM 
waveguide modes. The coaxial cable’s bandwidth for single-mode propagation 
starts from DC and extends to the first high-order TE mode, the TE11 mode. The 
TE11 mode starts to propagate when the wavelength in an air-filled coaxial cable 
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Figure 5.13  Different propagation modes in a waveguide: (a) the TEM mode, where the electric 
and magnetic fields are perpendicular to the direction of propagation; (b) the TE mode, where the 
wave bounces off the side walls and propagates along the waveguide; and (c) the TM mode, where 
the wave bounces off the upper and lower walls and propagates along the waveguide. (d) Various 
modes and electric field configurations for a rectangular waveguide, with subscripts indicating 
the number of half-waves of the electric field across the x- and y-dimensions. (e) The cutoff 
frequency for TE and TM modes in a hollow rectangular waveguide with dimensions a = 3 cm and 
b = 2 cm.
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is equal to the average circumference, as given by λc = 2π[(a + b)/2] = π(a + b), 
where a and b represent the inner and outer conductor radii. If the medium is 
filled with a dielectric, the dielectric constant adjusts the cutoff wavelength λc = 
2p (a + b)/2[ ] er  = p(a + b) er .

The cutoff frequency of the first higher-order mode is calculated using λc = c/
fc formula resulting in fc = c/p(a + b) er .

The single-mode bandwidth of a coaxial cable is represented as fc, and, depend-
ing on the cable’s construction, can vary from 1 to 110 GHz. Since frequency and 
wavelength are inversely proportional, it is essential to progressively decrease 
the size of connectors and cable cross-sections as the operating frequency range 
increases to ensure mode-free propagation. However, reducing the size of the coax-
ial cable structure results in higher losses and lower power-handling capability.

The useful bandwidth of a rectangular waveguide is slightly less than an 
octave, corresponding to a 2:1 frequency range. This limitation arises because the 
TE20 mode starts propagating at a frequency twice the cutoff frequency of the TE10 
mode. To enhance the bandwidth of waveguides, ridged waveguides are employed, 
as shown in Figure 5.14(a).

Now, let us explore the challenges associated with the propagation of high-
er-order modes. The presence of high-order modes in a waveguide causes varia-
tions in the cable’s impedance, resulting in increased reflection due to impedance 
mismatch. For optimal performance, microwave cables and connectors should 
maintain a constant impedance along their entire length, ensuring a flat response 
over the widest possible bandwidth and minimizing reflections. Impedance com-
prises resistive and reactive components. High-order mode propagation introduces 
a resistive perturbation to the impedance, as Figure 5.14(b) depicts. In a coaxial 
cable, as the TE11 mode approaches, the reactive energy stored in the higher-order 
modes influences the reactive part of the impedance, causing a significant imped-
ance change leading to mismatch and increased reflection.

5.3.2.2  Transmission Lines Figures of Merit

Several factors must be considered when selecting a cable; this section discusses 
these parameters as follows.

Figure 5.14  (a) Ridged waveguide and (b) effect of propagating and cutoff (evanescent) modes 
on the waveguide impedance.
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•	 Frequency range of operation: The frequency range of operation refers to the 
range of frequencies over which the propagation is free from non-TEM modes. 
When choosing a cable or transmission line, the first parameter to consider is 
the frequency range of operation, which should be higher than the maximum 
operating frequency of our system. In qubit systems, cables operating up to 
18 GHz are commonly used, as qubit systems typically operate up to 10 GHz.

•	 Insertion loss: The insertion loss indicates the amount of signal attenuation 
as it travels through the cable. Recall that the insertion loss increases with 
higher frequencies and is composed of dielectric, conductor, and radiation 
losses. Figure 5.15(a) illustrates the insertion loss for a specific cable, which 
is approximately 0.2 dB at low frequencies and reaches 1.8 dB at 18 GHz. 
Sometimes the insertion loss is specified in decibels per meter, enabling the 
calculation of the insertion loss for a given cable length.

•	 Return loss: The return loss reflects how well the cable impedance matches 
the characteristic impedance of 50Ω. Variations in impedance over frequency 
can lead to reflections and affect the return loss. Most cables exhibit a return 
loss of 30 dB or higher over their frequency range of operation. Figure 5.15(b) 
provides an example of a cable’s return loss.

•	 Power-handling capability: Power-handling capability or power capacity plays 
a vital role in high-power applications, such as in high-power transmitters 
for LTE, satellite communications, or radars. It does not play a role in qubit 
experiments, as relatively low powers are involved.

5.3.3  Types of Transmission Lines

In order to choose the appropriate transmission line for a given application, factors 
such as desired bandwidth, physical size, ease of fabrication and integration, and 
power-handling capability must be considered. This section explores the most 
commonly used types of transmission lines in superconducting qubit systems.

5.3.3.1  Coaxial Cable

Unshielded cables, such as twisted pairs, are disadvantaged because they begin 
to radiate as the frequency increases. Conversely, the coaxial structure does not 
suffer from radiation loss and offers self-shielding properties that prevent the 
reception of outside interference. The structure of a coaxial cable is illustrated in 
Figure 5.16(a). Coaxial cables find wide application when minimizing radiation 
losses and maximizing noise and interference immunity are necessary. This is often 
the case in test and measurement setups and when connecting various microwave 
systems. Chapter 7 explores various coaxial cables used for qubit experiments at 
room and cryogenic temperatures.

The dimensional parameters of the coaxial cable’s cross-section [see Figure 
5.16(b)], the dielectric material used, and the properties of the conductor determine 
the transmission line parameters such as resistance (R), inductance (L), conductance 
(G), capacitance (C), and the bandwidth of the cable [2, 3].

Coaxial cables commonly employ dielectric materials such as PTFE and Teflon, 
although air dielectric offers the least attenuation. While utilizing air dielectric and 

7092_Book.indb   2007092_Book.indb   200 12/20/23   3:12 PM12/20/23   3:12 PM



5.3  Signal Transmission� 201

Figure 5.15  (a) Insertion loss and (b) return loss of a microwave cable.

larger physical dimensions in coaxial cables provides the lowest attenuation, it is 
crucial to consider mode limitations, as discussed in Section 5.3.2.1. As a result, 
a limitation exists on achieving the lowest possible attenuation due to mode-re-
lated concerns.

The characteristic impedance of a coaxial cable is determined as follows Z0 = 
Vo/Io = h0 /2p er ln(b/a)  = 60/ er ln(b/a) , where a and b represent the inner and 
outer conduction radii, εr is the relative permittivity of the dielectric, and η0 = 120π 
is the free-space characteristic impedance.

5.3.3.2  Microstrip Line

A microstrip line is a planar transmission line consisting of a ground plane, a 
dielectric layer, and a signal line positioned on top of the dielectric layer, as depicted 
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Figure 5.16  (a) Structure of a coaxial cable and (b) field configuration in the cross-section of a coaxial 
cable.

in Figure 5.17(a). The popularity of microstrip lines stems from their ease of fab-
rication, low cost, and high integration capabilities, making them suitable for 
implementing integrated microwave structures incorporating both active and 
passive components. However, it is essential to note that microstrip lines exhibit 
higher dielectric and radiation losses compared to hollow waveguide structures 
and coaxial cables. As the operating frequency increases, the radiation losses in 
microstrip lines become more pronounced, necessitating the use of stripline and 
waveguides to minimize such losses.

Microstrip lines have a portion of their field lines in the air and the majority 
within the dielectric region between the strip conductor and the ground plane, as 
depicted in Figure 5.17(a). Due to inhomogeneous configuration, a pure TEM wave 
cannot be supported by a microstrip line because the phase velocity of TEM fields 
in the dielectric region ( c/ εr ) would differ from the phase velocity of TEM fields 
in the air region (c), making phase matching at the dielectric-air interface impossi-
ble. In reality, fields in a microstrip line represent a hybrid TM-TE wave, requiring 
advanced analysis techniques beyond the scope of our current discussion. However, 
in most practical applications, the dielectric substrate thickness (d) is electrically 
thin (d ≪ λ), resulting in quasi-TEM fields. Essentially, the fields resemble those of 
the static (DC) case. As a result, reasonable approximations for the phase velocity, 
propagation constant, and characteristic impedance can be obtained using static 
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or quasi-static solutions. The effective dielectric constant can be interpreted as a 
homogeneous medium’s dielectric constant that replaces the microstrip line’s air 
and dielectric regions, as shown in Figure 5.17(b). Since some field lines exist in 
the dielectric region while others reside in the air, the effective dielectric constant 
satisfies the relation 1 < 𝜖e < 𝜖r and depends on parameters such as the substrate 
dielectric constant, substrate thickness, conductor width, and frequency.

In superconducting qubit systems, microstrip lines are primarily employed 
to design external passive and active components, including filters, amplifiers, 
couplers, and attenuators.

5.3.3.3  CPW

A CPW is a planar transmission line that comprises a dielectric layer with a sig-
nal trace on top and two ground planes on either side of the signal trace. Another 
variant of CPW, known as a grounded coplanar waveguide (GCPW), features a 
ground plane beneath the structure, as shown in Figure 5.18(a). CPW lines support 
a low-loss quasi-TEM mode like microstrip lines since pure TEM waves cannot 
propagate due to structural inhomogeneity.

The CPW finds extensive application as a transmission line in superconducting 
quantum circuits, playing a crucial role in facilitating the interaction between a 
qubit and a cavity mode. Unlike a microstrip line, where the electric fields traverse 
the substrate between the signal trace and the ground, making it impractical to 
position the qubit inside the substrate, the CPW structure allows direct coupling 
of the electric field from the central signal line to the adjacent ground plane. This 
feature enables convenient placement of the qubit on top of the substrate, as illus-
trated in Figure 5.18(b). Moreover, CPW’s smaller dimensions for a 50-Ω line than 
a microstrip line make it an ideal choice for compact and high-density qubit struc-
tures. Additionally, the CPW’s uniplanar geometry offers the easy connection of 
series and shunt elements to the lines without the need for via holes, which can 
introduce additional inductance to the line and result in an impedance mismatch.

In the case of symmetric CPWs, two modes can propagate along the trans-
mission line: the even mode or CPW mode and the odd mode, also referred to as 

Figure 5.17  (a) Geometry of a microstrip line and (b) equivalent geometry with a homogeneous 
medium of effective relative permittivity 𝜖e.
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Figure 5.18  (a) CPW line with ground (GCPW), (b) a qubit coupled to a CPW resonator, (c) CPW 
mode, (d) coupled slot-line mode, and (e) the use of an air bridge to connect the grounds on the 
sides of the signal line to suppress slot line modes.

the coupled slot-line mode, as shown in Figure 5.18(c, d). These modes can travel 
independently when excited, but discontinuities can cause them to couple with 
each other.

Parasitic slot-line modes can be excited in CPW lines. They can significantly 
impact circuit performance, particularly in the presence of asymmetry or discon-
tinuities in the transmission lines. Asymmetrical CPW discontinuities, such as 
bends in microwave resonators and T-junctions, can excite the coupled slot-line 
mode. To suppress the slot-line mode and ensure that the ground planes on the 
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Figure 5.18  (Continued)

sides of a CPW line are at the same potential, it is crucial to connect them using 
an air bridge, as shown in Figure 5.18(e). A bonding machine is used to make an 
air bridge in quantum circuits.

Calculating the characteristic impedance and effective permittivity for CPW 
lines involves elliptic integrals and hyperbolic functions.
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5.3.3.4  Hollow Waveguides

As Chapter 3 mentioned, waveguide cavities are utilized in superconducting 
quantum computers. Hollow waveguides offer low loss and high power-handling 
capability. However, they are bulky and expensive, especially at lower frequencies. 
These transmission lines are commonly employed in radar and satellite communi-
cation systems where low losses and high power are crucial for effective operation. 
Figure 5.19 shows methods to excite a rectangular waveguide.

Waveguides only support TE and TM modes. Each waveguide mode has a 
cutoff frequency fcmn

 given by the following for a rectangular waveguide [3]

	
fcmn = 1

2p mε
mp
a

⎛
⎝⎜

⎞
⎠⎟

2

+ np
b

⎛
⎝⎜

⎞
⎠⎟

2

	 (5.22)

The parameters “m” and “n” represent the number of half wavelengths in the 
x (length) and y (width) directions, respectively. The WR standard, established by 
the American National Standards Institute (ANSI) and the Institute of Electrical 
and Electronics Engineers (IEEE), is used to designate waveguide sizes and per-
formance characteristics. This system uses the letters “WR” followed by a number, 
which indicates the approximate inside width of the waveguide in hundredths of 
an inch. For example, a WR-90 waveguide has an inside width of approximately 
0.9 inches. Table 5.8 provides a list of commonly used waveguides along with 
their specifications.

In a rectangular waveguide, the group velocity can be defined as the velocity 
at which energy propagates through the waveguide. It represents the speed at 
which the envelope of the wave propagates. The group velocity can be calculated 
using the following formula [3]

	
vg = 1

mε 1 − fcmn /f( )2 	 (5.23)

It is important to note that the group velocity is always less than the speed of 
light 1/ mε  for a propagating mode. Furthermore, the group velocity depends on 

Figure 5.19  Excitation of a waveguide by using (a) a probe and (b) a patch antenna.
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the frequency f and increases as the frequency increases for any given mode. So, 
the frequency dependency of propagation velocity causes dispersion, as mentioned 
in Chapter 4. Additionally, it is worth mentioning that each mode has a different 
cutoff frequency fcmn

. Higher-order modes propagate more slowly than lower-order 
modes with the same frequency.

To illustrate this, let us calculate the propagation speed for a narrowband signal 
with a frequency of 10 GHz in a rectangular waveguide with cutoff frequencies 
of f10 = 6.55 GHz and f20 = 13.11 GHz. These cutoff frequencies only allow the TE10 
mode for this signal. We can use (5.23) to determine the speed of propagation, 
which is approximately 2.26 × 108 m/s. This value corresponds to about 75.5% of 
the speed of light in free space.

We will later see how waveguide cavities are used as a resonator for qubit readout.
Section 5.3.2 provided a distinction between TEM, TM, and TE waves, empha-

sizing that transmission lines can be categorized based on the types of waves they 
support. TEM waves are nondispersive and have no cutoff frequency, while TM 
and TE waves exhibit dispersion and possess nonzero cutoff frequencies. Several 
factors must be considered when choosing a transmission line: bandwidth, loss, 
power-handling capacity, physical size (volume and weight), ease of fabrication 
(cost), and the potential for integration with other active and passive devices.

5.3.4  Microwave Connectors

Connectors play a vital role as the interface between different transmission lines, 
enabling their connection and ensuring proper signal transmission. Connectors 
come in various forms, grades (such as metrology, instrument, and production), 
frequency ranges, power-handling capabilities, and impedances (such as 50-Ω 
and 75-Ω), among other characteristics. A comprehensive understanding of the 
construction and operation of microwave connectors requires extensive study; 
here, we highlight some practical considerations regarding connectors commonly 
employed in superconducting quantum hardware.

When choosing connectors, it is crucial to ensure that they meet the specific 
requirements of the application. Table 5.9 provides an overview of various connec-
tor types used in superconducting qubit systems, along with their corresponding 
frequency ranges and typical applications. It is worth noting that other connector 
types, such as TNC, MCX, SMB, SMC, and U.FL, find more frequent usage in other 
types of microwave systems and are not as commonly employed in superconduct-
ing qubit systems.

Table 5.8  Dimensions and Cutoff Frequencies of Rectangular Waveguides

Waveguide 
Name

Recommended 
Frequency

Cutoff 
Frequency 
Lowest Order 
Mode

Cutoff Frequency 
Next Mode

Inner Dimensions of the Waveguide 
Opening

A inch [mm] B inch [mm]

WR2300 0.32–0.45 GHz 0.257 GHz 0.513 GHz 23 [584.2] 11.5 [292.1]

WR137 5.85–8.20 GHz 4.301 GHz 8.603 GHz 1.372 [34.8488] 0.622 [15.7988]

WR90 8.20–12.40 GHz 6.557 GHz 13.114 GHz 0.9 [22.86] 0.4 [10.16]
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For qubit applications, SMP and MMPX connectors are widely used for micro-
wave connections on the sample holder. These snap-on connectors allow quick 
and easy connections and disconnections without threaded mating. This feature 
makes them suitable for applications requiring frequent cable changes or situations 
with limited space. They are particularly useful for sample holders in quantum 
chips due to their space-saving design.

In certain situations, there may be a need to connect connectors of different 
types, the same type, or even connectors with incompatible genders. In such cases, 
adapters come to the rescue. Figure 5.20 showcases a variety of microwave adapt-
ers, including N-to-SMA, BNC-to-SMA, SMA female–to–SMA female (commonly 
known as a bullet adapter), and SMA male–to–SMA male (referred to as a barrel 
adapter). Adapters facilitate connections between different connectors and are 
also frequently employed to protect metrology-grade connectors, such as 3.5-mm 
or 2.92-mm, from potential damage. For instance, an N-to-SMA adapter is often 
utilized at the ports of a network or spectrum analyzer to safeguard the delicate 
input connectors of these instruments.

Recall that the maximum bandwidth of a cable is determined by its cross-sec-
tional size. As the size decreases, the operating frequency increases. This is why spe-
cialized connectors, such as 3.5-mm, 2.92-mm, 2.4-mm, and 1.8-mm, are employed 
for high-frequency applications, with the 1.8-mm connector capable of operating 
up to 110 GHz. Metrology-grade connectors, like the 3.5-mm connector used for 
network or spectrum analyzer ports, offer superior mechanical tolerances, stabil-
ity, temperature performance, SWR, repeatability, loss, and wear characteristics.

Table 5.9  Connectors with Broad Applications in Superconducting Qubit Systems

Connector Type Frequency Range Application in Qubit Experiments

BNC DC-4 GHz Room-temperature, low-frequency connections, such 
as the 10-MHz clock and DC connections, are made to 
the breakout box.

N-connector DC-18 GHz Widely used on measurement instruments, such as 
spectrum and network analyzers.

SMA DC-18 GHz SMA has the widest range of RF and microwave 
engineering applications, being suitable for almost 
all room-temperature and cryogenic microwave 
connections.

SMP DC-40 GHz Snap-on connectors allow for quick and easy 
connections and disconnections without threaded 
mating. This feature makes the SMP connector 
suitable for applications requiring frequent cable 
changes or for limited space. They are particularly 
useful for sample holders in quantum chips due to 
their space-saving design.

MMPX DC-65 GHz Snap-on connectors allow for quick and easy 
connections and disconnections without threaded 
mating. This feature makes the MMPX connector 
suitable for applications requiring frequent cable 
changes or for limited space. They are particularly 
useful for sample holders in quantum chips due to 
their space-saving design.
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Always use a torque wrench when connecting or disconnecting them to ensure 
proper handling of connectors. This helps prevent overtightening, which can lead 
to connector damage. Additionally, it is essential to inspect connectors visually 
before use and clean them, when necessary, as part of regular connector care.

5.4	 Signal Processing

Until now, our focus has been on generating and transmitting microwave signals. 
However, they often require some processing before these signals can be effec-
tively transmitted or detected. This processing involves adjusting the amplitude, 
frequency, and phase of the microwave signal and should not be confused with 
digital signal processing or similar methods.

Microwave signal-processing techniques can be broadly classified into three 
categories: amplitude, phase, and frequency. These techniques play a crucial role 
in the context of superconducting qubits. Sections 5.4.1 to 5.4.3 provide detailed 
insights into the application and significance of these techniques within a micro-
wave link.

5.4.1  Performance Specifications of Microwave Components

When selecting microwave components, it is crucial to consider their performance 
specifications to ensure optimal performance. Several key specifications apply to 
all microwave components, including return loss, insertion loss, operation band-
width, and power-handling capability. For solid-state components like amplifiers, 
mixers, and switches, nonlinear parameters such as P1dB and IP3 are also essential 
considerations. Multiport components like power combiners and couplers require 
additional parameters such as amplitude and phase imbalance and isolation. These 
specifications help assess the performance and compatibility of microwave com-
ponents for specific applications, as we will see in the following sections.

5.4.2  Amplitude Manipulation

Table 5.10 provides a summary of the amplitude-manipulation techniques for 
microwave signals. Sections 5.4.2.1 to 5.4.2.3 elaborate on these techniques.

Figure 5.20  (a) N-to-SMA adapter; (b) BNC-to-SMA adapter; (c) SMA male–to–SMA male adapter; (d) SMA 
female–to–SMA female adapter; (e) SMP connector; and (f) MMPX connector.
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5.4.2.1  Amplifiers

Amplifiers are crucial in increasing the signal amplitude to surpass the MDS level. 
Despite introducing additional noise and reducing the overall SNR, as discussed 
in Chapter 4, amplifiers are necessary to elevate the amplitude above the MDS 
threshold for successful detection. In specific applications like heating or micro-
wave plasma generation, amplifiers generate specific microwave power levels.

Amplifiers can be categorized based on their usage within the microwave 
link. Typically, a LNA is employed on the detection side. LNAs feature a low noise 
figure, moderate gain, and relatively low- to-medium output power. Various types 
of room-temperature and cryogenic LNAs are utilized in qubit experiments, as 
explored in Chapter 7.

On the transmit side, a power amplifier with high gain and output power 
ensures that the signal level from the transmit antenna remains sufficiently high 
upon reaching the receiver side. However, power amplifiers are not employed in 
qubit experiments where low power levels are utilized.

Amplifiers differ from passive devices because they consume power and 
actively deliver microwave energy into the circuit. This is achieved by convert-
ing DC bias power into microwave power using an active component, such as a 
transistor. The key parameter of an amplifier is its gain G, which is defined as the 
ratio of the output power Pout to the input power Pin:

	
G =

Pout

Pin

	 (5.24)

The gain of an amplifier typically ranges from 15 to 50 dB, depending on its 
type. Narrowband amplifiers generally exhibit higher gain compared to wideband 
amplifiers. As the bandwidth of the amplifier increases, its gain tends to decrease. 
In other words, the gain-bandwidth product remains constant.

Table 5.10  Amplitude-Manipulation Techniques

Operation Description
Relevant Microwave 
Components

Amplification •	 Increase the signal level to reach the minimum 
detectable signal level

LNA
Power amplifier

Attenuation •	 Tuning: adjusting the signal level
•	 Protection: protecting a device from high 

power levels

Attenuator
RF limiter

Power combining/
dividing

•	 Combine powers
•	 Divide powers

Wilkinson power 
divider

Power coupling •	 Sampling a microwave signal Directional coupler

Power circulation/
isolation

•	 Circulation: Use a single antenna for full 
duplex (simultaneous transmit and receive)

•	 Isolation: allowing the signal to flow in one 
direction and block it in the other direction 

Circulator/isolator

Switching •	 Switch between different microwave paths Microwave switches
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The essential performance indicators for amplifiers include gain, noise figure, 
IP3, and P1dB (1-dB compression point).

A low return loss within the frequency band of operation is crucial for the 
amplifier to ensure minimal signal reflections. Figure 5.21 illustrates the gain, 
noise, and S-parameters of a commercial cryogenic LNA operating in the 4–8 
GHz frequency range.

Section 4.3.3 discusses the nonlinear behavior exhibited by semiconductor 
devices like transistors, which makes parameters such as the 1-dB compression 
point relevant for amplifiers. In Chapter 4, it is observed that the JPA could have 
an incredibly low 1-dB compression point of about −100 dBm, in stark contrast to 
a room-temperature LNA with a 1-dB compression point of approximately −30 
dBm. Consequently, it is crucial to operate the JPA below its 1-dB compression 
point to ensure optimal performance.

A chain of amplifiers is employed when a single amplifier cannot provide the 
desired gain level. As detailed in Chapter 4, according to Friis’ formula, the first 
amplifier’s noise figure significantly influences the entire chain’s noise figure. 
Hence, it is essential to have the first amplifier in the chain possess the lowest 
possible noise figure and high gain. As explained in Chapter 3, the separation 
error 𝜖sep between the two states of the qubit is dependent on the SNR given by 
𝜖sep = erfc(SNR/2)/2. Additionally, the qubit readout fidelity F is also determined 
by the SNR, where F = (1 + erf( SNR/2 ))/2 [9]. For example, with an SNR of 10, 
the gate fidelity is F = 99.9%. Therefore, achieving a high SNR for the detection 
chain is crucial by reducing the equivalent noise figure of the chain.

In qubit experiments, a chain of amplifiers is utilized at the output of the read-
out resonator, extending all the way to the room-temperature detection chain, as 
shown in Chapter 7. The initial amplifier, situated right at the output of the readout 
resonator, is a superconducting low-inductance undulatory galvanometer (SLUG) or 
a JPA, which, as discussed in the following section, exhibits lower noise compared 
to the subsequent best cryogenic amplifier, namely the HEMT amplifier (see Table 
5.11). Table 5.11 provides a comparison of various types of LNAs.

In addition to the noise figure and noise temperature, it is common to quantify 
the number of thermal photons, nth, added by the amplifier with the noise tem-
perature of Ta at each frequency ω. This is expressed as follows

	
nth = 1

e!w /kBTa − 1
	 (5.25)

Quantum-Limited Amplification

As Chapter 4 mentioned, nonlinear components generate frequency components in 
their output that are absent in their input. A single-tone input leads to harmonics, 
and for two tones, it results in intermodulation products. Section 5.4.3.2 explores 
how mixers, being nonlinear components, are utilized for up- and downconver-
sion, capitalizing on these nonlinear effects.

Three-wave mixing is a nonlinear process that occurs in nonlinear materials 
or components, involving three waves: the pump wave with a frequency ωp, the 
signal wave with a frequency ωs, and the idler wave with a frequency ωi, as shown 
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Figure 5.21  (a) Gain and noise temperature of a HEMT amplifier and (b) S-parameters of a HEMT 
amplifier.
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in Figure 5.22. The pump wave is typically the strongest among the three, while 
the signal wave requires amplification or modulation. The idler wave is generated 
during the process but is usually disregarded and filtered out. Three-wave mixing 
finds applications in various areas, including signal amplification, generation of 
new frequencies, and frequency conversion.

As shown in Figure 5.22, the relationship between the pump frequency, sig-
nal frequency, and idler frequency in a parametric amplifier is described by the 
Manley-Rowe relations, expressed as:

wp = ws + wi = 2w0

Here, ω0 represents the resonant frequency of the nonlinear component. This 
equation elucidates how the energy of the pump wave is transferred to the signal 
and idler waves in the amplifier while conserving the total energy.

In an ideal scenario for a linear, phase-insensitive amplifier, an input state 
⟨ain⟩ is amplified to an output state ⟨aout⟩ with an amplitude gain factor G , where 
aout = Gain . As explained in Chapter 3, electromagnetic fields can be quantized 
and thus follow commutation relations [ain, a†

in] = [aout, a†
out] = 1. To satisfy these 

Table 5.11  Comparison of Various Amplifiers Used in a Superconducting Qubit System

Technique Description Noise Temperature

JPA Quantum-limited noise performance. Tnoise < 1K

Traveling-wave amplifier 
(TWA)

Higher bandwidth and dynamic range for 
multiplexed readout of multiple qubits.

Tnoise < 1K

SLUG amplifier Quantum-limited noise performance. 
Combined amplification and reverse isolation 
eliminate the need for external circulators.

Tnoise < 1K

Cryogenic HEMT amplifier Used at the 4-K stage. Tnoise = 2–5K

Room-temperature LNA Used in room-temperature detection chain. Tnoise = 75–100K

Figure 5.22  Parametric mixing; the signal and pump photons interact via a purely dispersive 
nonlinear medium.
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commutation relations, the gain equation mentioned above needs to be modified 
to account for the added noise caused by vacuum fluctuations [12]

	

aout = Gain

Amplification
!"#

+ G − 1bin
†

Added idler noise
! "$ #$ 	 (5.26)

In this scenario, the “idler” mode bin can be regarded as the vacuum fluctu-
ations of another mode. To ensure that the commutation relation holds, the idler 
mode is amplified by the gain factor G − 1. It has been demonstrated that when 
dealing with high gain, at least half a noise photon ℏω/2 must be added to a sig-
nal that is amplified with a gain of G . Now, let us explore how squeezing can 
decrease the noise level.

Squeezed states are Gaussian states in which the uncertainty of one observ-
able property of a system is reduced but at the cost of increasing the uncertainty 
in its conjugate observable. This principle can be utilized to decrease the noise 
in one quadrature of the electromagnetic field while simultaneously increasing 
the noise in the conjugate quadrature. Therefore, it does not violate Heisenberg’s 
uncertainty relation for the two field quadratures.

By reducing the uncertainty in one quadrature, such as Δx̂ , fewer measure-
ments are needed to achieve the same level of precision when estimating ⟨ x̂⟩. Para-
metric amplifiers leverage this concept to achieve noise levels below the standard 
quantum limit for one field quadrature.

Single-mode squeezing is a unitary transformation parameterized by the 
squeezing strength r and angle θ. The operator p̂q  and its variance Δp̂q  are both 
amplified with a gain factor G  = e+r, while the conjugate operator x̂q (r) and its 
variance Δx̂q (r) are both compressed by the inverse factor e–r = 1/ G , as shown 
in Figure 5.23(a). This means that measuring x̂q (0) on the squeezed vacuum (a 
vacuum state that has undergone the squeezing unitary transformation) results 
in an uncertainty below the standard quantum limit Δx̂q  = e−r / 2 .

Squeezing strength can be expressed in decibels as rdB = 10 × log10 (ΔOnew/
ΔOold), where O is an operator [13]. So, a squeezing strength of 3 dB corresponds 
to a 50% reduction in uncertainty. The Laser Interferometer Gravitational-Wave 
Observatory (LIGO) uses a squeezing strength of around 3 dB, while parametric 
amplifiers can achieve much larger values of around 10 dB.

Adding phase sensitivity to the amplifier can result in squeezing. For this 
purpose, the idler mode must oscillate at the same frequency as the signal or a 
multiple thereof, with the capability of tuning its phase ϕ ∈ [0, 2π]. By substituting 
the idler mode in (5.26) with bin = eiϕain, we obtain

	

aout = Gain

Amplification
!"#

+ e− if G − 1ain
†

Phase-dep. noise
! "## $## 	 (5.27)

These two terms can exhibit phase-dependent constructive or destructive 
interference, which allows for tuning the amplification orientation, or in other 
words, the quadrature in which the noise reduction is desired by adjusting the 
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Figure 5.23  (a) Phase-sensitive parametric amplification makes it possible to suppress the noise 
along one axis resulting in the added noise to the other quadrature. (b) Voltage gain as a function 
of pump-phase angle. The orientation of amplification can be tuned depending on the phase of 
the pump.

pump phase, as shown in Figure 5.23(b). As a result of this interference, the noise 
can be suppressed to levels below the standard quantum limit.

Parametric Amplifiers

When utilizing a low-noise HEMT amplifier with a noise temperature of approx-
imately 2–5K immediately following the qubit’s readout resonator, the resulting 
system noise temperature rises to around 7–10K. This indicates an introduction of 
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approximately 10–20 photons of noise per signal photon at approximately 5 GHz. 
In practical terms, this noise level is generally deemed excessive for achieving a 
successful single-shot readout. As a result, there has been considerable interest 
in developing quantum-limited parametric amplifiers specifically tailored for 
superconducting qubit readout [9–13].

The JPA can be employed as an alternative to the HEMT amplifier to enhance 
the SNR. The JPA is well-suited for reading out a small number of qubits due to 
its narrowband nature, providing a bandwidth of a few tens of megahertz. The 
traveling-wave parametric amplifier (TWPA) with a broader bandwidth and higher 
dynamic range is utilized for multiplexed readout of multiple qubits.

Let us provide a quick overview of parametric amplification and explore its 
application in the context of superconducting circuits. Consider a mechanical 
pendulum where the oscillation frequency, for small amplitudes, can be approx-
imated by ω = g /l , with g representing gravity and l denoting the length of the 
string. By modulating the frequency ω through variations in either l or g, we can 
increase the amplitude of the oscillations. The g parameter can be modulated by 
moving the pendulum along a line, as depicted in Figure 5.24(a). This movement 
pumps energy into the system and results in an amplified oscillation. Note that 
two frequencies are involved in this process: the natural frequency of the oscillator 
and the pump frequency, which corresponds to the frequency at which the param-
eter g is modulated. Typically, the pump frequency is twice the natural frequency.

The behavior of a harmonic oscillator with sinusoidal excitation can be 
described using a well-known second-order differential equation ẍ + bω0ẋ + ω0

2x 
= A sin(ω0t). The solution to this equation yields the amplitude of oscillation for 
the harmonic oscillator xo1 ∝ (A/ω0

2b)sin(ω0t + ϕ). Now, if the natural frequency 
ω0 is modulated with a pump frequency ωp twice the natural frequency ωp = 2ω0, 
then the oscillation amplitude is given by xo2 ∝ (A/ω0

2(b − δ/2))sin(ω0t + ϕ).
Upon comparing the denominators of xo1 and xo2, it becomes evident that mod-

ulating the natural frequency of the oscillator leads to an increase in the ampli-
tude of vibration. This concept can be applied to parametric amplification in an 
LC resonator by modulating the inductance value, similar to how a pendulum’s 
“g” parameter is modulated.

In the case of an LC resonator implemented with a SQUID, which consists of 
two Josephson junctions in parallel, the inductance can be adjusted by applying an 
external flux that passes through the SQUID’s loop, as depicted in Figure 5.24(b). 
A nearby coil is utilized to couple the magnetic flux Φ and modulate the induc-
tance L(Φ) at the pump frequency ωp = 2ω0, thereby altering the natural resonant 
frequency ω0(Φ).

The input signal is introduced into the circuit through a circulator (see Section 
5.4.2.3), amplified, and then directed to the output. Figure 5.24(c) visually illustrates 
the variation in the resonance frequency of the LC resonator as the flux changes. 
The pump power typically ranges around −100 dBm, and the current flowing 
through the coil is usually a few milliamps.

Figure 5.24(d) illustrates that increasing the pump power leads to higher gain 
but simultaneously reduces the bandwidth of the JPA. Figure 5.24(e) depicts the 
gain versus input power, with the input 1-dB compression point occurring at 
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Figure 5.24  (a) A fixed pendulum. A pendulum with modulated g can create parametric 
amplification and increase the amplitude of oscillations. (b) Schematic of a JPA, (c) the resonance 
frequency of the LC circuit changing as a function of applied flux, (d) gain variation for various 
pump powers, (e) 1-dB compression point of a JPA, and (f) TWPA.
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Figure 5.24  (Continued)

approximately −120 dBm. Therefore, it is crucial to exercise caution and prevent 
the JPA from saturating, as saturation can occur rapidly.

While a narrow bandwidth is acceptable for single-qubit readout, applica-
tions involving multiplexed multiqubits require a wider bandwidth. To meet this 
requirement, a TWPA, consisting of cascaded stages of unit cells consisting of 
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Josephson junctions, inductors, and capacitors, is employed, as shown in Figure 
5.24(f). The TWPA can have a bandwidth as wide as a few gigahertz [10–12]. The 
idler signal depicted in Figure 5.24(f) is an outcome of the parametric amplification 
process. It represents a third signal generated at a frequency equal to the sum of 
the pump and signal frequencies but with an opposite phase. The idler signal is 
not utilized in amplification and is typically filtered out to prevent interference 
with the desired output signal.

SLUG Amplifier

The following section discusses using circulators to isolate the quantum circuit 
from downstream measurement stages. Circulators pose challenges in terms of 
size and scalability. An alternative solution that offers significant advantages is the 
SLUG amplifier, which combines near quantum-limited noise performance with 
higher reverse isolation than commercial cryogenic isolators [14, 15].

Figure 5.25(a) illustrates the schematic of a SLUG amplifier, a modified version 
of the dc SQUID (dc SQUID). Figure 5.25(b) depicts the SLUG flux-to-voltage trans-
fer curve. In typical operation, the input signal is coupled as a current to the node 
located at the lower left, and the output is obtained from the node at the upper 
right. The wire-up and operation of the SLUG amplifier are particularly straight-
forward, requiring only two DC current biases and no microwave pump tones. 
The pulsed-mode operation of the SLUG amplifier enables the characterization of 
transmon qubits without the need for cryogenic circulators, and it does not result 
in any measurable degradation of qubit performance in the measurement chain.

The SLUG gain element demonstrates remarkable robustness and immunity to 
fluctuations in ambient magnetic fields due to its extremely small magnetic sens-
ing area [14, 15]. Additionally, the SLUG amplifier provides a large instantaneous 
bandwidth of around 1 GHz and a large dynamic range with saturation powers 
approaching −90 dBm, enabling multiplexed single-shot qubit readout.

Let us compare the parametric and SLUG amplifiers’ noise performance and 
reverse gain. The Josephson TWPA and the kinetic-inductance traveling-wave (KIT) 
amplifier exhibit directionality. However, in the ideal case, the reverse gain of these 
devices is 0 dB, meaning that signals coupled to the output port propagate without 
attenuation back to the input, which does not provide any reverse isolation. There-
fore, it is necessary to use a circulator at the output of the parametric amplifier.

While the noise level of a SLUG amplifier will never match that of an opti-
mized JPA, it is possible to achieve added noise of approximately one quantum at 
frequencies approaching 10 GHz [14, 15].

Another advantage of the SLUG is that, unlike the JPA, the SLUG amplifier 
does not require a separate strong microwave pump tone, which means that the 
qubit does not need to be protected by multiple stages of cryogenic isolation.

5.4.2.2  Attenuators

Sometimes, intentionally reducing the amplitude of a signal becomes necessary 
for four primary reasons, described in the following. Figure 5.26(a, b) shows fixed 
and tunable attenuators.
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Figure 5.25  (a) SLUG amplifier circuit diagram and (b) SLUG flux-to-voltage (V − Φ) transfer 
curve. R and I0 are the resistance and critical current per junction. (After: [14].)

•	 First, it may be necessary for protection purposes, mainly to safeguard sen-
sitive devices. For example, attenuators are often employed at the input of a 
measurement instrument to prevent damage to the instrument’s front end 
resulting from excessive output power from the DUT.

•	 Second, attenuation may be used to match circuits with unequal impedances. 
Figure 5.26(c) demonstrates the insertion of a matched attenuator before a 
mismatched load. The return loss “seen” at the attenuator’s input is improved 
by an amount equal to twice the attenuation as the signal passes through the 
attenuator twice. Hence, a 3-dB attenuator enhances the return loss by 6 dB. 
The notable drawback of this technique is the loss incurred by the attenuator, 
which comes at the expense of improving the return loss.

•	 Third, attenuation may be needed for noise suppression in cryogenic envi-
ronments. Surprisingly, attenuators are employed in qubit experiments to 
reduce the amount of thermal noise coupled to the dilution fridge. This can 
only be achieved by thermalizing the attenuators within a cryogenic envi-
ronment. Chapter 7 further discusses this topic.

•	 Last, the signal level adjustment may be required for tuning purposes. Dig-
ital step attenuators (DSAs) are tunable attenuators utilized to adjust signal 
levels, such as in a microwave signal generator or within an automatic gain 
control loop, as depicted in Figure 5.26(d).

Chapter 7 explores how attenuators play a crucial role in a dilution fridge by 
suppressing room temperature noise. The distribution of attenuation among the 
various stages of the fridge depends on each stage’s cooling power and tempera-
ture, as explained in Chapter 7. A 0-dB attenuator, utilized in specific microwave 
circuits, typically exhibits an insertion loss below 0.5 dB. These attenuators func-
tion similarly to wideband 0-Ω resistors and are commonly employed in cryogenic 
environments to thermalize the central connector of cables. They facilitate better 
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Figure 5.26  (a) A pi-attenuator, where the symmetrical configuration allows for easy matching of the 
input and output to 50Ω; (b) schematic of a variable attenuator; (c) use of an attenuator to improve 
matching; and (d) use of an attenuator to adjust the output signal in an automatic gain-control (AGC) 
feedback loop.

thermal conduction between the center and the body than cables with a dielectric. 
Furthermore, they can provide mechanical stability by attaching them to a plate.

Some critical operational parameters of solid-state attenuators include atten-
uation, P1dB, IP3, and maximum power.

5.4.2.3  Signal Addition/Subtraction

In microwave engineering, the separation and combination of microwave signals 
is frequently required. This section examines several techniques and components 
commonly employed.

Power Combiner

A power combiner is a component capable of combining or dividing microwave 
signals. The Wilkinson combiner shown in Figure 5.27(a) is the most well-known 
type. When employed as a divider, port 1 is the input, while ports 2 and 3 are the 
outputs, with the signal equally split between them. For signal combining, port 1 
is utilized as the output. In scenarios with additional outputs, N-way power com-
biners can be designed. Moreover, power combiners can be tailored for unequal 
power division [3].

A quarter-wavelength line section is utilized in the Wilkinson combiner, as 
observed in Figure 5.27(a). This narrowband design is evident from the S-parameters 
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in Figure 5.27(b), where the maximum |S12| value of −3 dB (representing equal 
power division) is valid only within a limited bandwidth. However, the bandwidth 
of power combiners can be enhanced using a multisection power combiner. The 
even-odd mode analysis method is employed for analyzing power combiners [3].

Power combiners are not only utilized in test equipment but also find applica-
tion in quantum hardware setups. For instance, they combine control and readout 
signals, enabling their transmission over a single coaxial line to the dilution fridge, 
as depicted in Chapter 7. The critical operational parameters of a power combiner 
include bandwidth, isolation, amplitude, and phase imbalance.

Directional Coupler

A directional coupler, depicted in Figure 5.28(a), is a four-port microwave compo-
nent that facilitates the transmission of input power from port 1 to port 2 (known 
as the through port) with minimal insertion loss. Simultaneously, a portion of the 
input power, determined by the coupling factor, is coupled to port 3 (the coupled 
port), while ideally, none reaches port 4 (the isolated port). For a bidirectional cou-
pler, input power at port 2 is coupled to both port 1 and port 4 but not to port 3, 
resulting in decoupling between ports 1 and 4 and ports 2 and 3.

Directional couplers are commonly employed to sample a fraction of the signal 
passing through them and redirect it to another circuit, such as a power detector, 
enabling the monitoring of the output power of an amplifier or a transmitter, as 
depicted in Figure 5.28(b). They also find applications in microwave tests and mea-
surements, such as network analyzers, for measuring the reflected signal power 
from a DUT. In a superconducting quantum system, couplers are utilized to inject 
the pump signal into parametric amplifiers, as illustrated in Figure 5.28(c).

The insertion loss of the forward path L can be expressed as follows L = 
10 log(P1/P2) = −20 log|S12| dB. The fraction of power coupled from port 1 to port 
3 is given by C, the coupling coefficient C = 10 log(P1/P3) = −20 logβ dB. The leakage 
of power from port 1 to port 4 is given by I, the isolation, as defined I = 10 log(P1/

Figure 5.27  (a) Wilkinson power combiner and (b) S-parameters of a Wilkinson power combiner.
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Figure 5.28  (a) Schematic of a directional coupler; (b) a directional coupler used to couple the pump 
signal to a JPA; and (c) application of a coupler for sampling the output power of a power amplifier.

P4) = −20 log|S14| dB. The coupler’s ability to isolate forward and backward waves 
(or the coupled and uncoupled ports) is called directivity D = 10 log(P3/P4) = 
20 log(β/|S14|) dB. These quantities are related as follows I = D + C. The coupler’s 
important operational parameters include bandwidth, coupling, mainline loss, 
directivity, coupling flatness, and maximum input power.

Circulator/Isolator

Figure 5.29(a, b) shows that a microwave network is considered reciprocal if the 
response at one component’s port remains unchanged when the ports of exci-
tation and response are interchanged. In the case of a reciprocal component, the 
scattering matrix exhibits symmetry (Sij = Sji), indicating that the performance of 
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the component remains unaffected by the direction of signal flow. Passive compo-
nents like filters and attenuators fall under the category of reciprocal components, 
whereas amplifiers do not exhibit reciprocity. Nonreciprocal components, such as 
circulators, isolators, and gyrators, form an important class of components. These 
directional devices are constructed using ferrimagnetic materials, which allow 
us to manipulate their interaction with applied microwave signals by adjusting 
the strength of a bias field. This phenomenon can also be leveraged to control the 
behavior of other devices, including phase shifters, switches, and tunable reso-
nators and filters.

Figure 5.29(c) displays the schematic of a circulator, which acts like a unidirec-
tional microwave valve. A circulator is a three-port device designed to permit a 
signal to exit through the port immediately following the port it entered. When a 
signal is injected at port 1, it reaches port 2 with minimal attenuation or insertion 
loss. Conversely, if a signal is injected at port 2, it experiences significant attenu-
ation as it travels to port 1. The signal flow is low-loss from port 2 to port 3 and 
from port 3 to port 1. This directional property is what gives the component its 
name: a circulator.

One can create an isolator by terminating the third port of the circulator with 
a 50-Ω load, as depicted in Figure 5.30(a). In qubit systems, a cryogenic isolator 
is typically employed at the output of a qubit to block noise and reflections gen-
erated by downstream measurement stages from reaching the qubit. The power 
absorbed by the termination resistor is converted into heat, which needs to be 
dissipated externally to prevent any increase in the refrigerator’s temperature. 
Therefore, proper thermal anchoring of the isolator’s body is crucial to ensure 
effective heat dissipation.

A single-junction isolator typically exhibits an insertion loss of less than 0.5 
dB and an isolation of 20 dB, meaning that it attenuates signals flowing in the 
reverse direction by 20 dB. Increasing the number of junctions enhances isola-
tion, resulting in greater signal attenuation in the reverse direction and improved 
noise-blocking performance.

When the output port of the first junction is cascaded to the input of the second 
junction, it forms a double-junction configuration, as illustrated in Figure 5.30(b). 
The double-junction cryogenic isolator typically possesses an isolation exceeding 
40 dB and an insertion loss of less than 0.5 dB. A double junction’s isolation and 
insertion loss are near twice those of a single-junction component.

Isolator arrays are employed in multiqubit systems to save space. In addition 
to isolation and insertion loss, the isolation between adjacent ports is also cru-
cial. For instance, 50-dB isolation between adjacent ports means that if a signal is 
injected at one port, the signal appearing at the adjacent port will be 50 dB lower.

Circulators can be implemented using various technologies. Traditional ferrite 
circulators are passive devices, meaning that they provide no gain. They rely on 
ferrite material and a magnetic bias field to break time-reversal symmetry. How-
ever, one of the main challenges with this type of circulator is its size and weight. 
Figure 5.30(c) shows a microstrip circulator with a ferrite slab sandwiched between 
a microstrip Y-junction and a ground plane, with a permanent magnet supplying 
the bias field. Magnetic shielding plays a crucial role in the performance of ferrite 
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Figure 5.29  Reciprocity theorem: (a) exciting at port i by Vei and measuring at port j (VRj); (b) swapping 
the excitation and response if Vei = Vej then VRi = .; and (c) the operation of a circulator.

circulators to prevent any magnetic coupling to the qubit. There are three commonly 
used shields: the standard steel shield, the double shield, and the mu-metal shield.

Alternatively, nonferrite circulators based on transistors are active and provide 
gain but require power for biasing the active devices. However, these circulators 
have poor noise performance and lower power limitations than ferrite ones.

Finally, there are on-chip circulators, which have been the subject of significant 
research in recent years. Physicists have dedicated considerable effort to developing 
compact, scalable, magnetic-free, low-noise, and tunable on-chip circulators [16]. 
These advancements aim to address the scaling problem in quantum computing. 
These circulators are also frequency-tunable, but their available signal bandwidth 
is relatively limited, and their fabrication process is complex.

Last but not least, as seen in Section 5.4.2.1, a SLUG amplifier can function as 
both an amplifier and a circulator, enabling an integrated and scalable solution.
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Figure 5.30  (a) Single junction circulator, (b) double junction circulator, and (c) Ferrite 
circulator.

Microwave Switch

Switches provide flexibility to microwave circuits, enabling signals to be routed 
without connecting and disconnecting cables. Chapter 7 discusses the advantages 
of switching in modifying measurement setup configurations to facilitate the 
reconfiguration of the superconducting qubit hardware setup.

Microwave switches come in various configurations, including single-pole, 
double-throw (SPDT); double-pole, double-throw (DPDT); and multiplexer (such 
as SP4T, SP6T, and SP8T), as illustrated in Figure 5.31(a, b). Multiplexer switches 
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are particularly valuable inside a dilution fridge as they enable switching between 
different samples without requiring the fridge to be warmed up, connections to 
be changed, and subsequent cooling down for each sample.

Switches can be reflective or absorptive based on their behavior at the open 
ports, as shown in Figure 5.31(c). Reflective switches reflect the input signal to the 
source at the open port, leading to high VSWR and poor return loss performance. 
On the other hand, absorptive switches terminate the open port, resulting in low 
VSWR and excellent return-loss performance. Absorptive switches are preferred 
when minimizing reflections back to the RF source is essential, such as preventing 
standing waves on the transmission line in high-power applications. Generally, 
reflective switches exhibit higher isolation and lower insertion loss than absorptive 
switches. However, absorptive switches typically offer better linearity and lower 
distortion. In most cases, an absorptive switch can be used as a replacement for a 
reflective switch, but not vice versa.

Microwave switches are commonly controlled using a control signal, often a 
transistor-to-transistor logic (TTL) signal. In this context, the “high” state corre-
sponds to a voltage between 1.5 and 5V, while the “low” state corresponds to a 
voltage between 0 and 0.7V.

Switches can also be categorized into electromechanical and solid-state (such 
as PIN diodes). Electromechanical switches can handle higher power and exhibit 
lower insertion loss than solid-state switches. However, they have slower switch-
ing speeds and are typically utilized in high-power applications or measurement 
instruments. Additionally, electromechanical switches have a shorter lifespan 
compared to solid-state switches.

Figure 5.31  (a) SPDT and DPDT switches, (b) reflective and absorptive switches, and (c) SP6T switch.
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Critical operational parameters of a switch include isolation, video leakage, 
IP3, rise time, switching time, P1dB, and repeatability.

Since solid-state switches are semiconductor devices, they can exhibit nonlin-
earity, making parameters such as P1dB and IP3 relevant. When a switch is driven 
into compression, harmonics are generated, and insertion loss increases. Therefore, 
ensuring that the switch operates within its linear region is crucial.

The rise time of a switch plays a crucial role in determining its ability to respond 
quickly to abrupt changes in the input signal. For example, the bandwidth corre-
sponding to the rise time should be adequate to ensure accurate transmission of 
square wave input signals up to the fifth or seventh harmonic. The 3-dB bandwidth 
of the switch can be calculated using the formula 0.35/τR, where τR represents the 
rise time of the switch module.

The switching time is the speed with which the RF switch operates from OFF 
to ON state and vice versa. GaAs FET-based RF switches are fastest with less than 
1 ns of switching time.

DC Block

As mentioned in Chapter 6, induced currents in the ground loop can negatively 
impact the qubit performance, microwave equipment, and low-temperature ther-
mometry. In qubit experiments, DC blocks are employed on the microwave lines 
to mitigate DC ground loops, improve the SNR, and prevent the flow of DC sig-
nals into the system by isolating the microwave line ground from the cryostat 
ground. It is important to note that standard DC blocks only provide DC blocking 
on the inner conductor, as depicted in Figure 5.32. However, a component with 
a DC block on both the inner and outer conductors is necessary for our specific 
requirements. An example of such a component is the Inmet 8039, which offers a 
blocking effect on both conductors.

Bias-Tee

A diplexer is a passive component that separates or combines two different fre-
quency bands. One type of diplexer is known as a bias-tee, consisting of an RF 
choke (inductor) and a DC block (capacitor), as illustrated in Figure 5.33(a). When 
functioning as a combiner, the AC signal passes through the path with the capac-
itor, while the path with the inductor allows the DC signal to pass through. The 
combination of these DC and AC signals emerges at the output of the bias-tee.

Bias-tees find widespread usage in microwave circuits for applying a DC 
bias to active components like transistors or diodes while allowing the AC signal 
to pass through without any loss. In qubit hardware setups, a bias-tee combines 
the flux control signals generated by the DC source and the AWG, as depicted in 
Figure 5.33(b).

Bias-tees can be either passive or active devices. Passive bias-tees do not require 
an external power supply, whereas active bias-tees rely on a power supply. Active 
bias-tees may offer additional features like adjustable DC bias voltage and cur-
rent limiting.

The significant operational parameters of a bias-tee include DC port isolation, 
maximum applicable DC voltage, and current. A general consideration regarding 
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cryogenic components is the use of nonmagnetic materials, as magnetic parts can 
potentially impact the qubit’s performance.

5.4.3  Frequency Manipulation

The ability to modify the frequency content of a signal is crucial to ensure suc-
cessful signal detection. Table 5.12 provides a summary of the main techniques 
employed for this purpose. Filtering eliminates unwanted frequency content, 
including interference, harmonics, and noise. Mixers enable the translation of the 
signal’s frequency content on the spectrum, which is necessary for optimizing 
the transmission and detection of microwave signals. Resonators are essential 
for frequency generation and serve as the primary component of cavity QED for 
qubit readout. Although other techniques and components, such as equalizers, can 
modify the signal’s shape to compensate for distortion, we do not discuss them in 
this section since they are not widely used in qubit hardware setups.

5.4.3.1  Filters

A filter is a component that selectively attenuates specific frequency components of 
a signal, effectively removing unwanted frequencies while preserving the desired 
ones. In a qubit hardware setup, extensive filtering is essential at room and cryo-
genic temperatures to eliminate noise, interference, and spurs, as explained in 
Chapter 7.

Filtering can be achieved through two mechanisms: reflective filtering and 
absorptive filtering. Reflective filtering involves reflecting the unwanted frequen-
cies away from the filter, preventing them from reaching its output. Absorptive 
filtering, on the other hand, absorbs and dissipates the unwanted frequencies. For 
instance, a copper powder filter is an example of an absorptive filter (see Chapter 
7), while an LC filter can be a reflective filter. When minimizing reflections from 
the filter is crucial, absorptive filters are preferred, especially when dealing with 
high-power signals to avoid the formation of standing waves on the lines.

Filters are categorized based on the shape of their frequency response. Fig-
ure 5.34(a–d) illustrates four types of filters: low-pass, high-pass, band-pass, and 
band-stop filters. In a band-pass filter, frequency components within the passband, 
between the lower and upper cutoff frequencies, pass through the filter with min-
imal attenuation, as depicted in Figure 5.34(a). Frequency components outside the 

Figure 5.32  (a) DC block on the inner conductor only, (b) DC block on the outer conductor only, 
and (c) DC block on the inner and outer conductors.
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Figure 5.33  (a) Schematic of a bias-tee and (b) application of a bias-tee in a superconducting 
qubit hardware setup.
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Table 5.12  Frequency-Manipulation Techniques

Component Description Relevant Microwave Components

Filter Removes unwanted frequency 
components

Various types of filters (low-
pass, bandpass, band-stop(notch), 
high-pass)

Mixer Used for up- and downconversion of 
signals

Scalar mixer
IQ mixer

Resonator Generates microwave oscillations Planar cavities (microstrip, CPW)
Waveguide cavities

passband are significantly attenuated. The same concept applies to low-pass, high-
pass, and band-stop filters. Figure 5.34(e, f) provides a visual representation of the 
effect of a low-pass and a band-pass filter on the frequency spectrum of a signal.

There are several types of filters available, each implemented differently. These 
include lumped-element filters such as RC and LC filters and distributed-element 
filters like microstrip, CPW, and waveguide filters. Key filter parameters include 
the cutoff frequency, out-of-band rejection, and roll-off.

The roll-off represents the steepness of the frequency response during the 
transition between the passband and the stopband, which is measured in decibels/
decade. For instance, a roll-off of 20 dB/decade indicates that the signal decreases 
by 20 dB for every tenfold increase in frequency. The roll-off value increases with 

Figure 5.34  (a) Low-pass filter, (b) high-pass filter, (c) bandpass filter, (d) band-stop filter, (e) low-pass 
filtering of a signal, and (f) bandpass filtering of a signal. Various lumped element low-pass filters: (g) 
single capacitor filter, (h) Pi filter, and (i) T filter.
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the filter’s order, which relates to the number of energy-storing elements (inductors 
and capacitors) used. A first-order filter is shown in Figure 5.34(g). A third-order 
filter, such as a pi filter [see Figure 5.34(i)] with three inductors and capacitors, 
has a theoretical roll-off of 60 dB/decade, which is higher than that of a simple 
first-order RC filter with a 20-dB/decade roll-off.

The concept behind low-pass filtering with LC components is as follows: The 
shunt capacitor in Figure 5.34(h) provides a low-impedance path at high frequen-
cies (Z = 1/jCω) to divert them from the filter’s input into the ground connection. 
The series inductor allows DC or low-frequency currents to pass through while 
blocking unwanted high-frequency currents (Z = jLω). Increasing the number of 
L and C components in a filter increases the filter’s order (e.g., a filter with 5 LC 
components is a fifth-order filter), improving its selectivity or roll-off. Thus, a pi 
or T filter has better selectivity than a single capacitor C filter. The same concept 
can be applied to other filters to understand their operation.

Figure 5.34(h, i) displays the Pi and T filter topologies. Pi filters are suitable 
for scenarios involving high-impedance sources and loads, whereas T filters are 
more appropriate for low-impedance sources and loads. This is because capaci-
tors have low impedance at high frequencies. If the load impedance connected 
in parallel to the capacitor is also low, a significant amount of noise current can 
flow through the load.

Chapter 7 explores how different filters are employed in a superconducting 
qubit hardware setup to safeguard the qubits against unwanted signals such as 
noise and interference. Electromagnetic interference (EMI) filters suppress EMI 
and are commercially available in various form factors, including PCB mounting 
and panel-mounting feedthrough.

Figure 5.34  (Continued)
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5.4.3.2  Up- and Downconversion

Let us examine an example from radio-station broadcasting to grasp the concept 
of frequency translation and its significance in microwave engineering. The voice’s 
frequency content typically falls within the kilohertz range. To achieve efficient 
radiation, the antenna length must be half the wavelength. Implementing an 
antenna for a kilohertz signal becomes impractical as it would require lengths in 
the kilometer range. To address this challenge, the frequency content is translated 
to a higher frequency, significantly reducing antenna size and enabling practical 
implementation. While there are other reasons for frequency translation, they are 
beyond the scope of this book.

In the context of qubit operation discussed in Chapter 3, qubits typically operate 
within the microwave frequency range of 4–8 GHz. The signal must be translated 
to a much lower frequency range to ensure reliable sampling of the qubit readout 
signal for analog-to-digital conversion. This is achieved through downconversion 
using a mixer. Additionally, mixers are utilized to modulate the microwave tone 
with the Gaussian pulse generated by the AWG, which controls the qubit’s state 
on the Bloch sphere. This is also called upconversion. Both upconversion and 
downconversion operations rely on mixers as essential components.

Mixer

A frequency mixer is an electronic circuit with three ports: a LO port, a RF port, 
and an IF port, as shown in Figure 5.35(a, b). In an ideal mixer, the output signal 
frequency is the sum or difference of the input frequencies.

	 fout = fin1 ± fin2 	 (5.28)

Figure 5.35(a, b) illustrates the downconversion, where RF is the input, and IF 
is the output, and upconversion, where RF is the output and IF is the input.

In principle, any nonlinear device can be used to create a mixer. A mixer can 
be as simple as a diode, where nonlinearity generates harmonics, from which the 
desired upconverted (or downconverted) signals are extracted. GaAs FETs, Schottky 
diodes, and CMOS transistors are used to build good-quality mixers.

Image Frequency

In an ideal scenario, only one frequency band must be translated during up- and 
downconversion. However, the presence of frequency components equidistant 
from the LO frequency, known as image frequency, can pose challenges.

Figure 5.35(b) illustrates that fRF1 and its image at fRF2 are present in the upcon-
version case at the RF output port. This type of upconversion is referred to as 
double-sideband upconversion. The undesired sideband generated at fRF2 can 
introduce interference with other channels. However, as we will soon explore, 
a clever approach utilizes phasing to suppress one of the sidebands, resulting in 
single-sideband upconversion. The unwanted sideband in double-sideband upcon-
version can also present challenges in qubit systems, as it may interfere with other 
qubits or induce higher-order transitions in a qubit.
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Figure 5.35  (a) Downconversion using a mixer and (b) upconversion using a mixer.

During downconversion, the opposite of the upconversion process occurs. 
Frequencies mirrored around the LO frequency will downconvert to the same IF, 
as depicted in Figure 5.36(a, b). This is undesirable since it leads to a mixture of 
the desired and image signals, thereby corrupting the desired signal.

One way to solve the image problem is to use an image-reject filter, essentially 
a bandpass filter that eliminates image frequencies. Typically, the image falls well 
outside the required bandwidth and can be effectively eliminated using filters. 
However, this approach may not always apply in certain applications where the 
unwanted or image product is close to the desired signal.

To address the issue of image frequencies in upconversion and downconver-
sion, a solution involves creating two replicas of the input signal, manipulating 
the signal’s phase, and utilizing constructive interference to preserve the desired 
signal while employing destructive interference to suppress the unwanted signal. 
The IQ mixer, depicted in Figure 5.36(c), is pivotal in achieving this. It comprises 
two scalar mixers where the LO is applied with a 90-degree phase difference, 
generating the input signal’s in-phase (I) and quadrature-phase (Q) components. 
To transform an IQ mixer into a single-sideband (SSB) mixer, the IQ outputs are 
combined using a 90-degree hybrid. Figure 5.36(c) illustrates how the upper side-
band is suppressed. When an SSB mixer is used for downconversion, it is called 
an image reject (IR) mixer.

As depicted in Figure 5.36(c), the upper sideband is not entirely eliminated, 
reflecting the practical limitations. Imperfect cancelation of sidebands, LO feed-
through, RF/IF feedthrough, and spurious products can arise due to amplitude 
or phase imbalances caused by asymmetries in the power combiner, hybrid, and 
mixer. When discrete components are employed, levels of image rejection of around 
20 dB can be achieved, while commercially available units may offer levels of 40 
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Figure 5.36  (a) Image frequency problem for downconversion, (b) IQ mixer used as a single sideband 
mixer. Operation of a single sideband mixer to cancel the sidebands, (c) application of a single sideband 
mixer as a generator [17].

dB or higher. Both analog and digital methods can be employed to compensate 
for amplitude and phase imbalances. These include utilizing a DC offset voltage 
or employing digital correction methods. In qubit systems that utilize analog 
methods for upconversion, it is necessary to calibrate the IQ mixer regularly to 
minimize the level of sidebands. As discussed in Chapter 7, using digital upcon-
version eliminates IQ mixer calibration.

Figure 5.36(d) illustrates the utilization of the SSB mixer alongside an AWG 
to generate modulated pulses. These pulses play a crucial role in qubit control, as 
we saw in Chapter 3.

Now, let us delve into the operational parameters of the mixer. The conversion 
loss, expressed in decibels, represents the difference (in dBm) between the input 
RF power level and the output power at the IF frequency CL = PRF − PIF.

The conversion loss of a mixer can vary between approximately 4.5 and 9 
dB, depending on the specific mixer model. Conversion loss is closely correlated 
with other metrics, such as isolation and 1-dB compression. Consequently, a single 
measurement of conversion loss provides a reliable indication of the mixer’s over-
all performance. If the conversion loss falls within a specified range, it generally 
implies that all other performance measures will meet the required specifications. 

7092_Book.indb   2357092_Book.indb   235 12/20/23   3:12 PM12/20/23   3:12 PM



236� Microwave Components

Figure 5.36  (Continued)

However, the converse is not always true. For instance, it is possible to have good 
isolation but poor conversion loss [17].

Isolation quantifies the amount of power that leaks from one port of the mixer 
to another. It is measured in decibels and defined as the power difference (in dBm) 
between the input signal and the leaked power at the other ports. In simpler terms, 
if we apply an input signal at the LO port and measure the power available at the 
RF port at that LO frequency, the isolation in dB is calculated as follows PISO(L–R) 
= Pin(@LO) − Pout(@RF).

Power leakage from one port of the mixer to another can lead to various issues. 
Section 5.4.5 examines how the leakage of the LO signal to the RF port in a homo-
dyne receiver results in a DC offset.

Several operational parameters significantly affect mixer performance, includ-
ing single-tone intermodulation distortion (IMD), multitone IMD, isolation, noise 
figure, gain, and conversion loss. These parameters collectively contribute to the 
overall performance and characteristics of the mixer.
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5.4.3.3  Microwave Resonators

Microwave resonators are vital in oscillators, filters, and tuned amplifiers. They are 
also crucial components in qubit experiments, particularly in cavity QED, where 
they enable the reading of a qubit’s state while minimizing interactions. Resonators 
exist in various domains of physics, each with its examples. For instance, a spring-
mass system is a mechanical resonator, an LC circuit is an electrical resonator, and 
an atomic clock employs an atomic resonator. What unifies these examples is their 
ability to oscillate through energy exchange between two physical quantities. In 
a mechanical oscillator, the quantities are potential and kinetic energy, while in 
an LC oscillator, they are electric and magnetic energy. Figure 5.37(a) illustrates 
a lossless LC circuit, where the initial charge on the capacitor leads to oscillating 
current i(t) at the resonance frequency ωr = 1/ LC . At resonance, the average 
energy stored in the electric and magnetic fields becomes equal, Wm = We. The 
Fourier transform of the sine wave oscillation results in an impulse, as shown in 
Figure 5.37(a).

In practical applications, every resonator experiences losses. Therefore, mod-
eling these losses and energy decay involves the introduction of a resistor to the 
LC circuit, as shown in Figure 5.37(b). Due to losses in the resistor, the oscillations 
gradually diminish over time, as illustrated in Figure 5.37(b). The Fourier trans-
form of an exponentially decaying oscillation is depicted in Figure 5.37(b), where 
the spectrum becomes broader compared to a pure sine wave oscillation. The 
width of the spectrum is directly proportional to the decay rate. As the oscillation 
decays faster, the spectrum becomes wider. Chapter 3 also discussed the concept 
of spectral broadening within the context of coherence time.

Figure 5.37(b) demonstrates that the bandwidth (BW) of the spectrum is 
inversely proportional to the quality factor (Q) of the resonator. The quality factor 
represents the number of oscillations a resonator can sustain before experiencing 
complete decay due to losses. In essence, it quantifies the oscillator’s capability 
to maintain oscillations. The quality factor is the ratio of the energy stored in the 
resonator to the energy lost per oscillation.

	

Q = w average energy stored
energy loss/second

= w
Wm +We

Ploss

=
f0
B

	 (5.29)

In the equations provided, Wm and We represent the average stored energy 
in the electric and magnetic fields, respectively. Ploss denotes the power loss, f0 is 
the resonant frequency, and B represents the bandwidth. A higher quality factor 
results in a sharper frequency response and narrower linewidth, as Figure 5.37(b) 
depicts. For example, a tuning fork typically has a quality factor of around 103, an 
atomic clock around 1011, a microstrip resonator on the order of 103, and microwave 
cavities on the order of 105.

Microwave resonators exhibit behavior similar to LC circuits near their resonant 
frequency and can be constructed using any transmission line. A half-wavelength 
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Figure 5.37  (a) LC circuit (lossless resonator); time domain current; frequency domain current; (b) RLC 
circuit (lossy resonator); time domain current; frequency domain current. Voltage distribution of (c) a 
short-circuit resonator and (d) an open-circuit resonator.
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transmission line with one or both ends open, as shown in Figure 5.37(c, d), can 
be employed to create a microwave resonator. Determining the voltage distribu-
tion is straightforward: At the open end, the voltage reaches its maximum and 
then changes by half a wavelength over the length of the transmission line. For a 
shorted end, the voltage is zero and then changes by half a wavelength over the 
length of the transmission line.

The rate of photon loss, κ, which represents the width of the Lorentzian-shaped 
transmission power spectrum, is related to the measured quality factor, QL, as QL 
= ωr/κ. The photon storage time of the cavity mode under consideration is given 
as τn = 1/κ.

Regarding Pin, which denotes the probe power applied directly at the resonator 
input, the resonant transmission peak power, Pr can be calculated as Pr = IL ⋅ Pin, 
where IL represents the insertion loss. Equation (5.30) gives the Lorentzian-shaped 
transmission power spectrum:

	

P v( ) = Pr

1 + 4
w − wr

k
⎛
⎝⎜

⎞
⎠⎟

2 	 (5.30)

with κ/2π the full width at half maximum. The phase shift of the transmitted 
microwave wave with respect to the incident wave can also be measured and is 
described by

	
d v( ) = tan−1 2 w − wr( )

k
⎛

⎝
⎜

⎞

⎠
⎟ 	 (5.31)

5.4.3.3.1  Resonator Coupling

Resonators typically require coupling to the external world. In Figure 5.38(a), the 
meander line CPW resonator used in a quantum circuit is capacitively coupled to 
the input and output lines, allowing the qubit’s state to be read out by analyzing 
the S21 parameter.

Figure 5.38(b) illustrates the connection of an external load to a resonant circuit. 
The coupling between the resonator and external circuits introduces an energy 
leakage channel that decreases the overall quality factor. To examine the impact of 
coupling, three quality factors are defined: the unloaded quality factor (Qu), which 
describes the resonator without any loading effects from the external circuitry; 
the external quality factor (Qe); and the loaded quality factor (QL). The following 
expression defines the relationship between these quantities:

	

1
QL

= 1
Qe

+ 1
Qu

	 (5.32)

Table 5.13 presents the quality factors of series and parallel resonant circuits. It 
demonstrates that the external quality factor takes into account the losses caused 
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by coupling to the external circuit, denoted as RL. In contrast, the loaded quality 
factor combines the resonator’s internal losses and the external losses resulting 
from the coupling.

Transmission-line open-ended resonators are commonly used in quantum 
circuits. In the case of an open-ended λ/2 line, the unloaded quality factor is 
determined by

	
Qu = p

2aℓ = b
2a 	 (5.33)

Here, 𝓁 represents the length of the transmission line and the attenuation 
constant α = αc + αd comprises metallic αc and dielectric losses αd, provided that 
radiation losses are negligible. The propagation constant is given by β = 2πf/vp, 
where vp represents the phase velocity.

Figure 5.38  (a) Capacitive coupling to a meander line CPW resonator and (b) an external load, RL, 
connected to a resonant circuit.

Table 5.13  Unloaded, External, and Loaded Quality Factors for Series and  
Parallel RLC Circuits

Parameter

Series RLC Resonator

w0 = 1
LC

⎛
⎝⎜

⎞
⎠⎟

Parallel RLC Resonator

w0 = 1
LC

⎛
⎝⎜

⎞
⎠⎟

Unloaded Q
Qu =

w0L
R

= 1
w0RC

Qu = w0RC = R
w0L

External Q
Qe =

w0L
RL

Qe =
RL

w0L

Loaded Q
Qe =

w0L
R + RL

Qe =
RL ! R
w0L

=
RRL

w0L R + RL( )
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External circuits can be coupled in three regimes: undercoupled, critically 
coupled, and overcoupled. The coupling coefficient g, defined as follows, can be 
used to determine the coupling regime of a resonator.

	
g =

Qu

Qe
	 (5.34)

Three coupling regimes can be defined depending on the value of g, as follows:

1.	 g < 1: The resonator is undercoupled to the feedline.
2.	 g = 1: The resonator is critically coupled to the feedline.
3.	 g > 1: The resonator is overcoupled to the feedline.

When a resonator is connected to a transmission line with a characteristic 
impedance of Z0, the coupling coefficient for a series resonant circuit is given by 
(g = Z0/R), while for a parallel resonant circuit is given by (g = R/Z0). Resonators 
strongly coupled (overcoupled) with low-quality factors (high bandwidth) are well-
suited for fast qubit measurements. In qubit measurements, it is typically desirable 
to have gCPW ≫ 1. Furthermore, a large bandwidth is advantageous for resetting a 
qubit to its ground state. This can be achieved by bringing its frequency close to 
the cavity resonance and utilizing the Purcell-enhanced decay rate. On the other 
hand, undercoupled resonators with high-quality factors negatively impact the 
fidelity of qubit readout, as they collect fewer signal photons during the qubit’s 
lifetime. Resonators with high-quality factors can store photons in the cavity for 
an extended period and potentially be used as quantum memories [19].

The coupling coefficient can be determined by measuring the S21 parameter 
of the cavity at the resonance frequency ω0. If the resonator appears as a series 
RLC resonator, then [3]

	
g =

S21 w0( )
1 − S21 w0( ) 	 (5.35)

Please note that the above S21 parameter is expressed in linear units, not in 
decibels. If the resonator appears as a parallel RLC circuit, it can be demonstrated 
that the result for g in (5.35) should be inverted. Figure 5.39(a, b) illustrates the 
reflection measurements of over and undercoupled resonators.

Directly measuring the unloaded Q of a resonator is generally not feasible 
due to the loading effect of the measurement system. However, it is possible to 
determine the unloaded Q from measurements of the loaded resonator’s frequency 
response when connected to a transmission line. The loaded quality factor, QL, can 
be directly measured from the S21 frequency response. In this case, QL is calcu-
lated as QL = f0/BW, where f0 is the resonant frequency, and BW is the half-power 
bandwidth, where the transmission response is 3 dB lower than at resonance. It 
can be demonstrated that Qu = (1 + g)QL, allowing for the determination of the 
unloaded Q by calculating QL and g from the S-parameter. In addition to the 
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two-port (transmission measurement) technique discussed above, the one-port 
(reflection measurement) technique can also be employed to determine the quality 
factor of a resonator [18].

5.4.3.3.2  CPW Microwave Resonator

As discussed in Section 5.3.3.3, planar qubits commonly employ CPW transmis-
sion lines. Figure 5.40(a) depicts a half-wavelength CPW resonator with the qubit 
positioned at the center, resulting in a strong coupling due to the maximum volt-
age at that location. Alternatively, two qubits can be placed at the open ends of 
the resonator, as shown in Figure 5.40(b). Another option is to add two additional 
qubits on the opposite side of the line, enabling the coupling of four qubits to the 
same resonator.

The frequency of the dominant resonant mode f0 for a CPW line can be 
expressed as [19]

	
f0 = c

εeff

1
2l

= 1
L
ℓ
C
ℓ

1
2l 	 (5.36)

Where l is the length of the line, which is half the wavelength; C𝓁 and L𝓁 is 
the capacitance and inductance per unit length of the line, respectively; and 𝜖eff is 
the effective permittivity. The per unit length parameters are given by L𝓁 = (μ0/4)
(K(k′0)/K(k0)), C𝓁 = 4𝜖0𝜖eff(K(k0)/K(k′0)). Here, K denotes the complete elliptic inte-
gral of the first kind with the arguments k0 = w/(w + 2s) and k′0 = 1 − k0

2 , where 
w is the width of the CPW line, and s is the gap dimension between the line and 
the ground. Superconducting CPW resonators can reach a quality factor on the 
order of 105.

Figure 5.39  (a) Critically coupled resonator with a sharp resonance and a large return loss and (b) 
overcoupled and undercoupled resonators with small return loss.
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Waveguide Resonators

Microwave resonators undergo losses caused by metallic, dielectric, and radiation 
effects. Open structures on dielectrics, such as microstrip or CPW resonators, 
experience all three types of losses. Radiation losses, in particular, are significant 
because an open end can act as a slot antenna. Additionally, these structures have 
high metallic and dielectric losses, which limit their achievable quality factor and 
operating power.

In contrast, waveguide resonators form closed boxes or cavities [see Figure 
5.41(a)] and typically do not incorporate dielectric components. Due to the shield-
ing in all directions, energy leakage as radiation is prevented. Moreover, the larger 
surface area available for current within waveguide cavities results in lower metal-
lic losses [20, 21]. As a result, waveguide cavities can achieve quality factors up to 

Figure 5.40  (a) Coupling a single qubit to a CPW resonator and (b) coupling two qubits to a CPW 
resonator.
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two orders of magnitude higher than planar resonators. External circuits can be 
coupled to the cavity using a small aperture, probe, or loop.

For the dominant cavity mode, TE101, the electric field exhibits maximum inten-
sity in the middle of the cavity, as illustrated in Figure 5.41(b). Therefore, as shown 
in Figure 5.41(c), placing the qubit at this location maximizes the coupling [20, 21]. 
The advantages of 3D cavities for qubit applications are discussed in Chapter 3.

The resonant frequency of the TEmnl or TMmnl mode of a lossless rectangular 
cavity can be calculated as follows [3]

	
fmnℓ =

c
2p µrεr

mp
a

⎛
⎝⎜

⎞
⎠⎟

2

+ np
b

⎛
⎝⎜

⎞
⎠⎟

2

+ ℓp
d

⎛
⎝⎜

⎞
⎠⎟

2

	 (5.37)

Where a, b, and d are the waveguide dimensions in Figure 5.41(a). If b < a < d, 
the dominant resonant mode (lowest resonant frequency) will be the TM101 mode. 
The dominant TM resonant mode is the TM110 mode. The cavity’s resonant modes, 
TEmnl or TMmnl, indicate the number of variations in the standing wave pattern in 
the x, y, and z directions, respectively.

The unloaded Q of the cavity with lossy conducting walls but lossless dielectric 
can be found as Qc = (2ω0We)/Pc where Pc is the dissipated power due to metallic 
losses. The unloaded Q of the cavity with a lossy dielectric filling and perfectly 
conducting walls is Qd = (2ω0We)/Pd = 𝜖′/𝜖″ = 1/tanδ where Pd is the dissipated 
power in the dielectric. The total unloaded Q becomes

	
Qu = 1

Qc

+ 1
Qd

⎛
⎝⎜

⎞
⎠⎟

−1

	 (5.38)

Waveguide cavities with other shapes, such as cylindrical ones, are utilized 
in certain applications including some qubit architecture.

5.4.4  Phase Manipulation

A phase shifter is a two-port device that adjusts a microwave signal’s phase. It can 
be implemented using microwave diodes, field-effect transistors (FETs), or ferrite 
materials such as YIG or iron oxides. Ferrite phase shifters utilize a bias field to 
control the amount of phase shift. These phase shifters find wide applications in 
various systems, including steerable communication links like phased-array anten-
nas, where the radiation beam can be electronically steered by manipulating the 
phase of each antenna element in the array. Phase shifters are also used in other 
applications, such as cancelation loops, to enhance the linearity of amplifiers.

The phase of an analog tunable phase shifter can be adjusted using a control 
voltage. In contrast, a digital phase shifter utilizes a series of control bits. Ana-
log-tunable phase shifters typically offer lower insertion loss than their digital 
counterparts. However, it is essential to note that the phase shift is not a linear func-
tion of the control voltage, as demonstrated in Figure 5.42(a). Therefore, it is crucial 
to accurately characterize the phase shifter and establish the correct association 
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Figure 5.41  (a) A rectangular cavity resonator, showing the electric field variations for the TE101 and 
TE102 resonant modes; (b) top view of the field distribution for the first two modes of a rectangular cavity; 
and (c) a transmon qubit coupled to a rectangular cavity, where the large pads act as capacitors, and the 
Josephson junction is placed between the two pads.

between each voltage and its corresponding phase shift. The control function of a 
phase shifter refers to the relationship between the voltage or digital control value 
and the resulting phase shift. Ideally, this relationship would be linear.

Digital phase shifters, commonly employed in microwave systems, have limited 
resolution determined by the number of bits they possess. For example, an 8-bit 
phase shifter offers a resolution of approximately 1.4 degrees (360°/28). Another 
significant aspect of phase shifters is their insertion loss variation with phase con-
trol, indicating the extent to which the insertion loss changes as the phase shifts. 
In an ideal scenario with a perfect phase shifter, there would be no variation in 
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insertion loss. This characteristic is crucial for both phased-array antennas and 
cancelation applications, as a constant insertion loss versus phase eliminates the 
need to adjust gain as the phase is modified. However, some amplitude variation 
will always exist in practical circuits.

The variation of IP3 and the insertion loss with phase control are two critical 
operational parameters of a phase shifter.

Tunable phase shifters are critical in implementing photonic quantum gates 
in qubit systems [22]. They also facilitate the on-chip integration of control and 
measurement systems for superconducting qubits, enabling the adjustment of 
the phase of an on-chip coherent microwave source to access a universal set of 
single-qubit gates with a single off-chip microwave source [22]. One approach to 

Figure 5.42  (a) Phase shift versus control voltage and (b) magnetic-flux-tunable phase shifter.
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implementing an on-chip magnetic-flux-tunable phase shifter is utilizing three 
equidistant SQUIDs on a transmission line, as illustrated in Figure 5.42(b).

5.5  Signal Detection

Signal detection is the final crucial step in a microwave link, aimed at success-
fully detecting the received signal. The definition of successful detection can vary 
depending on the system requirements and the type of receiver employed. Multi-
ple receiver architectures are available, including heterodyne, direct conversion, 
image reject, and low-IF receivers, each with its advantages, disadvantages, and 
trade-offs concerning performance, complexity, and cost. In this context, we now 
explore two widely used architectures in superconducting quantum computers: 
the homodyne architecture and the superheterodyne architecture.

Figure 5.43 presents a general overview of the signal-detection process, fol-
lowed by nearly all architectures. However, each architecture modifies certain 
parts of the detection chain to achieve particular objectives, such as addressing 
image frequency problems or enhancing selectivity. The fundamental principle 
of detecting the readout signal of a qubit is similar to that of detecting communi-
cation signals, as discussed in Section 7.3.2.2.

The various components of a receiver, as depicted in Figure 5.43, are described 
as follows:

•	 Amplification: Chapter 4 discussed the concept of the MDS and showed that 
signal detection fails if the signal level falls below the MDS level. For instance, 
when utilizing a diode envelope detector, the signal must be sufficiently 
strong to overcome the diode’s forward voltage drop. Therefore, amplifiers 
increase the signal level above the MDS level. On the receiving end, LNAs 
maintain a low noise level to facilitate signal detection. However, the nonlin-
ear behavior of the amplifier can affect the detection performance. Chapter 
4 examined how intermodulation products generated by the amplifier or 
mixer nonlinearities can leak into the desired channel and corrupt the sig-
nal. Hence, when operating in tightly spaced channels and high interference 

Figure 5.43  Signal flow in a general receiver architecture.
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environments, it is crucial to consider not only the gain and noise figure but 
also the amplifier’s P1dB and IP3 to ensure optimal performance.

•	 Filtering: Filtering is critical in microwave signal processing, serving two 
primary objectives: suppressing strong out-of-band signals and eliminating 
image frequencies and spurs. A bandpass image reject filter eliminates out-
of-band signals including images, as shown in Figure 5.44(a). Subsequently, 
a channel select filter is used to choose the desired channel, commonly used 
in a heterodyne architecture (refer to Section 5.4.3.2). On the other hand, a 
homodyne architecture (refer to Section 5.4.3.2) utilizes a single low-pass 
filter to eliminate out-of-band signals, as shown in Figure 5.44(b).

Figure 5.44(a) illustrates the image problem, where signals might exist 
at the image frequency. Recall that two signals with the same distance from 
the LO frequency would be downconverted to the same frequency, result-
ing in the corruption of the desired signal. To address this issue, a filter, as 
depicted in Figure 5.44(a), is employed to eliminate the image frequency.

The placement order of the filter and LNA may raise some questions. 
Typically, the LNA is positioned immediately after the readout resonator 
in qubit experiments. As discussed in Section 4.3.2.4, the first element’s NF 

Figure 5.44  (a) Filtering the out-of-band signals in heterodyne architecture and (b) concept of image 
frequency.
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determines the entire chain’s overall NF. Hence, a low NF and high-gain LNA 
are used as the first element to minimize the NF. However, this configuration 
has a drawback: The LNA can quickly saturate due to strong out-of-band 
signals, and image frequencies can corrupt the detection process. Nonethe-
less, this is not a concern in qubit experiments since highly shielded qubit 
environments typically do not have strong out-of-band signals.

If we swap the filter and the LNA, the overall NF is significantly increased 
since the filter acts as a lossy component with a relatively high NF. However, 
in high-interference environments, placing the filter before the LNA may be 
necessary to prevent the LNA from entering compression if a large out-of-
band signal overloads it or if image frequency issues exist.

•	 Downconversion: Downconversion is a crucial step in microwave signal pro-
cessing, as it brings the signal’s frequency content to a range suitable for dig-
itization or demodulation. A mixer and an oscillator are utilized to achieve 
this, as depicted in Figure 5.45. Depending on the receiver architecture, the 
downconversion process can occur in single or multiple stages. In homodyne 
detection, the signal is directly downconverted to the baseband, while dou-
ble-conversion superheterodyne architectures involve two downconversions.

Regarding IQ mixers, as discussed in Section 5.4.3.2 amplitude and phase 
imbalances can introduce errors that cause the constellation points on the IQ 
diagram to deviate from their ideal locations. Therefore, mixer calibration is 
essential to minimize imbalance and improve the mixer’s spur performance.

The LO is typically a variable frequency oscillator that tunes the receiver 
to different channels. Chapter 4 mentions that the LO must have low-phase 
noise and deliver a clean output. Otherwise, issues such as leakage to neigh-
boring channels and reciprocal mixing may arise. Furthermore, the absence 
of a clean LO spectrum can lead to mixing its harmonics with spurious input 
signals, which can be transmitted to the IF.

Another issue to consider is the LO leakage, as depicted in Figure 5.45(a). 
When the LO signal leaks to the input of the mixer and reflects back, it mixes 

Figure 5.45  (a) Self-mixing effect due to LO leakage and (b) interferer leakage.
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with itself and generates a DC offset, which is called the self-mixing effect. 
Additionally, the LO leakage can reach the receive antenna and radiate, 
potentially affecting the sensitivity of other receivers operating in the same 
frequency band. Also, the interferer can leak as shown in Figure 5.45(b).

•	 Digitization/demodulation: The downconverted signal is commonly sampled 
using a digitizer, also called an ADC. The obtained digital samples can be 
employed for demodulation or subjected to additional processing using 
digital signal processing (DSP) techniques.

While not employed in all types of receivers, an equalizer can compensate for 
nonlinear effects, thereby mitigating distortions and enhancing the overall fidelity 
of the received signal.

5.5.1  Homodyne Detection

The term “homodyne” originates from the combination of “homo” (same) and 
“dyne” (mixing), referring to the same frequency of the LO and the received sig-
nal. Figure 5.46(a) shows that this receiver brings the received signal directly to 
the baseband centered at DC. An IQ mixer is used after the LNA to downconvert 
the signal. Subsequently, a low-pass filter is employed to suppress harmonics and 
spurs generated in the previous stages. This architecture is simple and cost-effec-
tive due to its few components. However, it also has its drawbacks.

Figure 5.46  (a) Simple homodyne receiver and (b) homodyne receiver with quadrature 
downconversion.
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The homodyne receiver is also utilized for the room-temperature detection 
of a qubit’s readout signal. Figure 5.46(b) illustrates a homodyne receiver with 
quadrature downconversion. The LO frequency is adjusted to downconvert the 
readout signal to a frequency suitable for digitization. Subsequently, the I and Q 
components are fed into a digitizer, and the resulting output is transmitted to the 
data acquisition software on a PC.

One of the main drawbacks of the homodyne detection architecture is the 
presence of DC offset caused by the previously mentioned self-mixing issue, which 
some design tweaks can minimize. As depicted in Figure 5.46(b), many modern 
receivers employ homodyne detection with quadrature detection followed by 
digital signal processing.

Another drawback of the homodyne detection architecture is its susceptibil-
ity to noise and interference, as it does not reject the image signal in the opposite 
sideband. However, a method developed by Campbell in 1993 [8] allows for elim-
inating the other sideband by modifying the receiver’s architecture.

5.5.2  Superheterodyne Detection

Figure 5.47(a) showcases a typical single-conversion superheterodyne receiver. Fig-
ure 5.47(b) further illustrates the signal flow as it progresses through the superhet-
erodyne detection chain. The initial RF filter offers selectivity, effectively filtering 
out the out-of-band and image signals. When operating at a lower frequency, IF 
filters can provide narrower passbands at the same Q-factor compared to an equiv-
alent RF filter. Consequently, the first RF filter possesses a wider bandwidth and 
lower selectivity. After the downconversion process, a high-Q channel selection 
IF filter, such as a SAW filter, is employed to extract the desired channel.

The IF selection involves a trade-off between image rejection and channel 
selectivity. The separation between the received signal and the image frequency 
is twice the IF frequency, as illustrated in Figure 5.48(a). A higher IF provides 
significant rejection of the image frequency but suffers from a lower Q of the 
channel selectivity filter. Conversely, as depicted in Figure 5.48(b), a lower IF is 
more effective in suppressing in-band interferers and benefits from a higher Q of 
the channel selectivity filter. So, a trade-off exists between achieving high image 
frequency suppression and ensuring optimal channel selectivity.

A double-conversion architecture can achieve both high suppression of the 
image frequency and high channel selectivity. Figure 5.48(c) demonstrates the 
utilization of two IFs. In this architecture, the first stage converts the input fre-
quency to a high IF, ensuring a low image response. Subsequently, the second stage 
converts this frequency to a low IF, resulting in excellent selectivity within the 
second IF filter. Commercial qubit receivers, like the SHFQC from Zurich Instru-
ments, employ a double-conversion superheterodyne architecture, as illustrated 
in Figure 5.48(d) [23].

5.5.3  Direct RF Sampling

Recall that digital signal generation can reduce the size and cost per channel, thus 
opening new opportunities for qubit scaling. Similarly, digital detection techniques 
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Figure 5.47  (a) Single-conversion superheterodyne receiver and (b) signal flow in a 
superheterodyne detection chain.
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Figure 5.48  Superheterodyne receiver: (a) high-IF receiver; (b) low-IF receiver; (c) double-
conversion receiver; and (d) double-conversion receiver used for qubit readout signal detection.

can play the same role for each receive channel. This approach employs fast, 
high-resolution, and accurate analog-to-digital conversion of the received signal 
to eliminate the downconversion stage, as depicted in Figure 5.49. Consequently, 
there is no need for a LO and mixer at the IF stage. This simplified architecture 
eliminates potential noise sources, images, and other errors, including LO leakage 
and quadrature impairments. As a result, the tedious IQ mixer calibration process 
is no longer necessary, and synchronization becomes simpler.

The continuous advancement in ADCs has made it feasible to sample micro-
wave signals directly. RF system-on-chip (RFSoC) modules bypass the entire 
room-temperature downconversion chain, allowing for direct sampling and dig-
itization of the microwave signal from the fridge. Direct sampling is also utilized 
in the atom and ion qubits detection chain.

While direct RF sampling offers several advantages, several drawbacks must 
be considered. First, high-speed ADCs capable of sampling microwave frequencies 
are still quite expensive. It is another challenge to achieve a high dynamic range to 
accommodate the wide range of signal levels, as it necessitates using ADCs with 
a high dynamic range. This can be technically challenging and costly, especially 
when aiming for high sampling rates.

Moreover, direct RF sampling systems require advanced digital signal pro-
cessing techniques and calibration methods, adding to the overall complexity. 
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Figure 5.48  (Continued)

Additionally, these systems are susceptible to phase noise in the ADC clock and 
other system components, impacting their performance.

Last, direct RF-sampling systems often require more power than traditional 
heterodyne systems due to the higher sampling rates and demanding digital signal 
processing requirements. In superconducting qubit systems, direct RF sampling 
through an ADC is employed to digitize signals. This occurs after bringing the 
signal to the appropriate frequency range via downconversion.
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Principles of Electromagnetic 
Compatibility

A new idea must not be judged by its immediate results.

—Nikola Tesla

This chapter introduces the fundamental concepts of electromagnetic capability 
(EMC) necessary to operate a superconducting qubit hardware setup. The chapter 
begins by exploring the crucial role of signal integrity and EMC in a qubit hard-
ware setup. Then it delves into critical techniques for ensuring superconducting 
qubits’ reliable and efficient operation, including shielding, filtering, and ground-
ing. Subsequently, Chapter 7 applies the concepts and techniques learned in this 
chapter to the qubit hardware setup.

6.1  Signal Integrity

Chapter 3 explained that microwave pulses are crucial in controlling and reading 
out the quantum states of superconducting qubits. The pulse parameters, such as 
the shape, amplitude, and width of these pulses applied to a qubit, determine the 
qubit’s final state on the Bloch sphere. Therefore, any changes to the pulse param-
eters used to apply a quantum gate can potentially harm quantum-gate fidelity.

Chapter 4 further discussed how attenuation, distortion, noise, and interfer-
ence can negatively impact the signal’s shape. Furthermore, noise and interference 
can also cause qubit dephasing and relaxation, as discussed in Chapter 3. Figure 
6.1 shows the effect of distortion on a Gaussian pulse used for qubit control as 
it travels over a microwave transmission line. Changes in the pulse parameters, 
such as the width and amplitude, can lead to deviations in the final state from 
its ideal point, affecting the quantum gate fidelity. Chapter 3 also described how 
pulse calibration helps to improve gate fidelity and minimize the effect of sig-
nal impairments.

Signal-integrity analysis studies how the shape of a signal changes as it prop-
agates in a system and allows us to evaluate whether the signal can be detected 
successfully. Analytical and simulation tools and measurement techniques are 
employed at the board and system levels to ensure good signal integrity. This 
chapter focuses on techniques that mitigate interference, which is the subject of 
EMC. Next, Chapter 7 discusses various noise-suppression techniques.
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Figure 6.1  (a) Pulse broadening due to dispersion effect. The Gaussian pulse’s amplitude and 
width affect the qubit’s final state on the Bloch sphere. (b) The goal is to bring the qubit state 
to a superposition state at point A on the Bloch sphere. However, due to the broadening of the 
Gaussian pulse, the final state deviates from point A and ends at point B.

6.2  EMC

Chapter 4 covered the concept of interference. Dealing with interference is the 
subject of EMC. Three conditions, listed as follows, must be satisfied to meet the 
EMC requirements for a system [1–3]:

•	 The system should not interfere with other systems.
•	 The system should not interfere with itself.
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•	 The system should be resistant to emissions and interference from 
other systems.

In electronic systems that use narrow pulses, the spectral content spans a 
wide range of frequencies. This broad frequency range increases the likelihood 
of interference in electronic systems. Therefore, designers must incorporate EMC 
considerations into their electronic-system designs to ensure proper operation in 
the presence of external interference and prevent the creation of interference that 
could disrupt other systems. These considerations become even more crucial in 
today’s RF environment, where numerous radio signals are present.1 As covered in 
Chapter 7, a considerable amount of effort is put into minimizing the interference 
and noise coupled to a semiconductor qubit system, as these unwanted signals 
cause the loss of quantum information.

EMC can be approached at two primary levels: board-level design and sys-
tem-level design. Board-level EMC design involves techniques and considerations at 
the printed-circuit-board (PCB) level to ensure good signal integrity. This consists 
of considerations on the board layout, component placement, and managing power, 
analog, and digital signals. On the other hand, system-level design considerations 
focus on meeting EMC requirements at the system level using techniques such 
as filtering, shielding, and grounding. This chapter discusses the system-level 
EMC design considerations that are directly applied to the qubit hardware setup 
in Chapter 7.

6.2.1  Interaction of an Electronic System with the Environment

An electronic system’s interactions with its surroundings comprise three primary 
components: the generator, coupling path, and receptor. The generator’s signal 
is coupled to the receptor through the coupling path. The coupling path can be 
either a conducted path, such as cables and wires, or a radiated path, such as elec-
tromagnetic radiation. Figure 6.2 shows that thermal noise at room temperature 
(generator) can couple to the qubit (receptor) through either the cables that run 
inside the fridge (conducted coupling path) or radiation (radiated coupling path).

1. Electronic products need to meet certain regulatory requirements set by the Federal Communi-
cations Commission (FCC) in the United States or the Conformité Européene (CE) in the European 
Union. These requirements essentially ensure that the product does not generate an excessive amount 
of electromagnetic radiation that could interfere with the function of other electronic components.

Figure 6.2  Noise coupled to the qubit through the conducted or radiated paths.
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The EMC terminology for these two coupling cases is conducted emission and 
conducted susceptibility for the case of direct coupling and radiated emission and 
radiated susceptibility for the case of indirect coupling. The term emission is used 
for the generator, while susceptibility is used for the receptor. In EMC terminology, 
the source is called the aggressor, whereas the system affected by the source is 
called the victim.

We can manipulate the generator, the coupling path, or the receptor to protect 
the system from unwanted signals. For instance, we can identify and eliminate the 
source of interference or noise. However, this may not always be feasible, so we 
must use filtering and shielding techniques to block the coupling paths. We can also 
implement measures and design considerations to make the receptor less vulner-
able to interference, such as onboard filtering, shielding, and layout optimization.

6.2.2  Interference Sources

The primary sources of interference in an electronic system are the far-field or 
antenna coupling and the near-field or crosstalk, as illustrated in Figure 6.3. Var-
ious techniques are utilized to suppress coupling effects depending on the oper-
ating frequency and nature of the source (far-field versus near-field and electric 
versus magnetic).

Near-field sources are classified as electric and magnetic. As shown in Figure 
6.3, a near-field magnetic source, such as a magnetic dipole, has a low impedance 
in the near field, where the impedance Z is defined as the ratio of the electric E 
and magnetic fields H (i.e., Z = E/H). As we move away from the source, the mag-
netic field decays more rapidly than the electric field. Motors and transformers 
are examples of near-field magnetic sources.

In contrast, as shown in Figure 6.3, an electric source, such as the near field 
of an electric dipole, has a high impedance near the source, and the electric field 
decays faster than the magnetic field as we move away from the source. Near-field 

Figure 6.3  Variation of an electric dipole and magnetic dipole impedance with distance.
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electric and magnetic probes can be used with a spectrum analyzer to locate near-
field interference sources.

As shown in Figure 6.3, in the far field, the ratio of the electric and magnetic 
fields, called the free-space characteristic impedance Z = E/H = η0 = m0 /e0  = 
377Ω is constant for both sources. TV stations and cell phones are examples of 
far-field sources.

6.2.3  Crosstalk

Crosstalk refers to near-field interference within a system where the source and 
receptor of electromagnetic emission are located within the same system. An 
example of crosstalk is the unintended coupling between PCB traces in close 
proximity. The electric and magnetic fields in a PCB extend to the vicinity, and 
when the density of circuit traces or cables is high, crosstalk can become a severe 
issue. As shown in Figure 6.4, there are two types of crosstalk: capacitive and 
inductive. Various techniques minimize crosstalk, including shields and specific 
design considerations, such as signal-routing techniques.

In a multiqubit system, crosstalk can occur due to spurious inter-qubit cou-
plings [4–6]. Techniques such as modifying the qubit design and using control 
pulses to decouple qubits, called dynamical decoupling, are used to suppress the 
effect of crosstalk [5, 6]. Additionally, crosstalk can be an issue when using a high 
density of cables going into the fridge, as discussed in Chapter 2 [7].

6.3  Electromagnetic Shielding

As discussed in Chapter 4, noise and interference can be coupled to a device 
through the radiated path. Electromagnetic shielding can block the radiated path 
and protect the device from noise and interference. In addition, a shield can pre-
vent radiation generated by a device from escaping outside the shield, thereby 
protecting other devices from the generated noise and interference. Figure 6.5 
illustrates these two functions of the shield.

While the interference coupled through the conducted path is tackled with 
filtering, shielding blocks the radiated path. Therefore, shielding the qubit and all 

Figure 6.4  Circuit model of two coupled transmission lines. Capacitive and inductive coupling happens 
between the traces.
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Figure 6.5  A shield being used to (a) contain radiated emissions and (b) block radiated 
emissions.

Figure 6.6  Reflection loss, absorption loss, and the multiple reflections in a shield.

the instruments and components in the setup is crucial to blocking the radiated 
coupling path to the qubit. Sections 6.3.1 to 6.3.4 discuss how to design an effective 
shield and avoid mistakes that can reduce its effectiveness, such as leaving holes 
in the enclosure or poor grounding.

6.3.1  Shielding Effectiveness

A shield is typically a metallic enclosure that isolates a device from its surround-
ings. Figure 6.6 shows the incident, reflected, and transmitted signals when a 
shielding material is used. Various mechanisms, such as reflection, attenuation, 
and multiple reflections, contribute to the effectiveness of a shield.

The effectiveness of a shield is defined by a parameter called shielding effec-
tiveness SE, which is the ratio between the incident electric field on the shield Êi  
and the transmitted electric field on the other side of the shield Êt  (see Figure 6.6) 
[1, 2]. The shielding effectiveness is given by

	
SE = 20log10

Êi
Êt

	 (6.1)

A 120-dB shielding effectiveness indicates that the transmitted field magni-
tude is reduced by a factor of 106. The shielding effectiveness for magnetic fields 
is defined as
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SE = 20log10

Ĥi

Ĥt

	 (6.2)

The intrinsic impedance of the medium defines the relationship between 
electric and magnetic fields for a uniform plane wave. If the incident field is a 
uniform plane wave and the media on both sides of the shield are the same, the 
two definitions of shielding effectiveness are equivalent. However, they are not 
identical for near fields or different media on each side of the shield.

Three mechanisms contribute to shielding effectiveness, as shown in Figure 
6.6: reflection loss R, absorption loss A, and multiple reflections M, which are 
expressed by the following equation:

	 SEdB = RdB + AdB + MdB 	 (6.3)

The first term, reflection loss, is associated with the portion of the reflected 
incident field at the interfaces of the shield. According to Table 6.1, reflection loss is 
the predominant mechanism for shielding low-frequency near-field and far-field 
electric sources. For this purpose, thin metal sheets are sufficient, as most of the 
electric field is reflected at the first interface.

The second term in (6.3) describes the absorption loss of the wave as it propa-
gates through the shield. This is caused by the exponential attenuation of the wave 
amplitude with the factor e–αz, where α is the attenuation constant of the material 
and z is the distance from the shield’s first interface. In good conductors, the atten-
uation constant α is the inverse of the skin depth δ (i.e., α = 1/δ). The skin depth 
is given by δ = 1/ pfms , where f is the frequency, μ is the permeability, and σ is 
the conductivity of the shield. The shield must be sufficiently thick for effective 

Table 6.1  Shielding Mechanisms for Different Types of Sources

Far field Near field

Electric Source
(High-Impedance)

Magnetic Source
(Low-Impedance)

Source 
Frequency

Low 
frequency

High 
frequency

Low 
frequency

High 
frequency

Low 
frequency

High 
frequency

Predominant 
shielding 
mechanism

Reflection Absorption Reflection Absorption Absorption Absorption

Type of 
shielding

Good 
conductor

Thick good 
conductor

Good 
conductor

Thick good 
conductor

High 
permeability 
material 
(Mu-metal)

Thick good 
conductor 
(several skin 
depths)

Reflection 
and 
absorption 
formulas

RdB = 168 + 10log10

sr

mrf
⎛
⎝⎜

⎞
⎠⎟

AdB = 131.4t fmrsr

= 8.686t
d   t  in meters( )

Re,dB = 322 + 10log10

sr

mrf
3r2

⎛
⎝⎜

⎞
⎠⎟

AdB = 131.4t fmrsr

= 8.686t
d   t  in meters( )

Rm,dB = 14.57 + 10log10

fr2sr

mr

⎛
⎝⎜

⎞
⎠⎟

AdB = 131.4t fmrsr

= 8.686t
d   t  in meters( )
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absorption loss, especially at high frequencies, where the skin effect becomes the 
dominant shielding mechanism. Table 6.1 recommends using thick conductors for 
shielding high-frequency electric and magnetic sources.

Low-frequency magnetic sources can be shielded using high-permeability 
materials such as ferromagnetic or Mu-metals. The shielding effect by a high-per-
meability material is shown in Figure 6.7(a), where the material acts as a low-re-
sistance path for magnetic fields, diverting them from the victim.

The following three factors may degrade the effectiveness of high-permeabil-
ity magnetic shields:

•	 The permeability of ferromagnetic materials decreases with increas-
ing frequency.

Figure 6.7  (a) Using a highly permeable ferromagnetic material to divert the magnetic field and 
(b) the cryoperm, ultraperm, and mu-metal permeability versus temperature [8].
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•	 The permeability of ferromagnetic materials decreases with increasing mag-
netic field strength, as a large magnetic field can saturate the material.

•	 The permeability of conventional ferromagnetic materials decreases with 
decreasing temperature.

Therefore, high-permeability materials are ineffective at high frequencies, low 
temperatures, and large magnetic fields.

Using two shields can mitigate the saturation effect caused by large magnetic 
fields. The outer shield has low permeability and low susceptibility to saturation, 
which reduces the intensity of the incident magnetic field to prevent saturation 
of the inner shield.

An additional consideration for qubit experiments is that the permeability 
of conventional ferromagnetic materials reduces with temperature, as shown in 
Figure 6.7(b). Therefore, special ferromagnetic materials, such as cryoperm, must 
be used for qubit experiments at millikelvin temperatures [8].

The third term, M in (6.3), represents the contribution of multiple reflections 
and transmissions, which occur as waves bounce back and forth between the 
shield’s interfaces. These reflections can create fields that add to the initial field 
transmitted across the right-hand side interface, thus reducing the shielding effec-
tiveness. Unlike the reflection and absorption loss, the multiple-reflection factor 
M is generally negative. However, for most practical shielding scenarios, the effect 
of multiple reflections is insignificant and can be neglected.

Figure 6.8 compares the shielding effectiveness of copper and aluminum 
shields, both 0.508-mm-thick. It can be observed from Figure 6.8 that reflection 
loss is the primary shielding mechanism at low frequencies, while absorption loss 
becomes dominant as the frequency increases.

Note that the shielding effectiveness can be reduced under the follow-
ing conditions:

•	 Any penetration into the shield, such as holes, cables, slots, or seams, can 
drastically reduce its effectiveness. Therefore, penetrations into the shield 
must be treated appropriately.

•	 A shield with no ground is not as effective as expected. Accordingly, shields 
must be grounded.

6.3.2  Effect of Penetration in the Shield

Unless appropriately treated, any penetration in the shield can drastically reduce 
its shielding effectiveness. Seams, cables, holes, or slots are necessary for cooling 
or when something comes in or out of the enclosure. The electrical size, which 
is the ratio of the physical dimension to the wavelength, of the holes or slots in 
the shield determines how much energy can leak through the enclosure. If the 
opening is larger than half the wavelength, the power leaks easily in or out of the 
enclosure. Therefore, it is essential to avoid large holes or slots.

A typical penetration is a hole or slot in the shield wall. Babinet’s principle can 
be used to explain the slot effect in the enclosure. According to Babinet’s principle, 
fields inside the shield can radiate outside through the slot opening, reducing its 
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Figure 6.8  (a) Shielding effectiveness for copper with 0.508-mm thickness and (b) shielding 
effectiveness for aluminum with 0.508-mm thickness.

effectiveness. Moreover, fields outside the shield can be picked up inside through 
the slot opening. In both cases, the slot acts as an antenna.

Figure 6.9 shows a slot and the complementary structure. If the slot in the left 
of Figure 6.9 has a linear dimension that is half the wavelength, then the radiation 
properties of this slot will be the same as a dipole antenna of the same length, 
with E and H components interchanged, as shown in the right of Figure 6.9. Note 
that the slot width does not significantly affect the radiation.
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Babinet’s principle expresses that the far fields radiated by the slot (Eθs, Eϕs, Hθs, 
Hϕs) and those radiated by the complementary structure (Eθc, Eϕc, Hθc, Hϕc) shown in 
Figure 6.9 are related by the following relationship: Eθs = Hθc, Eϕs = Hϕc, Hθs = −Eθc/
η0

2, and Hϕs = −Eϕc/η0
2 (where η0 is the free-space characteristic impedance). In light 

of this, it can be seen that apertures can function as effective antennas with the 
same conductor dimensions as the aperture. The radiation is generated since the 
slot largely perturbs the current path. So, if an opening needs to be created in the 
enclosure for ventilation purposes, avoiding slots and using holes is necessary, as 
holes do not change the current path significantly, as shown in Figure 6.10(a, b).

The next consideration concerns the lids that provide access to the interior of 
the shielded enclosure. Sometimes the lids have slots around them, as shown in 
Figure 6.10(c). Hence these gaps are treated by placing conductive gasket material 
in the gap or closely spaced screws to “short out” the slot antennas [2].

A component on a PCB can be shielded (see Section 6.2), the PCB itself can be 
shielded, and even the entire room can be shielded. Rooms used for high-accu-
racy electromagnetic testing or highly secured environments must be shielded. 
However, these rooms also need to have ventilation. To achieve this, a honeycomb 
array of waveguides below the cutoff frequency is used in shielded room walls. 
This design allows airflow into the room while preventing the propagation of 
frequencies below the waveguide’s cutoff frequency into the enclosure [2].

6.3.3  Effect of Grounding on the Shield

Grounding the shield serves two essential purposes. First, it ensures safety by pre-
venting high-voltage shocks from touching the shield. The shield of any instrument 
or component powered by a wall outlet must be connected to the outlet’s safety 
ground. This ground connection ensures that the enclosure’s potential is not too 
high, which could otherwise give electric shocks to anyone touching it.

The second reason for grounding a shield is to prevent unwanted coupling 
between circuits. As illustrated in Figure 6.11(a), an ungrounded shield can facil-
itate coupling between circuits inside or between cables going into the enclosure 
and the circuits [1, 2]. This can lead to crosstalk within the system and reduce the 
shielding effectiveness of the enclosure. On the other hand, a grounded shield does 

Figure 6.9  Babinet’s principle. A slot is equivalent to a complementary radiating structure.
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Figure 6.10  (a) A slot on a shield perturbing the current flow and acting as an antenna; (b) the use of 
many small holes, which offers the same ventilation effect as a large slot and does not perturb the current 
much as a large slot would; and (c) slots radiating according to Babinet’s principle with closely spaced 
screws used to break up the slot length. (After: [2].)

not create crosstalk within the system, as shown in Figure 6.11(b). Therefore, it is 
essential to ground all shields to the circuit neutral to prevent unwanted coupling 
and ensure the shield’s proper functioning.

6.3.4  Shielding Techniques for Qubits

For a qubit or any other microwave system, it is crucial to identify the noise sources 
and keep them away from the system if possible. For example, sources such as 
motors and loop antennas that produce predominantly magnetic fields at high-cur-
rent or low voltage levels, including pumps and compressors of the dilution fridge, 
should be kept away from the qubit hardware setup. However, it is also essential 
to have sufficient shielding for the qubit, to suppress the noise and interference 
caused by various near-field and far-field sources.

For room-temperature electronics, a shield made of a good conductor, such as 
aluminum that is a few millimeters thick, is used to provide shielding. The PCB 
version of a shield called a shield can is shown in Figure 6.12(a). A shield can is usu-
ally used to protect sensitive components such as detectors or receivers or contain 
the radiation of components such as amplifiers. It is crucial to be cautious when 
selecting the shield size, as a shield with a large volume can excite cavity modes 
that may couple to the circuits and components on the PCB, creating unwanted 
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Figure 6.11  Comparison of ungrounded and grounded shields: (a) a circuit enclosed in an 
ungrounded shield and (b) its equivalent circuit, and (c) a circuit enclosed in a grounded shield 
and (d) its equivalent circuit.

effects such as instabilities (see microwave cavities in Section 5.4.3.3). Hence, mini-
mizing the shield’s volume is vital to suppress cavity modes. In some cases, micro-
wave absorbers inside the shield help suppress cavity modes, particularly when 
the resonance source cannot be identified, or the shield itself cannot be modified.

The following two types of shields are used to protect the qubits:

•	 A relatively thick oxygen-free high-conductivity (OFHC) copper enclosure, 
as shown in Figure 6.12(b), shields the quantum chip mounted on the sample 
holder. Before placing the larger enclosure (on the far left of Figure 6.12(a)), 
a smaller intermediate cavity with a higher resonant frequency is utilized 
to prevent energy coupling to the resonant mode of the larger enclosure’s 
cavity. OFHC copper is used due to its high thermal conductivity, which 
is essential in cryogenic environments to conduct the heat away from the 
experiment. This shielding is effective against far-field and near-field electric 
and magnetic sources at high frequencies.
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Figure 6.11  (Continued)

Figure 6.12  (a) A shield can being used to shield onboard electronic components and  
(b) electromagnetic shielding of the qubit.
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•	 A cryogenic mu-metal shield with high permeability is used to shield against 
low-frequency magnetic sources. For example, a double-walled magnetic 
shield made from tempered cryoperm 10 can be utilized. Chapter 7 provides 
further details on shielding.

6.4  Filtering

Chapter 5 discussed various types of filters; Chapter 7 demonstrates that various 
low-pass filters, such as copper powder and infrared filters, filter out high-fre-
quency noise and interference.

Filters are used to remove undesired frequency components, like harmonics 
and spurs, across different stages of the generation, processing, and detection chain.
The 1/f noise from electronic instrumentation and 50/60 Hz frequency from the 
power grid can negatively impact coherence times if they reach the qubit. Figure 
6.13(a) shows a breakout box used for room-temperature filtering of the signals 
that go into the fridge. Typically, BNC connectors are used on the front panel, and 
low-pass filters are inside the box. A shielded cable at the breakout box’s rear panel 
is connected to the fridge’s input. Figure 6.13(b) shows the interior of a typical 

Figure 6.13  (a) Room-temperature filtering using a breakout box, with the filtered output of the 
breakout box going into the dilution fridge and (b) the interior of a typical breakout box, with 
panel-mount filtering blocks conducted interference and shield blocking the radiated interference.
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breakout box. The shield blocks radiated noise, and panel-mount feedthrough fil-
ters are used to minimize the effect of noise coupled through the conducted path. 
Chapter 7 provides a comprehensive overview of room-temperature and cryogenic 
filtering in superconducting qubit hardware setup.

6.5  Grounding

Grounding is crucial to an electronic system’s functionality, particularly at high 
frequencies; however, it is often overlooked. This section discusses the significant 
impact of grounding on a circuit’s performance, particularly at high frequencies.

There are two types of grounds: safety and signal. A safety ground, called 
chassis ground, is typically needed to protect against shock hazards [1, 2]. In 
addition to providing shock protection, the safety ground plays a crucial role 
in draining charge and rerouting ESD currents away from delicate electronics. 
When designing a component or an instrument in an enclosure, we must always 
consider providing safety ground and proper enclosure grounding by connecting 
the circuit’s ground to the enclosure.

The signal ground is the path for the current to return to its source. However, 
it is crucial to note that there is no guarantee that a signal will return to its source 
along the designated paths, even if this was the designer’s intention. The signal 
return path must be determined and purposefully designed for EMC design to 
succeed. The reason for this is explained as follows.

A ground plane, such as the ground plane of a PCB, is ideally an equipoten-
tial plane with zero impedance Z = R + jLω = 0, where R is the resistance, L is the 
inductance, and ω is the radian frequency. This idea may be appropriate at dc or 
low frequencies but is never accurate at higher frequencies. At high frequencies, 
conductors have significant impedance due to the inductive part of Z, where the 
conductor’s resistance, including the skin effect, is negligible compared to its induc-
tance. Because of this impedance, any currents that flow through the assumed 
“ground” will result in different potentials at various spots on the ground’s surface. 
Therefore, the assumed ground cannot be considered an equipotential surface. 
The voltage difference between the two points of the ground, VG = VG1 − VG2, acts 
like a voltage source, which drives common-mode currents IC1 and IC2 through the 
signal and return wires, as shown in Figure 6.14(a). These common-mode currents 
are similar to antenna currents and can cause radiation.

It is important to note that currents return to their source via paths of the low-
est impedance. As the ground’s impedance, Z, varies with frequency, the lowest 
impedance path for each frequency component of a signal may differ. Therefore, 
different frequency components may return via different paths, which can distort 
the waveform (see Chapter 4). Therefore, poor grounding can cause distortion and 
radiation, among other effects.

A well-designed grounding strategy is crucial for maintaining signal integrity 
and minimizing noise in a hardware setup. While there are various techniques 
and considerations for designing a good high-frequency ground, we focus on one 
crucial technique used in semiconductor qubit hardware setup: breaking ground 
loops. Modifying the grounding of a fridge has been proven to improve dephasing 
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Figure 6.14  (a) Common mode currents being generated on interconnect cables due to ground 
voltage differences, (b) breaking ground loop using isolating transformer, and (c) an optocoupler.
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times [9, 10]. The potential problems for qubit experiments due to ground loops 
include generating unwanted noise signals through common-mode currents on 
interconnect cables. Moreover, nearby magnetic fields passing through the ground 
loops induce noise signals. These unwanted signals can couple into the fridge 
and consequently to the qubit, resulting in dephasing and corruption of quan-
tum information.

It is necessary to ensure that there is no electrical contact between the circuits 
to break the ground loop between them. This process of isolating two circuits 
without electric contact is called galvanic isolation. The transmission of an electric 
signal between two circuits without any electric contact can be achieved through 
the following methods:

•	 Isolating transformer (1:1 transformer): An inductive coupling, such as with a 
transformer, as shown in Figure 6.14(b).

•	 Optocoupler: Alternatively, the electric signal can be converted into an elec-
tromagnetic or optical wave, which travels the medium between the two 
circuits and is converted back into an electric signal on the other end. This 
can be accomplished through optocouplers with different bandwidths for 
analog and digital signals, as shown in Figure 6.14(c).2

The first step to improve the grounding in the setup is to isolate the power 
source for the qubit hardware setup from the electricity network using an isolat-
ing transformer called a 1:1 transformer. For GPIB connections, an isolator such 
as the GPIB-120A Bus Expander/Isolator from National Instruments can be used. 
This isolator uses an optocoupler to isolate the GPIB port on the instrument’s side 
and the port on the PC’s side. Similarly, isolators can be used for USB and Ether-
net connections.

Chapter 8 shows that an AC bridge is used to precisely measure a dilution 
fridge’s internal temperature. When connecting to the fridge, there is likely to be 
a significant difference between the ground of the instrument chassis and the 
ground of the fridge. If the two grounds are connected, 50/60-Hz noise currents 
can be introduced into the sensor wiring [11]. Therefore, it is essential to break 
ground loops using galvanic isolation in this case as well.

6.5.1  Grounding of Wires

Protection against the magnetic field is achieved by minimizing the loop area 
between a signal and its return path (e.g., using twisted-pair or neighbor conductors 
in flat cables). Using a twisted-pair cable is also effective in reducing electric-field 
coupling if we have balanced terminations at both ends with respect to the ref-
erence conductor [2]. Shielded cables or twisted pairs are recommended for the 
room-temperature qubit hardware setup to minimize crosstalk and external elec-
tromagnetic interference. Further, proper grounding is necessary for the effective 
functioning of the cable’s shielding property.

2. Common mode choke is another technique that can break the ground loop, but it is not usually 
used in the qubit setup.
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Enclosing cable wires with a shield may not reduce the cable’s radiated emis-
sions. A cable shield must be attached to the ground to reduce radiated emissions 
effectively. Note that effective cable shielding reduces the electric field coupling 
(capacitive coupling) so long as either end of the shield is grounded. The shield 
must be grounded at both ends to mitigate magnetic-field coupling (inductive 
coupling). This allows the current to flow back along the shield, producing a mag-
netic flux that cancels the flux due to the current induced by the noise generator.

Many undesirable issues can be caused by ungrounded or poorly grounded 
cables. For example, connecting the cable shield peripherally to the enclosure may 
cause internal noise currents to flow out of the enclosure along the shield’s exte-
rior, leading to radiation. Therefore, removing an overall shield may sometimes 
decrease a cable’s radiated emissions. The cable shield may also become a monopole 
antenna if the voltage of the point where the shield “pigtail” is attached varies, 
such as the logic ground of an electronics PCB [2]. If the length of the cable shield 
is around a quarter wavelength, it becomes an effective radiator. Resonances in 
the radiated emissions are often observed due to common-mode currents gener-
ated on cables with ungrounded or poorly grounded shields. Eliminating these 
resonances and their enhanced radiated emissions can often be achieved when 
the cable is disconnected.
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Control Hardware for Superconducting Qubits

If science is to progress, what we need is the ability to experiment.

—Richard Feynman

This chapter brings together all that we have learned so far to gain a comprehensive 
understanding of the control hardware for superconducting qubits. Since there 
are significant similarities between the control hardware of superconducting, 
spin, and topological qubits, the knowledge gained in this chapter can be widely 
applied to semiconductor qubits.

We begin by examining the room-temperature setup, where signal generation 
and detection occur. Next, we explore the cryogenic setup and various techniques, 
including noise reduction and low-noise amplification.

We conclude the chapter by exploring control and measurement automation, 
providing insights into how these processes can be automated to enhance effi-
ciency and accuracy.

7.1	 High-Level Description of the Setup

Just like today’s computers, quantum computers are expected to follow the path 
of integrating discrete components into chips, resulting in size and cost reduction 
while improving performance. However, the fundamental principles of micro-
wave-signal generation, processing, transmission, and detection in superconduct-
ing qubit systems remain unchanged. It is crucial to comprehend these principles 
to advance and enhance quantum computing technology. Chapters 1–6 established 
a strong foundation for qubit operation and microwave engineering, including 
discussions of qubit control and readout and the concept of a superconducting 
quantum computer functioning as a microwave link that incorporates techniques 
from all four areas of microwave engineering (generation, transmission, process-
ing, and detection) to ensure proper operation.

This chapter applies these ideas to the cryogenic and room-temperature hard-
ware setup for superconducting qubits [1–4]. To better understand the setup, let 
us begin by providing a high-level description, mapping each part of the setup to 
the concepts of qubit control and readout we learned in Chapter 3. This section 
aims to examine how the hardware functions as a whole.

Subsequently, the following sections delve into a more detailed, low-level 
analysis of the building blocks comprising the setup, thoroughly studying 
each component.
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The setup shown in Figure 7.1 represents a typical configuration for super-
conducting qubits, which can also be adapted with modifications for topological 
qubits like the top-transmon and spin qubits. The input involves signal sources 
that generate pulses and microwave signals to control and read the qubits. These 
room-temperature signals enter a dilution fridge and interact with the qubits in 
the quantum-processing unit (QPU). The primary purpose of the fridge is to create 
a controlled, low-noise environment that allows the qubit to maintain coherence 
for an extended period. Once the qubits are interacted with, the readout signals 
are amplified, downconverted, and digitized for postprocessing in the host com-
puter, as shown in Figure 7.1.

Let us now focus on the signal-generation block shown in Figure 7.1. Chapter 
3 explains that microwave pulses control the qubit’s state on a Bloch sphere. More-
over, continuous and pulsed spectroscopy techniques enable the readout of the 
qubit’s state using microwave signals. In addition, Chapter 3 demonstrated that 
magnetic fields are coupled to the qubit’s SQUID using DC and pulse signals for 
global and local tuning of the qubits. Chapter 5 discussed the need for a pump 
signal to operate a cryogenic parametric amplifier, which is generated by a micro-
wave source. These are the signals necessary for qubit control, tuning, and readout.

The setup at cryogenic temperatures serves two main functions. First, it aims 
to minimize noise coupled to the qubit by implementing various noise-suppres-
sion techniques such as attenuators, low-conductivity microwave cables, filters, 
and thermal and electromagnetic shielding. Second, it requires ultralow noise 
amplification of the readout resonator’s signal to ensure successful detection at 
room temperature by maximizing the SNR.

Room-temperature signal detection involves several steps. It begins with low-
noise amplification at room temperature. Downconversion is necessary to shift 

Figure 7.1  High-level description of the superconducting control hardware.
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the signal to a frequency range suitable for digitization. Finally, a digitizer is used 
to sample the analog signal for subsequent postprocessing in the host computer.

7.2	 Low-Level Description of the Setup

Figure 7.2(a) provides detailed information about each block diagram presented in 
Figure 7.1. Additionally, Figure 7.2(b) illustrates the real-world setup within a dilu-
tion fridge. To offer additional clarity, Table 7.1 explains each section of the setup.

Currently, almost all labs researching superconducting quantum computers 
employ a setup featuring control and readout chains operating at room tempera-
ture. However, a notable trend is emerging, wherein there is a shift toward inte-
grating and miniaturizing the room temperature setup and relocating it into the 
cryogenic environment of the fridge. This approach not only results in a notable 
reduction in the amount of noise coupled from room temperature to the fridge 
but also facilitates qubit scaling. Section 7.5.2 discusses cryogenic CMOS chips to 
implement a cryogenic control and detection scheme.

Sections 7.3 and 7.4 conduct a more detailed investigation into each building 
block depicted in Figure 7.2.

7.3	 Room-Temperature Setup

This section discusses signal generation, processing, and detection at room tem-
perature. Although the industry is moving toward fully digital signal generation 
and detection, studying both the analog and digital techniques is essential. The 
ideas and principles of analog techniques are highly insightful and contribute to 
a deeper understanding of a system. Additionally, many labs continue to utilize 
analog techniques due to their simplicity, relatively low cost, and ease of imple-
mentation, especially when working with a small number of qubits.

7.3.1  Signal Generation

In qubit experiments, three types of signal sources are utilized: the AWG, micro-
wave-signal generator, and DC voltage source, as depicted in Figure 7.2(a). As 
we’ll soon discover, all signal generation can be accomplished digitally, offering 
numerous advantages, including reduced component count and a more cost-ef-
fective solution per channel.

7.3.1.1  Analog-Signal Generation

Let us begin by discussing qubit control. As explained in Chapter 2, any single-qubit 
gate can be represented as rotations on the Bloch sphere. At the qubit’s transition 
frequency, microwave pulses enable arbitrary rotations around the x- and y-axes 
of the Bloch sphere, where the pulse amplitudes and phases define the rotation 
angle and axis orientation, respectively. By combining rotations around the axes 
of the Bloch sphere, as detailed in Chapter 3, rotations around any arbitrary axis 
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Figure 7.2  (a) Schematic of a hardware setup for a superconducting qubit and (b) a real-world cryogenic 
hardware setup.

of the Bloch sphere can be achieved. For example, Section 3.3.1.5 discussed using 
pulse-shaping techniques, such as Gaussian and DRAG pulses, to prevent the 
excitation of transitions to higher qubit levels.

Figure 7.3 illustrates the pulse-generation process using I and Q components 
of an AWG. The microwave-signal generator applied to the LO port allows for 
the upconversion of the Gaussian pulse to the qubit’s transition frequency. Soft-
ware packages like Python and MATLAB are employed to design these pulses. 
The generated codes are then imported into the AWG and stored in memory. (See 
Chapter 5 to learn about AWG operation.)

Now, let us discuss the qubit readout. In Figure 7.2(a), the same input line 
is used for both qubit control and readout, with a power combiner employed to 
combine these two signals. However, having separate drive and readout lines is 
advantageous as it allows complete control of the on-chip couplings. Moreover, 
having separate lines enables faster gates since driving does not happen through 
the resonator [1].
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Figure 7.2  (Continued)

Section 3.3.3 discussed two schemes for qubit readout. The first scheme involves 
continuously driving the qubit and readout resonator simultaneously using a micro-
wave generator with a CW output. However, this continuous-readout approach 
leads to an ac-Stark shift of the qubit frequencies during the qubit drive due to the 
presence of photons in the readout resonator.

The second method utilizes a pulse for readout. In this scheme, the readout 
resonator is driven after the qubit drive is switched off. By doing so, the ac-Stark 
shift issue is circumvented since no photons are in the resonator while the qubit 
is being driven. The AWG generates the readout pulse, which is then upconverted 
using a mixer and a microwave generator, as illustrated in Figure 7.2(a).

A microwave-signal generator is required for the pump signal of the cryogenic 
parametric amplifier. As shown in Figure 7.2(a), the pump signal generated by a 
room-temperature microwave source is applied to the coupled port of the direc-
tional coupler, which is combined with the readout signal coming from the qubit.

Furthermore, as depicted in Figure 7.2(a), a microwave signal generator is 
needed as the LO for the downconverter in the room-temperature detection chain. 
To maintain phase coherence, it is advantageous to split the LO employing a power 
splitter and use it for both the readout up and downconversion.
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Table 7.1  Description of the Room-Temperature and Cryogenic Hardware Setup Shown in Figure 
7.2(a)

Operation Instruments/Components

Signal generation
(room temperature)

Qubit control
Analog techniques
•	 Microwave signal generator
•	 Arbitrary waveform generator
•	 Mixer

Digital techniques
•	 Direct digital synthesis
Qubit frequency tuning
•	 DC source for global qubit tuning
•	 AWG for fast control pulses for individual qubit tuning

Qubit readout
Analog techniques:
•	 Continuous readout

•	 Microwave signal generator
•	 Pulsed readout

•	 Microwave signal generator
•	 Arbitrary waveform generator
•	 Mixer

Digital techniques:
•	 Direct RF sampling

Qubit in the fridge 
(cryogenic temperature)

Noise suppression
•	 Low–thermal conductivity cables
•	 Attenuators
•	 Filter
•	 Circulator

Signal amplification
•	 Directional coupler
•	 TWPA
•	 HEMT amplifier

Signal detection
(room temperature)

Signal amplification
•	 LNA

Downconversion
Analog techniques
•	 Mixer
•	 Microwave-signal generator

Digital technique
•	 Direct RF sampling

Analog-to-digital conversion
Digitizer

An additional channel of the AWG is utilized to generate pulses for quick 
and local tuning of the qubit’s transition frequency. For this purpose, the AWG 
produces short pulses applied to the on-chip flux bias lines (FBLs), enabling rapid 
and localized shifts in the qubit transition frequency.

7092_Book.indb   2827092_Book.indb   282 12/20/23   3:12 PM12/20/23   3:12 PM



7.3  Room-Temperature Setup� 283

Figure 7.2(a) illustrates the utilization of a DC voltage source to tune the qubit’s 
transition frequency globally through the external superconducting coil. The coil 
holder shown in Figure 7.4(a) is positioned at the rear of the sample holder, as 
depicted in Figure 7.4(b). An ultraclean battery-powered voltage source such as 
SRS SIM928 can be employed to bias the coil. Alternatively, an AC-powered DC 
voltage source, such as Yokogawa DC 7651, can be utilized along with a low-pass 
filter to eliminate the 60-Hz noise originating from the Yokogawa source. The low-
pass filter and its frequency response are shown in Figure 7.4(a, b).

The impact of the DC source and filtering on the qubits’ phase coherence can 
be evaluated by measuring the Ramsey oscillations. The results obtained using 
no filter and a battery are comparable to those obtained using an AC-powered 
voltage source with a filter. Not implementing a filter or utilizing a filter on only 
one of the lines can have detrimental effects on qubit coherence. Thus, it is recom-
mended to employ differential filtering to maximize noise rejection. Figure 7.4(c) 
showcases an example of an RC filter used in a DC line with a cutoff frequency 
of 1/2πRC. The low-pass filter employed in Figure 7.4(c) in conjunction with the 
superconducting coil is a T filter. A T filter is necessary since the coil exhibits low 
impedance at low frequencies (see Chapter 5).

In Figure 7.4(c), R1 is a bias resistor, providing the required current to the super-
conducting coil. Moreover, the combination of R1 and C acts as a low-pass filter 
on both leads, and R2 ensures a high-impedance environment at the filter output. 
Our objective is to effectively suppress 60-Hz noise while maintaining a reason-
able RC time constant (τ) on the order of 100 ms. The R1 and R2 ratio selection is 
made to optimize the filter cutoff, and the total resistance 2R1 + 2R2 is adjusted to 
accommodate the full range of the voltage source. Figure 7.2(a) depicts a bias-tee 
combining the DC and the AWG signal.

7.3.1.2  Digital-Signal Generation

We have observed that to control a single qubit, two AWG channels (I and Q), a 
microwave-signal generator, and an IQ mixer are required, as illustrated in Figure 

Figure 7.3  (a) Generation of phase-controlled microwave Gaussian pulses and (b) a sample 
sequence of concatenated Gaussian pulses. (Black (gray) pulses correspond to x(y) gates of either 
π or π/2 rotations.)
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Figure 7.4  (a) Coil holder. (b) The coil holder, which is used for the global tuning of multiple qubits, 
is installed on the back of the sample holder. (c) An RC low-pass filter is used to voltage bias the 
superconducting. (d) The frequency response of the filter with C = 6.8 μF, R1 = 4.7 kΩ, R2 = 3 kΩ. The L 
represents the inductance of the coil.

7.5(a). A pulse is commonly employed for readout, necessitating its own AWG 
channel, mixer, microwave-signal generator, and an additional power combiner 
since the readout pulses sometimes share the same line as the control line [see 
Figure 7.5(a)]. In addition to the number of components, this type of setup requires 
calibration to achieve high gate fidelities. One important calibration step involves 
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calibrating the IQ mixer offsets and gains to minimize the impact of carrier leak-
age and spurs, which can drive undesirable transitions.

As demonstrated in Chapter 5, the sampling rate of digital sources has reached 
significantly high levels, resulting in a broad bandwidth that can efficiently pro-
duce microwave signals up to a few tens of gigahertz. This advancement obviates 
the need for upconversion, using a technique called broad-bandwidth DDS. With 
DDS, a single channel can generate control and readout pulses at different fre-
quencies, offering significant advantages in operating single and multiple qubits. 
Figure 7.5(b) illustrates how this capability simplifies the setup by reducing the 
number of components and eliminating the need for mixer calibration. This sim-
plification is crucial for scaling quantum hardware, reducing potential sources of 
infidelity, and decreasing hardware costs per qubit. Furthermore, this technique 
enables precise phase relations between signals at disparate frequencies and across 
multiple channels, facilitating multiqubit gates [5, 6].

One drawback of digital-signal generation is its inferior phase noise compared 
to analog sources, as discussed in Chapter 5. However, randomized benchmarking 
schemes have demonstrated that digital-generation techniques can achieve high-fi-
delity qubit control pulses with an average gate error rate of less than 5 × 10–4 [5].

As mentioned in Chapter 5, modern RF DACs can directly synthesize tones 
above their sampling rates using the second Nyquist zone mode. This feature 
enables the system clock rate to remain compatible with digital-logic systems while 
still allowing the generation of high-frequency pulses with arbitrary profiles [6].

7.3.2  Signal Processing

Signal processing at room temperature serves two primary purposes: filtering 
and signal detection. Sections 7.3.2.1 and 7.3.2.2 delve into these two functions 
and explore their significance.

7.3.2.1  Room-Temperature Filtering

Recall the discussion of different types of filters and their corresponding opera-
tional parameters from Section 5.4.3.1. Table 7.2 highlights using a low-pass filter 

Figure 7.5  (a) The baseband control pulse and the qubit readout pulse (M) need three AWG 
channels. Two microwave signal generators and two mixers are needed to upconvert the baseband 
pulses. A power combiner is needed to send the control and readout pulses over a single line [5]. 
(b) Using a direct digital synthesis (DDS) generator with a high sampling rate makes it possible to 
generate control and readout microwave pulses without an external upconverter.
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in the DC control line and after the mixer to eliminate harmonics and spurious 
signals in the detection chain. Now, let us discuss implementing these filters in 
a qubit setup.

It is necessary to filter the DC and low-frequency signals before they enter the 
fridge to ensure that the coherence times are not affected by the 60-Hz frequency 
from the power grid and 1/f noise from electronic instrumentation. The filtering 
process is illustrated in Figure 7.6(a) within a breakout box. The front panel of 
the breakout box typically features BNC connectors [Figure 7.6(b)], while the box 
contains the low-pass filters. A shielded cable connected to the input of the fridge 
is located on the rear panel, as depicted in Figure 7.6(c).

When designing or selecting a low-pass filter for a qubit experiment, careful 
consideration should be given to the cutoff frequency. In order to rapidly tune the 
qubit transition frequency, nanosecond flux pulses are applied to the FBLs. To 
transmit a 10-ns pulse without significant shape degradation and attenuation, a 
bandwidth of over 100 MHz is required. To prevent pulse degradation, frequency 

Table 7.2  Low-Pass Filters Used at Room and Cryogenic Temperatures

Stage Where Description

Room temperature DC control line for the 
superconducting coil

Suppress 60-Hz and 1/f noise as well as high-
frequency noise

Detection chain Placed after the mixer to remove the 
harmonics and spurs in the detection chain

Figure 7.6  (a) Schematic of a breakout box; the breakout box with low-pass filters is used at 
room temperature to filter the DC and low-frequency noise that enter the fridge; (b) the front 
panel of a breakout box; and (c) the back panel of a breakout box with a shielded cable that goes 
to the fridge DC input.
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components up to the fourth or fifth harmonic must be preserved. Therefore, the 
cutoff frequency of the low-pass filter should fall within the range of 400–500 MHz, 
where the smooth roll-off characteristic helps prevent pulse shape degradation.

In some cases, a low-pass filter is also employed after the mixer in the detec-
tion chain to mitigate the impact of spurs generated by the mixer’s nonlinearities, 
as depicted in Figure 7.2(a).

7.3.2.2  Signal Detection

Recall the signal-detection principles explained in Section 5.4, including utilizing 
homodyne and superheterodyne architectures. While the homodyne detection 
scheme is simpler, it performs less efficiently than the more complex superhetero-
dyne scheme employed in commercial qubit detection systems.

According to Figure 7.2(b), the homodyne detection chain involves the fol-
lowing steps:

1.	 Amplification of the readout signal begins inside the fridge, using cryogenic 
parametric and HEMT amplifiers. The signal is further amplified at room 
temperature using LNAs.

2.	 The signal is downconverted using an IQ mixer and a microwave sig-
nal generator.

3.	 Filtering may be applied, with a low-pass filter added after the mixer to 
eliminate frequency-doubled and other spurious signals.

4.	 The down-converted signal is digitized or sampled using a digitizer.

To prepare the signal for detection, amplification is necessary. The readout res-
onator’s signal is first amplified inside the fridge using a JPA or TWA, followed by 
a HEMT amplifier. As discussed in Chapter 4, the noise figure of the first element 
in the chain has the most significant impact on the overall noise figure. Therefore, 
it is crucial to use an amplifier with the lowest possible noise figure right after the 
resonator output. (Refer to Table 4.1 for a comparison of noise figures of various 
amplifiers.) Thus, parametric amplifiers are preferred as the first element in the 
detection chain. The signal is usually further amplified using a cryogenic HEMT 
amplifier commonly installed at the 4K stage.

After being amplified inside the fridge, the signal at room temperature requires 
additional amplification of 40–60 dB to bring the signal level above the detection 
threshold for successful detection (see the discussion of minimum detectable sig-
nal in Chapter 4). Typically, a room temperature LNA has a noise figure of around 
1–3 dB, with a gain of approximately 20–30 dB.

The next step is to downconvert the amplified signal, bringing the frequency 
down to a suitable range for sampling. A digitizer, such as the 1 GS/s Acqiris AP240 
acquisition board, can be used to sample the signal and prepare it for post-pro-
cessing on the host computer.

The amplified signal is directed to an IQ mixer for downconversion, with 
the LO microwave tone provided by the microwave-signal generator intention-
ally detuned by 1 ∼ 10 MHz from the cavity signal. The frequency of this signal 
needs adjustment so that the downconverted signal falls within the operational 
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bandwidth of the digitizer. Note that the IQ mixer must undergo calibration to 
achieve optimized performance. Section 5.4.3.2 explains that the phase and ampli-
tude imbalances of the IQ mixer must be addressed through calibration to remove 
the DC offset and sidebands.

The digital-homodyne technique also allows for digitally reconstructing the 
I and Q signals. In this method, a single output of the IQ mixer, SIF(t), is utilized, 
where the sine and cosine signals at the IF are digitally multiplied by the input 
signal. The resulting outputs are the digital I and Q, which can be combined to 
produce [7].

	
I = 2

T
SIF t( )cos wIFt( )dt

T
∫ ,   Q = 2

T
SIF t( )sin wIFt( )dt

T
∫ 	 (7.1)

	
SIF t( ) = Acos wIFt + f( ) = I cos wIFt( ) − Qsin wIFt( ) 	 (7.2)

So far, our discussion has been based on analog downconversion techniques. 
The industry, however, has shifted toward the direct RF-sampling techniques dis-
cussed in Chapter 5. For sufficiently high sampling rates, this architecture reduces 
the number of components required (such as the mixer and LO); eliminates the 
need for downconversion and, therefore, the IQ mixer and its calibration; and 
reduces the cost per qubit.

Figure 7.7 depicts a fully digital quantum-control solution encompassing gener-
ation and detection modules. This comprehensive solution addresses qubit control 
and readout requirements at room temperature.

7.3.3  Further Considerations at Room Temperature

In addition to the control, readout, tuning, and detection components that operate 
at room temperature, numerous other details play a crucial role in the successful 

Figure 7.7  The world’s first fully digital quantum control solution. (Image Courtesy of Keysight 
Technologies.)
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operation of a superconducting qubit system. Sections 7.3.3.1 and 7.3.3.2 explore 
some of these aspects.

7.3.3.1  Synchronization

When addressing the phase degree of freedom in a quantum superposition, main-
taining coherence extends beyond the internal coherence of the qubit. It also 
encompasses the synchronization between the qubit and the master clock that 
governs its operations [8]. Factors such as temperature variations and prolonged 
acquisitions can lead to significant phase drift.

To ensure long-term phase stability and synchronization, it is crucial to phase-
lock all signal generators, measurement instruments such as the network analyzer, 
AWGs, and acquisition cards using an ultralow–phase noise 10-MHz Rubidi-
um-frequency standard. This frequency standard, also called the reference signal, 
provides stable 10-MHz outputs that can be connected to instruments like signal 
generators and data-acquisition cards. A Rubidium clock typically exhibits phase 
noise around −130 dBc/Hz at a 10-Hz offset.

Instabilities in the clock not only impact the master clock but also affect the 
phase coherence of the qubit [3]. As discussed in Chapter 4, phase noise results 
in a broadened spectrum. Assume the two following scenarios: one where the 
LO interacts with a stable qubit but an unstable LO, and another where the qubit 
exhibits noise with fluctuating transition frequency, but the LO remains clean and 
phase stable. These two scenarios have equivalent dephasing effects, highlighting 
the contribution of the LO’s phase instability to dephasing [4].

7.3.3.2  Grounding

Chapter 6 discussed grounding and identified potential issues affecting qubit 
experiments due to ground loops. These issues include the following:

•	 Unwanted noise signals generated by common mode currents on intercon-
nect cables due to ground voltage differences;

•	 Coupling of noise voltage induced by strong magnetic fields into the ground 
loop and subsequently affecting the qubit and low-temperature thermometry.

Chapter 6 recommended employing an isolating transformer or optocoupler 
to break the ground loop between two circuits by eliminating electrical contact. It 
is well-known that modifying the fridge grounding can improve dephasing times 
[4]. Hence, the initial step involves isolating the experiment’s power source from 
the electricity network using an isolating transformer called a 1:1 transformer.

All cryostat connections, including vacuum lines, are DC-isolated to prevent 
ground loops, except for a single, well-defined grounding cable. Standard SMA 
vacuum feed-throughs, such as the 34_SMA-50-0-3/111_NE from Huber and Süh-
ner, are employed at the 300-K plate of the dilution refrigerator to provide micro-
wave access into the fridge.

DC blocks on the microwave lines isolate the microwave ground from the 
cryostat ground. Hence, a DC block with capacitors on both conductors, such as 
the Inmet 8039, should be utilized for this purpose.
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For GPIB connections, an optocoupler-based isolator like the GPIB-120A Bus 
Expander/Isolator from National Instruments can be utilized. Isolators are also 
available for USB and Ethernet connections [5].

7.4	 Cryogenic Setup

Recall that the cryogenic setup serves two primary functions: suppressing the noise 
coupled into the fridge and amplifying the qubit readout signal. Sections explore 
these two functions and provide a more comprehensive discussion.

7.4.1  DC Wiring

Recall that DC lines adjust the qubit transition frequencies through an external 
flux created by the superconducting coil, as depicted in Figure 7.1(a). Typically, 
a superconducting coil can generate a magnetic field within the range of a few 
hundred Gauss per ampere. To enable tuning of each qubit across a wide range of 
Φ0 values, a bias resistor with a DC voltage source is employed. Additionally, an 
on-chip FBL is utilized, eliminating the need for an external magnetic field. Each 
qubit has its own FBL, connected to a voltage source that drives an attenuator at 
room temperature. Each FBL is linked to a channel of an AWG for rapid tuning 
of the qubits.

Recall that these DC signals are generated by room-temperature sources and 
transferred through a breakout box to the fridge’s input. Owing to their high 
thermal conductivity, copper or phosphor-bronze (PhBr) twisted-pair looms with 
wire diameters AWG35 and AWG36 are employed only from room temperature 
to the 4-K stage. From 4K to the mixing chamber (MXC), superconducting NbTi 
twisted pairs are used, as they possess low electrical and thermal conductivity, 
bypassing the limitations imposed by the Wiedemann-Franz law. All wires are 
thermally anchored at each temperature stage by being wrapped around a copper 
post and secured with GE varnish. Micro sub-D connectors are typically utilized 
for connections inside the cryostat, while resistive connectors are avoided in the 
low-temperature section of the coil wiring to prevent heating.

As discussed in Section 7.2, filters are implemented in the DC lines to reduce 
out-of-band noise.

7.4.2  Heat Loads

The heat load of the dilution refrigerator can be categorized into the following 
three major components, as well as a smaller contribution [4]:

1.	 Passive load: This refers to the heat transfer from higher to lower tempera-
ture stages. It includes heat conducted through installed cables and heat 
flowing via posts that separate different plates of the dilution refrigerator.

2.	 Active load: This pertains to the dissipated heat, known as Joule heating in 
attenuators and microwave cables due to applied microwave signals, the 
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dissipated DC signals used for biasing HEMT amplifiers at 4K, and flux 
biasing the qubits at the MXC.

3.	 Radiative load: This involves the transfer of black-body radiation from 
stages and shields at higher temperatures to stages and shields at 
lower temperatures.

4.	 Residual gas load: Although typically negligible during regular operation 
(as the pressure is maintained below 10–5 mbar), residual gas contributes 
to the overall heat load.

As we will explore in Section 7.4.3, minimizing the passive load by utiliz-
ing cables with low thermal conductivity is possible. However, according to the 
Wiedemann-Franz law, materials that are poor thermal conductors are also poor 
electrical conductors, leading to increased dissipation when microwave signals are 
applied. This challenge can be addressed by effectively thermalizing the cables, 
attenuators, and microwave components through thermal anchoring, which is 
discussed in Section 7.4.3.1.

Table 7.3 illustrates the different stages of a Bluefors XLD400 dilution fridge 
and the corresponding cooling power available at each stage. It is important to 
note that the cooling power decreases as we move to lower temperature stages. 
An excessive heat load at any stage can significantly affect the fridge’s cooling 
performance and potentially lead to operational issues. Therefore, it is crucial to 
ensure that the heat load on each stage remains below the available cooling power.

7.4.3  Noise-Suppression Techniques

As discussed in Chapter 3, the interaction between the qubit and its environment 
leads to qubit relaxation and dephasing, leading to decoherence. Furthermore, 
Chapter 6 explained that noise can couple from the noise source through the medi-
ator to the receptor. Various measures can be implemented to mitigate this issue on 
all three components (source, mediator, and receptor) to reduce or eliminate noise. 
For instance, identifying and eliminating the noise source or minimizing its impact 
through shielding and filtering techniques are possible approaches. Additionally, 
enhancing the qubit’s noise resilience can be achieved by incorporating shielding, 
considering design aspects of the QPU board, exploring alternative platforms like 
3D qubits, or even adopting different technologies such as topological qubits. The 

Table 7.3  Temperatures and Available Cooling Powers on the Indicated Stages of a Bluefors 
XLD400 Dilution Fridge

Stage Name Temperature (Kelvin) Cooling Power (Watts) Cable Length (Millimeters)

50K 35 30 (at 45K) 200

4K 2.85 1.5 (at 4.2K) 290

Still 882 × 10–3 40 × 10–3 (at 1.2K) 250

CP 82 × 10–3 200 × 10–6 (at 140 mK) 170

MXC 6 × 10–3 19 × 10–6 (at 20 mK) 140
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primary objective of this section is to explore techniques that effectively block the 
pathways through which noise couples to the qubit.

As depicted in Figure 7.8, the coupling paths to the qubit can be categorized 
as follows:

•	 Conducted path: In this path, the noise source is directly connected to the 
qubit. For instance, thermal noise at room temperature is conducted to the 
qubit through the qubit control and readout lines.

•	 Radiated path: In this path, the noise source emits radiation that affects the 
qubit. An example of such noise is EM and infrared radiation.

To mitigate the noise coupled through the conducted and radiated paths, the 
various techniques highlighted in Table 7.4 can be employed. Each technique is 
extensively explained in the subsequent sections.

7.4.3.1  Noise Suppression for Conducted Path

This section covers the techniques to suppress the noise mediated by the con-
ducted path.

Microwave Cabling

As mentioned, the noise generated at room temperature can couple to the qubit 
through the conductive paths utilized for qubit control and readout. The next two 
sections examine room-temperature and cryogenic microwave cabling.

Room-Temperature Microwave Cabling

Table 7.5 overviews the three types of microwave cables required for room-tempera-
ture applications. First, low-loss and phase-stable cables are utilized with micro-
wave instruments such as network analyzers and microwave-signal generators. 
Note that bending the cable alters its physical length at the bend point and can 
cause loosening or constriction of the dielectric, shielding, and braiding around 
the center conductor, leading to variations in electrical length and subsequent 
phase alterations. Therefore, conventional microwave cables can introduce phase 
changes when subjected to bending. Second, hand-formable microwave cables are 
employed to establish connections between room-temperature components of the 
detection chain, including amplifiers, mixers, and filters, as shown in Figure 7.9(a).

Third, the UT-85-TP cable is employed to connect the room-temperature com-
ponents to the input and output ports of the fridge.

Figure 7.8  Noise couples from the source to the qubit through the radiated and conducted paths.
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Table 7.4  Summary of Techniques Used for Noise Suppression in the Fridge

Technique Where? Tool Description

Conducted 
path

Attenuation The input of the RF 
line of the fridge

Low thermal 
conductivity cables
Attenuators

Reduces and attenuates 
thermal noise at the input 
of the fridge

Isolation Output RF line of the 
fridge

Circulators/isolators Blocks the thermal noise to 
reach the qubit

Filtering Input of the fridge
Detection chain

Pi filter/ RC filter/ 
Copper powder 
filter/
Purcell filter

Low-pass filter
High-pass filter
Bandpass filter

Ground loop 
breaking

Room temperature 1:1 transformer
Optocoupler
DC block

Break the ground loop by 
providing disconnections 
at DC.

Vibrational 
damping and 
decoupling

Inside fridge Modification to 
cabling

Flattening a semirigid cable
Jacketing a flexible cable in 
order to restrict movement 
within the cable

Radiated 
path

Shielding Qubit in the fridge Superconducting 
shield
Magnetic shield
Thermal shield

Shields that protect the 
qubit from electromagnetic 
radiation and magnetic 
fields

Cryogenic Microwave Cabling

To mitigate noise coupling into the fridge, microwave cables with low thermal 
conductivity, such as stainless-steel cables, are employed. This helps minimize the 
amount of heat transferred to the fridge. However, using cables with low thermal 
conductivity comes at the expense of increased signal losses. According to Wie-
demann-Franz’s law, materials with low thermal conductivity also exhibit low 
electrical conductivity. Table 7.5 demonstrates that a stainless-steel cable, operating 
at 10 GHz, experiences an insertion loss per unit length almost six times larger 
than a typical microwave cable.

In the absence of a microwave signal applied to the stainless-steel cable, the 
conducted thermal noise from room temperature into the fridge is lower than 
that of a typical microwave cable. However, when a microwave signal is applied, 
the heat generated in the fridge from the stainless-steel cable surpasses that of a 
typical cable. To mitigate this, the generated heat is effectively expelled from the 
fridge by thermally anchoring the cable at each fridge stage, as illustrated in Fig-
ure 7.9(b). The cable’s outer conductor is clamped and heat-sunk using oxygen-free 
high-thermal conductivity (OFHC) copper braces. The cable’s inner conductor is 
indirectly thermalized by the attenuator (see the next section). Since the cable’s 
dielectric has very low thermal conductivity, the heat from the center pin cannot 
be efficiently transferred to the outer conductor, where it is thermalized. However, 
the heat transfer from the center pin of the attenuator to its body is more efficient. 
Therefore, the only point where the cable’s center pin can be effectively thermal-
ized is where it is connected to the attenuators. Like the cables, an OFHC clamp 
can thermalize the attenuators, as shown in Figure 7.9(b).
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Table 7.5  Types of Cables Used in a Superconducting Qubit Hardware Setup

Cable Type Where?
Ground/Center 
Conductor

Loss @ 0.5, 10, 20 
GHz (dB/m) Why?

Standard 
microwave coax 
cable

Microwave test 
equipment

0.7, 1.6, 2

Hand-formable 
microwave cable

Microwave 
front-end

Used for 
connections 
between different 
components of 
the microwave 
detection chain

UT-85-TP Room temperature Silver- or tin-plated 
copper wire /tin-
plated Copper

0.45, 2.21, 3.29 Used for 
microwave 
connection from 
fridge output at 
room temperature 
to the input 
of microwave 
detection chain

UT-85-SS-SS At the input side Stainless steel / 
stainless steel

2.92, 9.32, 18.91 Low thermal 
conductivity

SC-219/50-NbTi-
NbTi-1000

From the sample to 
the first amplifier 
inside the fridge

0.3 @<4K
@300K
3, 13.6,19.4

UT-85B-SS Inside the fridge on 
the signal output 
side from 2.1K to 
room temperature

Stainless steel / SP 
BeCu

1.02, 3.33, 6.94 Minimum signal 
loss on the output 
side

Figure 7.9(c) demonstrates bends in the cryogenic microwave cables with a 
bending radius of approximately 1 cm. This bending configuration helps alleviate 
strain on the connectors during the cooling-down process.

Using stainless steel cables to reduce the noise coupling on the output side of 
the fridge, where the qubit readout signal is transmitted for detection, is impractical. 

Figure 7.9  (a) Using hand-formable microwave cables to connect room-temperature microwave 
components; (b) thermalization of an attenuator’s outer conductor using a copper clamp and an OFHC braid 
(the same concept can be used for cables); (c) microwave cables are bent for strain relief; and (d) cryoflex 
cabling.
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This is due to the extremely low level of the qubit readout signal, which makes it 
nearly impossible to detect in the presence of large signal losses. Therefore, low-
loss cables are employed on the output side of the fridge.

Superconductors do not adhere to the Wiedemann-Franz law, which means 
that they can simultaneously possess both low thermal conductivity and low 
losses. Table 7.5 illustrates that the superconducting SC-219/50-NbTi-NbTi-1000 
cable exhibits a very low insertion loss of 0.3 dB/m below 4K when in the super-
conducting state. The insertion loss increases significantly as the cable transitions 
out of the superconducting phase above 4K. Superconducting cables are utilized 
from the qubit’s output to the fridge stage with a temperature below 4K, as depicted 
in Figure 7.2(a). For temperatures above 4K, UT-85B-SS cryogenic cables with low 
thermal conductivity and low losses are employed.

Regarding passive heat load among the microwave cables, the UT-85-SS cable 
on the output side of the fridge has the highest heat load, followed by the stain-
less-steel cable UT-85-SS-SS and the superconducting cable UT-85-NbTi [4].

Cabling poses a significant bottleneck for scaling quantum computers due to 
the challenges associated with increased interconnection density, including fridge 
size, heat load, noise coupling, signal integrity, and calibration issues. In order to 
address this scaling challenge, there has been a recent focus on flexible cryogenic 
microwave cables or cryoflex cables. These cables offer several advantages com-
pared to traditional microwave coaxial cables, such as lower thermal conductivity, 
high-density interconnections, a smaller form factor, and easy installation. They 
can be conveniently thermally anchored at each level within the fridge using OFHC 
copper clamps, as depicted in Figure 7.9(d). Furthermore, these cables can integrate 
filtering and signal conditioning components, providing additional functionality.

Techniques such as crossbar addressing and multiplexing on a single line 
have been developed to drive single-qubit operations on multiple qubits, thereby 
reducing the number of required microwave lines. This approach allows for the 
reuse of each cable for multiple functions. However, while this approach is viable 
for a limited number of qubits, it is not a practical solution for scaling to thousands 
or millions of qubits due to issues such as crosstalk and limited bandwidth for 
frequency multiplexing.

Microwave Connectors

Recall our discussion of microwave connectors and adapters in Chapter 5. Let us 
now quickly review the microwave connectors used inside the fridge. A specific 
length is provided when purchasing cables, and the SMA connectors need to be 
crimped or soldered onto the cables. Soldering the superconducting cable can be 
challenging, so in such cases, crimping is often employed to connect SMA connec-
tors. Soldering the SMA connector to the cable for other types of cryogenic cables 
is typically done. Alternatively, cable vendors can be requested to provide fully 
assembled cable sets, although this option is usually more expensive.

As mentioned in Chapter 5, snap-on connectors like MMPX or SMP offer the 
advantage of quick and easy connections and disconnections without the need 
for threaded mating. This feature makes them well-suited for applications where 
space for connectors is limited and frequent cable changes are required. Thanks to 
their space-saving design, they are particularly useful for microwave connections 
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on sample holders for quantum chips. To accommodate high-density connections 
within the fridge, ganged connectors are employed.

Noise Suppression Using Attenuators

In addition to utilizing low thermal conductivity cables, microwave attenuators are 
incorporated into the input microwave lines of the fridge to mitigate thermal noise. 
This section comprehensively explains the necessary attenuation levels and their 
allocation across various temperature stages to minimize thermal noise effectively.

The idea behind employing attenuators is to attenuate the noise level. The heat 
generated during this process is pumped out of the fridge by thermalizing the 
attenuators. This is achieved by connecting their body to each stage using OFHC 
clamps, as depicted in Figure 7.2. Without proper thermalization, the attenuator’s 
losses contribute to a higher noise level, and heat accumulation leads to thermal 
radiation that impacts the temperature at the lower fridge stages. For instance, 
a 20-dB attenuator reduces the signal level by a factor of 100, dissipating 99% of 
the signal within the attenuator, thereby emphasizing the importance of effec-
tive thermalization.

Recall from Section 4.3.2.4 how the thermal motion of charge carriers in a 
resistor R generates a random voltage with a zero average value but a nonzero 
RMS value, as described by Planck’s black-body radiation law.

At microwave frequencies and for high temperatures where ℏω ≪ kBT, the 
result can be simplified to Vn = 4kTBR  with the maximum available noise 
power of Pn = kTB.

The above linear relation approximates Planck’s black-body radiation formula 
and is only valid for temperatures above a few kelvins. Below 4K, the relation 
between noise power and temperature is not linear anymore; therefore, (4.5) must 
be used for noise calculations below 4K. As seen in Figure 7.10(a), a factor of 10 
change in the temperature results in a 10-dB change in the thermal noise power at 
high temperatures. At very low temperatures, the noise power becomes a quadratic 
function of temperature (i.e., a factor of 10 change in the temperature results in a 
20-dB change in the thermal noise power). The plot in Figure 7.13(a) shows that the 
noise power changes by 60 dB from room temperature at 300K to 10mK. There-
fore, 60-dB attenuation must be distributed among various stages of the fridge to 
diminish the thermal noise at the mixing chamber effectively.

There are two reasons for distributing the attenuators among various stages 
of the fridge: the limited achievable noise floor at each stage and the limited cool-
ing power.

As depicted in Figure 7.10(a), the noise originating from room temperature 
(300K) can be only attenuated by 20 dB as it reaches the 2K stage. Therefore, a 
20-dB attenuation is sufficient, as further attenuation would not reduce the noise 
level below the thermal noise floor of the 2-K stage.

Let us now delve into the distribution of attenuators based on the limited 
cooling power at each stage. One might wonder why we distribute the attenuation 
across the stages instead of applying 60 dB of attenuation solely at the last stage. 
The answer lies in the available cooling power at each stage. The cooling power 
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Figure 7.10  (a) Total power versus temperature normalized to 300K for various bandwidths and 
(b) noise photon number versus attenuation at 6 GHz and 50K.
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diminishes as we go down to lower temperature stages (refer to Table 7.3). Moreover, 
an excessive heat load at each stage can substantially impact the fridge’s cooling 
performance and potentially disrupt its proper operation. Therefore, if we were 
to dissipate 60 dB of attenuation in the MXC, the cooling power available would 
be insufficient to remove the heat generated by such high attenuation effectively. 
Consequently, we cannot add significantly more than 20 dB of attenuation at the 
MXC stage. Hence, it is crucial to distribute the total attenuation across the differ-
ent temperature stages to ensure that the active load on the lower stages remains 
well below the available cooling powers at those stages.

It has been shown that an optimal choice, striking a balance between a low 
number of noise photons at MXC and a low heat load on the MXC, is a total atten-
uation of 60 dB consisting of 20-dB attenuators thermally anchored at the 4-K, cold 
plate (100-mK), and MXC (10-mK) stages [4].

Conventional room-temperature attenuators are unsuitable for the cryogenic 
environment due to several factors. First, the material used in cryogenic attenu-
ators must be nonmagnetic and specifically designed to withstand the extreme 
temperatures encountered in cryogenic systems. Additionally, cryogenic attenu-
ators require stable attenuation characteristics across a wide temperature range 
to ensure consistent performance. Finally, minimizing self-heating in cryogenic 
attenuators is essential for efficiently achieving the desired low temperatures.

It is also insightful to examine the noise suppression achieved by attenuators 
using an alternative approach that considers the concept of photon occupation 
number. According to the Bose-Einstein distribution, the photon occupation num-
ber can be expressed as:

	

nBE T ,w( ) = 1

exp 
!w
kBT

⎛
⎝⎜

⎞
⎠⎟
− 1

  	 (7.3)

The photon occupation number nBE(T, ω) is dimensionless and can be thought 
of as photon flux spectral density (i.e., as a number of photons per hertz frequency 
interval per second [4]). As an example, at room temperature T = 300K and a fre-
quency of 6 GHz, nBE (300K, 2π × 6 GHz) ≈ 1,043. For superconducting qubits, 
the thermal photon occupation number must be in the range of 10–3 photons at 
the sample.

The noise photon occupation number ni at stage i with attenuation Ai is given 
by [4]

	
ni w( ) = ni−1 w( )

Ai

+ nBE Ti,att ,w( ) − 1
Ai

nBE Ti,att ,w( ) 	 (7.4)

The number of noise photons at stage i consists of three components. The first 
component is the noise from the previous stage, which is attenuated by a factor Ai. 
The second component is the noise floor of stage i itself, and the third component 
is the noise floor reduced by the attenuation factor Ai. Equation (8.6) illustrates 
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that attenuation effectively reduces the number of noisy photons originating from 
the previous stage. Simultaneously, it has a negligible impact on the noise floor at 
the stage where it is installed, particularly for high attenuation values. Eventually, 
the photon noise at each stage is primarily determined by the thermal noise floor 
at that particular stage. Therefore, using attenuation values larger than necessary 
to thermalize the incoming radiation fields onto that stage is unnecessary, as 
demonstrated in Figure 7.10(b).

The required attenuation on stage i can be estimated as Ai,ref = (nBE(Ti–1,ω))/
(nBE(Tiω)). By neglecting the noise floor photon number, we can determine 
a lower bound for the total attenuation needed to achieve nMXC = 10–3, where 
nBE (T = 300K, ω)/10–3 = 60 dB.

This demonstrates a lower bound in cases where the black-body radiation 
emitted by attenuators at all other temperature stages is disregarded. These find-
ings validate the previously presented results derived from Planck’s black-body 
radiation law.

Cryogenic Filtering and Shielding

So far, we have delved into techniques for reducing noise using low-thermal con-
ductivity cables and attenuators. Now, let us look at how filtering and shielding 
methods can further enhance the effectiveness of noise suppression.

Cryogenic Filtering

Figure 7.2(a) and Table 7.6 illustrate the utilization of filters in both DC and micro-
wave lines within the fridge. In DC lines, utilizing the attenuation technique is not 
feasible due to potential heating issues. Therefore, low-pass filters are employed 
to suppress thermal noise. Recall that it is crucial to transfer the frequency com-
ponents of a signal up to the fifth harmonic to prevent pulse degradation. Hence, 
for nanosecond pulses, the cutoff frequency of the low-pass filter should be set 
between 400 and 500 MHz, ensuring a smooth roll-off to preserve the pulse shape.

In qubit control and measurement, different filter requirements arise. Filters 
with high cutoff frequencies are needed for XY control and readout, typically in 
the gigahertz range. On the other hand, filters with low cutoff frequencies are 
necessary for Z control. As Figure 7.1(a) depicts, microwave control lines employ 
filters with high cutoff frequencies. In contrast, the FBL incorporates a filter with 
a low cutoff frequency of a few hundred megahertz.

Copper Powder Filters

Let us discuss an intriguing phenomenon related to the behavior of lumped-el-
ement and transmission line filters at high frequencies. An interesting pattern 
emerges if we plot a microstrip low-pass filter’s transmission response (|S21|) over 
a wide frequency range. Initially, the transmission (attenuation) typically decreases 
(increases) in a monotonic fashion, as depicted in Figure 7.11(a). However, beyond 
3.2 GHz, the transmission (attenuation) increases (decreases) due to re-entrant 
modes. Consequently, the low-pass filter effectively transforms into a high-pass 
filter beyond a specific frequency as shown in Figure 7.11(b). This behavior may 
not pose significant issues if the system’s operational bandwidth is limited.
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A similar phenomenon to re-entrant modes in microstrip filters can be observed 
in lumped-element filters with capacitors and inductors. In real-world scenarios, 
capacitors and inductors are not purely capacitive or inductive; they possess par-
asitic components. The parasitic model of a capacitor and inductor is depicted in 
Figure 7.11(c, d). A capacitor is not solely a capacitor but a combination of a capac-
itor, inductor, and resistor. As the frequency increases, the capacitor behaves less 
like a capacitor and more like an inductor, as demonstrated in Figure 7.11(c). The 
same holds for the inductor, as shown in Figure 7.11(d). Consequently, at sufficiently 
high frequencies, beyond the self-resonant frequency, the capacitor transforms 
into an inductor, and the inductor becomes a capacitor. Therefore, a low-pass fil-
ter exhibits characteristics of a high-pass filter at sufficiently large frequencies, as 
shown in Figure 7.11(b).

To circumvent the re-entrant mode problem, Martinis et al. devised the cop-
per powder filter [8], which exhibits a low-pass frequency response across a wide 
bandwidth. This filter achieves significant attenuation at high frequencies, as 
Figure 7.12(a) depicts.

As illustrated in Figure 7.12(b), the copper powder filter comprises an insulated 
spiral coil wrapped around a metal rod filled with metal powder grains, typically 
in the range of a few tens of microns. When an AC current passes through the 
coil, it generates an AC magnetic field that induces eddy currents in the metal 
grains. The skin effect causes the current to flow predominantly near the surface, 
resulting in increased effective resistance and dissipation of energy. Each grain is 
naturally coated with an oxide layer, providing insulation from neighboring grains 
and creating a substantial effective surface area. This surface area contributes to 
significant attenuation at high frequencies through skin-effect damping.

Metal powder is typically mixed with epoxy, such as Stycast 2850, to improve 
thermal conductivity and dissipate heat from the metal grains. The filter’s per-
formance depends on various parameters, including wire diameter, wire length, 
powder material, and grain size. Longer wires offer improved attenuation but 
also increase insertion loss. Stainless steel powder exhibits superior attenuation 
compared to copper or bronze due to its higher resistivity. However, nonmagnetic 
powders like bronze and copper are preferred for experiments sensitive to magnetic 
fields, even if they provide slightly less attenuation. The coil is wound half-clock-
wise and half-counterclockwise to minimize the magnetic field produced by the 
current flowing through the coil.

Two powder filters are arranged in series, one at the 4.2-K stage and the other 
at the 10-mK stage, as depicted in Figure 7.2(a). The purpose of the 4.2-K filter is to 
eliminate thermal noise, spurious RF signals, and microwave radiation. However, 

Table 7.6  Low-Pass Filters Used at Cryogenic Temperatures

Stage Where Property Type of Filter

Cryogenic DC and flux bias line Low cutoff frequency Copper powder filter
RC and LC filters

Microwave line High cutoff frequency IR filter
Microwave filters

7092_Book.indb   3007092_Book.indb   300 12/20/23   3:12 PM12/20/23   3:12 PM



7.4  Cryogenic Setup� 301

Figure 7.11  (a) The transmission frequency response of microstrip low-pass filters over a large 
frequency range. The re-entrant modes in a low-pass microstrip filter cause the filter to act as 
a high-pass filter with a passband starting around 5 GHz. (b) A low-pass lumped-element filter 
acts as a low-pass filter well below the self-resonance frequency of the capacitor and inductor. 
Above self-resonance frequency, the capacitor becomes the inductor, and the inductor becomes 
the capacitor. This results in a high-pass filter above the self-resonance frequency. (c) Equivalent 
circuit model of a capacitor and its impedance frequency response. (d) Equivalent circuit model of 
an inductor and its impedance frequency response.

an additional filter is necessary at the qubit temperature to mitigate thermal noise 
originating from the 4.2-K filters.

Despite their effectiveness, powder filters have certain drawbacks, such as 
their size, weight, and the labor-intensive process involved in their fabrication. To 
simplify the fabrication process, researchers have developed PCB-based copper 
powder filters [9]. Nevertheless, powder filters can exhibit undesired parasitic 
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Figure 7.11  (Continued)
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resonances, resulting in a nonlinear frequency response, as depicted in Figure 
7.12(a). Additionally, they possess a DC resistance of approximately 10Ω, which 
leads to a power dissipation of 10 μW when subjected to a flux bias within the 
range of 1 mA. This exceeds the cooling power available at the lowest temperature 
stage, around 5 μW. One solution to address this issue is to incorporate supercon-
ducting niobium wires.

Copper powder filters typically have a relatively high cutoff frequency. To lower 
the cutoff frequency, a combination of a filter with a lower cutoff frequency, such 
as a pi filter, can be employed in conjunction with the powder filter. Since the coil 
within the copper powder filter functions as an inductor, adding two capacitors 
at both ends of the filter is sufficient. To accomplish this, discoidal capacitors are 
soldered onto the plugs at each end of the filter, as demonstrated in Figure 7.12(c). 
Discoidal capacitors possess lower parasitic inductance than surface-mount device 
(SMD) chip capacitors, making them suitable for this application.

Infrared Filter

Infrared radiation results in quasi-particle excitations and affects the coherence 
time of qubits. To safeguard devices operating below 1K from the detrimental 
effects of infrared radiation, an infrared (IR) filter is employed, typically just before 
the attenuator at the MXC. One approach to producing such a filter involves using 
Eccosorb absorbers [4].

The IR filter is a low-pass absorptive filter, dissipating high-frequency noise 
above the measurement frequency band. Its passband typically ranges from DC 
to 6 GHz. Like other cryogenic system components, the IR filter must be thermally 
anchored to the fridge. Using a thermally anchored IR filter also improves the 

Figure 7.12  (a) Frequency response and (b) structure of a copper powder filter. (c) A pi filter can be 
embedded by using discoidal capacitors to lower the cutoff frequency of the copper powder filter.
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thermalization of the center conductor in a coaxial line. The housing of IR filters 
is constructed using OFHC copper to provide optimal thermal conductivity.

7.4.3.2  Noise Suppression for Radiated Path

As mentioned in Section 7.4.3.1, noise can couple to the qubit through the radiated 
path, and shielding techniques are employed to block this radiation path. This 
discussion covers electromagnetic and thermal shielding to demonstrate how 
these techniques protect the qubit against noise coupled through the radiated path.

Electromagnetic Shielding

Recall the principles of electromagnetic shielding discussed Chapter 6. In the qubit 
hardware setup context, we now explore how these principles effectively shield 
the qubit from external electromagnetic interference. The qubit readout, control, 
and tuning circuitry are fabricated on a silicon chip and connected to the micro-
wave-PCB using bond wires, as shown in Figure 7.13(a). The microwave PCB con-
nects to the microwave cables inside the fridge using SMP or MMPX microwave 
connectors, with a smaller form factor than SMA connectors.

Figure 7.13(b) shows the implementation of an electromagnetic shield to sup-
press stray electromagnetic fields and reflections caused by impedance mismatches 
in circuit connections. As shown in Figure 7.13(b), the microwave PCB is positioned 
on a sample holder at the far right, while a milled part is employed in the middle to 
cover the silicon chip and transmission lines. Prior to installing the larger enclosure 
on the far left, this smaller intermediate cavity with a higher resonant frequency is 
utilized to prevent energy coupling to the resonant mode of the larger enclosure’s 
cavity. An infrared-absorbing epoxy is sometimes applied to the enclosure lid’s 
surface facing the sample to improve the shielding effectiveness.

Figure 7.13  (a) The quantum chip in the center is connected to the PCB using bond wires. The 
SMP or MMPX connectors connect the PCB to the microwave lines. (b) Electromagnetic shielding of 
the qubit.
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After placing the qubit inside the enclosure, additional shielding layers are 
employed to achieve the desired level of total shielding effectiveness, as depicted 
in Figure 7.14(a, b). As discussed in Chapter 6, materials with high permeability can 
be used for shielding magnetic fields. However, the permeability of these materials 
typically decreases as temperature decreases, as shown in Figure 7.14(c). Special 
materials such as cryoperm are utilized in a dilution fridge to address this issue, 
as its permeability remains high at low temperatures. The cryoperm serves as the 
outermost shield in the fridge at 2.7K, as illustrated in Figure 7.14(a).

Figure 7.14(a, b) illustrates using two gold-plated copper cans at 500 mK and 
100 mK, respectively. Both cans feature a thin layer of a superconducting magnetic 
shield made of tin (Sn), which is electroplated onto the copper surface before gold 
plating. The innermost copper can at 100 mK is additionally coated with a 2-mm 
layer of infrared absorbing epoxy. IR filters absorb infrared photons to thermally 
stabilize the input and output lines, as shown in Figure 7.14(a).

Figure 7.14  (a) Cryogenic shielding consisting of magnetic and thermal shields. Cu cans at 100 mK and 
500 mK serve as infrared radiation shielding. Sn plating on the Cu cans and cryoperm 10 at 2.7K provides 
magnetic shielding. The 100 mK can also have infrared absorbing epoxy. (b) Shields for 100 mK, 500 mK, 
and 2.7K. (c) The cryoperm, ultraperm, and mu-metal permeability versus temperature.
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Thermal Shielding

Thermal radiation, the primary contributor to the thermal budgets for cryostats, 
requires special consideration. When an object’s surface receives electromagnetic 
radiation, it absorbs a fraction α, reflects a fraction β, and transmits a fraction 
τ. This follows the condition α + β + τ = 1 due to energy conservation. In most 
cryostat applications, the body is opaque when τ = 0. This means that all energy 
is either absorbed or reflected. If β = 0 (α = 1 from energy conservation), the body 
is known as black and absorbs all energy.

In cryostats, an orifice in a thermal shield can behave like a black body, where 
internal surfaces gradually absorb radiation through multiple reflections. There-
fore, it is crucial to avoid gaps and slots when designing a thermal shield. How-
ever, in cases where gaps are necessary for thermal contraction compensation, 
multilayer insulation (MLI) pads can be used to cover them. In ultrahigh vacuum 
(UHV) applications where MLI is not viable, high-absorptivity material traps can 
surround the gaps and absorb light on the thermal shield wall, reducing multipath 
reflection on the inside.

The total energy radiated per unit surface area across all wavelengths per unit 
time for a black body is given by:

	 Eb T( ) = s ⋅T4
	 (7.5)

where σ is Stefan-Boltzmann’s constant and T is the temperature. Introducing the 
total hemispheric emissivity 0 < ε < 1, which defines the fraction of the emitted 
radiation with respect to that of a black body, is given by E(T) = ε ⋅ σ ⋅ T4.

The emissivity value depends on the material, surface finish, and cleanliness. 
For example, clean and well-polished metallic surfaces have small emissivity, 
whereas nonmetallic surfaces have higher emissivity. Therefore, cryostat thermal 
shields are typically made of metallic surfaces (copper or aluminum) with a clean 
and reflective surface finish, such as gold. Table 7.7 shows hemispherical emissivity 
values for a few materials.

Emissivity is a function of temperature, and for metals at cryogenic tempera-
tures, emissivity reduces almost proportionally with temperature. This is desir-
able since it enhances the low-emissivity properties of cryogenic-cooled thermal 
shields in cryostats. As mentioned earlier, gold-plated copper cans coated with 
infrared-absorbing epoxy are used as a thermal shield in a dilution fridge.

Output Noise Suppression Using a Circulator

Blocking the noise generated by downstream measurement stages from reach-
ing the qubit is crucial. The cryogenic HEMT amplifier typically exhibits a noise 
temperature ranging from 2 to 5K, making it the primary noise source on the 
output line.

Recall that employing attenuation techniques on the output line is impracti-
cal as it contradicts the purpose of the amplifier. Hence, it becomes imperative to 
block the noise generated by the amplifier from reaching the qubit. This can be 
achieved by incorporating a circulator or isolator at the output of the parametric 
amplifier, as depicted in Figure 7.2(a).
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As discussed in Chapter 4, a circulator serves as a unidirectional microwave 
valve that allows the signal from the parametric amplifier to pass through to the 
HEMT amplifier with minimal attenuation. It effectively diverts the reflected 
noise from the HEMT amplifier and redirects it to a 50-Ω termination instead of 
allowing it to reach the sample, as explained in Chapter 5. It is crucial to ensure 
that the circulator or isolator is properly thermalized. As discussed in Section 
5.4.2.3, double-junction circulators provide improved isolation at the expense of 
higher insertion loss.

For multiqubit experiments, isolator arrays are utilized to save space. Ensur-
ing adjacent port-to-port isolation is crucial for isolator arrays and considering the 
figures of merit mentioned in Section 5.4.2.3.

Traditional circulators tend to be bulky and heavy, often utilizing permanent 
magnets composed of ferrite. Therefore, it is advisable to avoid placing them in 
close proximity to the qubits, as the magnetic field can adversely affect their per-
formance. To address the scaling challenge in quantum computing, physicists have 
invested considerable effort in developing compact, scalable, magnetic-free, low-
noise, and tunable on-chip circulators. Although the signal bandwidth remains 
relatively limited, these novel circulators also offer frequency tunability. However, 
the fabrication process for these circulators is intricate. Alternatively, a SLUG 
microwave amplifier can be used for qubit readout. The SLUG amplifier combines 
low-noise amplification and reverse isolation, which is better than a commercial 
cryogenic isolator.

7.4.4  Signal Amplification

Two key concepts that we need to keep in mind are described as follows:

•	 First, as shown in Section 3.3.2.2, the qubit readout fidelity F is determined by 
the SNR, which it can be calculated using the formula F = (1 + erf( SNR/2 ))/2 
[10]. For example, with SNR = 10, the corresponding readout fidelity is F = 
99.99%. Although time averaging can enhance the SNR by a factor of N , 
where N is the number of signals averaged, achieving a tenfold improvement 
in SNR could potentially reduce the required average times by a factor of 
100. This leads to the next point.

•	 Second, as discussed in Section 4.3.2.4, the initial amplifier in the chain sig-
nificantly impacts the overall noise figure NF and, consequently, the output 
SNR, where SNRout = SNRin/NF. Therefore, it is crucial to utilize an ultralow 
noise amplifier like the parametric amplifier right after the readout resona-
tor to maximize the output SNR. This allows for fast single-shot readout.

Table 7.7  Hemispheric Emissivity for Some Materials

Material/Temperature 4K 80K 300K

Copper mechanically polished 0.02 0.06 0.1

Gold 0.02 0.02 0.02

Aluminum electropolished 0.04 0.08 0.15
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The amplifiers used at cryogenic temperatures are listed in Table 7.8. The noise 
temperature of the amplifier, denoted as Ta, helps us calculate the number of ther-
mal photons, nth, added by the amplifier at each frequency ω, which is expressed 
as nth = 1/(eℏω/kBTa − 1).

For conventional HEMT-based readout operating at frequencies between 6 
and 7 GHz, the added system noise is typically around twenty quanta, nth ∼ 20. 
With typical parameters, this results in a single-shot qubit measurement fidelity 
of approximately 50% within a 500-ns timeframe [11]. To achieve a fast and high-fi-
delity single-shot readout, it is necessary to employ an amplifier with noise perfor-
mance approaching the standard quantum limit, nth = 1/2. This limit represents 
the minimum achievable noise level by a phase-insensitive linear amplifier [11].

This section discusses the utilization of various cryogenic amplifiers, including 
the JPA, the SLUG amplifier, and the cryogenic HEMT amplifier. For a compre-
hensive review of these amplifiers, please refer to Section 5.4.2.1.

7.4.4.1  Parametric Amplifiers

If a HEMT amplifier with a noise temperature of approximately TN ≈ 2–4K is utilized 
as the first amplifier at the output of the qubit’s readout resonator, the resulting 
system noise temperature will be around 7–10K. This corresponds to an addition 
of approximately 10–20 noise photons per signal photon at around 5 GHz. In prac-
tical terms, this noise level is generally considered too high to achieve a single-shot 
readout with a satisfactory SNR. The limitations in SNR have generated interest 
in developing quantum-limited parametric amplifiers, which add noise close to 
the minimum amount allowed by quantum mechanics.

From Chapter 5’s discussion of the fundamentals of parametric amplifiers, we 
learn that averaging N times enhances the SNR by a factor of N . Thus, achieving 
a 10-dB improvement in SNR can reduce the required number of averages by a 
factor of 100. Parametric amplifiers based on Josephson junctions offer improved 
noise temperature, as depicted in Figure 7.15. Consequently, a parametric amplifier 
can eliminate the need for signal averaging and enable a high-fidelity single-shot 
readout of qubits.

As mentioned in Chapter 5, a TWPA offers a higher bandwidth than a JPA, mak-
ing it suitable for the multiplexed readout of multiple qubits. Figure 7.15 illustrates 

Table 7.8  Amplification in a Superconducting Qubit Experiment

Technique Description Noise Temperature

JPA Quantum-limited noise performance Tnoise <1K

TWA Higher bandwidth and dynamic range for 
multiplexed readout of multiple qubits

Tnoise <1K

SLUG amplifier Quantum-limited noise performance; 
Combined amplification and reverse 
isolation eliminating the need for external 
circulators

Tnoise <1K

Cryogenic HEMT amplifier Used at 4K stage Tnoise = 2–5K

Room-temperature LNA Used in room-temperature detection chain Tnoise = 75–100K
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the utilization of a TWPA in a qubit setup. The signal emerging from the read-
out resonator passes through a directional coupler (see Chapter 5) and reaches 
the input of the TWPA. Simultaneously, the pump signal originating from room 
temperature, as shown in Figure 7.2(a), is applied through the directional coupler 
to the TWPA’s input. It is crucial to remember that parametric amplifiers have an 
extremely low P1dB, typically in the range of −100 to −80 dBm, so caution must 
be exercised to prevent saturating them.

7.4.4.2  Cryogenic HEMT Amplifier

After passing through the parametric amplifier, the signal undergoes further 
amplification within the fridge using a HEMT amplifier, followed by one or two 

Figure 7.15  (a) A weak signal probes the state of a qubit, which gets amplified by a TWPA and (b) 
schematic of JTWPA consisting of a lumped-element transmission line made from unit cells of Josephson 
junctions, shunt capacitors, and phase-matching resonators. (In reality, a device has several Josephson 
junctions between each phase-matching resonator.) (c) The amplified signal along the length of the JTWPA.
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room-temperature LNAs, as depicted in Figure 7.2(a). (See Chapter 5 for a discus-
sion of these amplifiers.)

The HEMT amplifiers require a stable and precisely adjustable voltage supply to 
ensure optimal performance. It is crucial to avoid exceeding the maximum ratings, 
as this can easily destroy the HEMT amplifier. In qubit experiments, it is unlikely 
to reach the RF input drive levels that damage the amplifier. However, it is nec-
essary to exercise extra caution when setting the bias values for the drain-source 
voltage (Vds), current (Ids), and gate-source voltage (Vgs). Special attention should 
also be given to these sensitive devices’ power-up and power-down processes.

7.4.4.3  SLUG Amplifier

In Section 7.4.3.2, we discussed using circulators to isolate the quantum circuit 
from noisy downstream measurement stages. However, circulators present chal-
lenges in terms of size and scalability. The SLUG amplifier, which combines near 
quantum-limited noise performance with higher reverse isolation than commer-
cial cryogenic isolators, offers a compelling solution to address these issues [11]. 
Additionally, the SLUG amplifier provides a large instantaneous bandwidth and 
dynamic range, enabling multiplexed single-shot qubit readout.

While the noise level of a SLUG amplifier will never match that of an opti-
mized JPA, it is possible to achieve added noise of approximately one quantum at 
frequencies approaching 10 GHz [11]. Unlike the JPA, the SLUG amplifier does not 
require a separate strong microwave pump tone, which means that the qubit does 
not need to be protected by multiple stages of cryogenic isolation. The wire-up 
and operation of the SLUG amplifier are particularly straightforward, requiring 
only two DC current biases and no microwave pump tones. The pulsed-mode 
operation of the SLUG amplifier enables the characterization of transmon qubits 
without the need for cryogenic circulators, and it does not result in any measurable 
degradation of qubit performance in the measurement chain [11]. Please refer to 
Chapter 5 for a detailed discussion of the SLUG amplifier.

7.4.5  Further Considerations for the Cryogenic Setup

An RF switch can be employed within the fridge to enhance connectivity and 
reconfigurability. This allows for efficient switching between different samples 
during measurements. In scenarios where multiple samples are being tested, the 
process typically involves warming up the fridge, changing connections, and then 
cooling it down again, which can be very time-consuming. However, using an RF 
switch, as illustrated in Figure 7.16, rapid switching between samples inside the 
fridge becomes possible without needing warmup time or connection changes.

A DC source at room temperature is utilized to control the RF switch. However, 
it is essential to wire the switch-control circuitry inside the fridge. Mechanical 
RF switches consist of coils and mechanical contacts manipulated by electrically 
energized coils. These coils exhibit different resistances at 4K compared to ambient 
temperature, necessitating specialized control electronics for low temperatures. 
These electronics must be current-driven instead of voltage-driven as originally 
intended by the manufacturer. Additionally, it is crucial to isolate the electronics 

7092_Book.indb   3107092_Book.indb   310 12/20/23   3:12 PM12/20/23   3:12 PM



7.4  Cryogenic Setup� 311

from the PC ground that controls the switch to prevent ground loops. Caution 
should be exercised with the RF switch since switching operations can introduce 
heat into the fridge, and it may take a long time to return to the base temperature.

Moreover, switches can also be employed at room temperature to enhance 
the reconfigurability of the setup, as shown in Figure 7.16(a–c). A cost-effective 
multifunction DAQ (data acquisition) device like the USB-6009 from National 
Instruments can be used to control the switch from the PC. Some RF switches 
may require higher voltages, such as 24V. In such cases, the 5-V output of the DAQ 
needs to be boosted. A DC-DC boost converter, as depicted in Figure 7.16(d), can 
be employed to accomplish this.

7.4.6  Vibrational Damping and Decoupling

Ensuring the stability of the construction before installing the fridge is paramount 
in minimizing vibrations [12, 13]. Additionally, it is crucial to position the com-
pressors and vacuum pumps at a sufficient distance from the fridge to prevent 
vibrations. These devices generate significant noise and produce dirt, making it 
preferable to install them outside the building or provide acoustic isolation. Note 
that longer pumping lines for 3He and 4He on the still and 1k-pot lines can lead to 
reduced pumping speed, thus affecting the cooling power and base temperature. 
Therefore, compensating for the increased length using larger tube diameters is 
necessary to avoid significantly reducing pumping speed.

The vibrations can be measured using geophone sensors. The sensor’s gener-
ated voltage can be fed into an FFT analyzer to display the noise spectrum. Once 

Figure 7.16  (a) An RF switch can be utilized to increase the flexibility of the experimental setup and 
eliminate the need for multiple connections, disconnections, and warm-up and cool-down cycles of the 
fridge. (b) A specific type of RF switch, the SP6T, has one input and six outputs. (c) Using switches to 
allow reconfigurability of the experiment to minimize the number of connects and disconnects of the 
cables. (d) The DAQ from National Instrument can be used to control the switch from the PC—a DC-DC 
converter to boost the 5V to 24V.
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Figure 7.16  (Continued)

the installation is complete and the system has cooled down, the temperature 
inside the fridge can be measured using a nuclear orientation thermometer or the 
fridge’s internal thermometer.

Successful decoupling and damping of vibrations enable the achievement of 
a stable base temperature of 10–20 mK. However, residual vibrations within the 
fridge, primarily caused by the pulse tube cooler, can introduce noise coupling to 
the qubit, thereby reducing its coherence time.
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Vibrational damping and decoupling play a critical role in properly operating 
the fridge and the qubit, as summarized in Table 7.9.

A stable 4-K environment is essential for the operation of a dilution fridge. 
Traditionally, wet fridges have utilized liquid helium baths to achieve this tem-
perature. However, dry fridges now employ pulse-tube technology, which offers 
a simpler and more cost-effective solution. These dry fridges can achieve tempera-
tures below 4K without the need for liquid helium. One advantage of pulse-tube 
technology is its lower vibration levels compared to other cryocoolers, typically 
ranging from 5 to 10 microns in the cold stages. To further mitigate vibrations, 
copper braids are employed to decouple the pulse tube stages from other exper-
imental stages. By implementing a very rigid support structure, vibrations can 
be reduced to levels below 100 nm. While wet fridges based on liquid helium are 
still utilized, they are primarily reserved for highly sensitive applications such as 
scanning tunneling microscopes (STMs).

While pulse-tube coolers generally exhibit lower vibrations compared to other 
cryocoolers, it has been reported that they can generate electrical noise due to the 
triboelectric effect, especially at temperatures below 4K [12]. Vibration-induced 
noise can arise from triboelectric, microphonic, and piezoelectric mechanisms. 
In the case of cables, vibrations cause the dielectric and inner conductor to move 
relative to the outer conductor, leading to variations in the effective capacitance of 
the line, which is known as the microphonic effect. Additionally, vibrations can 
cause the contracted dielectric to rub against the inner or outer conductor, result-
ing in charge fluctuations and electric noise, known as the triboelectric effect.

To mitigate this type of noise, two strategies are commonly employed: jacket-
ing and flattening the cables [12]. Jacketing involves applying a protective layer to 
flexible cables, which squeezes the outer conductor onto the dielectric, preventing 
movement within the cable when cooled. Similarly, flattening a semirigid cable 
restricts the movement of the dielectric. Alternatively, the use of vacuum-insulated 
cables can effectively suppress vibration-induced noise. Implementing these mea-
sures can significantly reduce pulse-tube noise by more than an order of magnitude 
and should be considered if vibration-induced issues are detected in measurements.

Table 7.9  Vibrational Damping and Decoupling

Vibrational Damping 
and Decoupling Why Suppress Vibrations? How to Do It?

Fridge Reach stable low base temperature of 
10–20 mk.

This can be achieved by carefully 
installing the fridge, including the 
construction stability, vacuum pumps, 
compressors, and so on.

Qubit Avoid inductive coupling of the 
magnetic field due to the pulse tube 
cooler.
Avoid coupling of mechanically 
induced electrical noise (due to 
triboelectric, microphonic, or 
piezoelectric effect) to the qubit.

Use twisted pairs for DC wiring to 
minimize the loop area and avoid the 
induced current in a loop moving in a 
magnetic field, where the movement 
comes from the pulse tube cooler.
Vacuum insulated cables.
Jacketing cables.
Flattening cables.
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7.5	 Future Directions for the Control Hardware

As highlighted in Chapter 2, scaling represents the most significant hurdle in 
unlocking the full computational power of quantum computers. To address this 
crucial challenge, this section provides a brief overview of future directions to 
tackle control hardware challenges to pave the way for the scalable realization of 
quantum computers.

7.5.1  Integrated Hardware

This chapter explored the utilization of commercial off-the-shelf (COTS) instru-
ments and components for the control and readout of qubits. The initial step toward 
improvement involves integrating these room-temperature instruments and com-
ponents to reduce size and cost while enhancing performance and scalability to 
accommodate multiple qubits. For instance, digital-signal generation and detection 
techniques are preferred over traditional analog solutions due to their higher level 
of integration and lower cost per channel. Figure 7.7 showed the world’s first fully 
digital quantum control hardware developed by Keysight Technologies. A few 
companies have made significant progress in fully integrating and modularizing 
room-temperature hardware. Furthermore, open-source hardware platforms, such 
as QICK developed by Fermilab [14], are available for researchers and companies 
to customize and modify.

The next logical advancement is the implementation of integrated and scal-
able cryogenic control systems within the refrigerator. Cryogenic complementary 
metal–oxide–semiconductor (CMOS) chips hold promise as a viable candidate for 
this purpose. By leveraging CMOS technology at cryogenic temperatures, we can 
potentially achieve improved control and readout capabilities for qubits.

7.5.2  Cryogenic CMOS Chips

Cryo-CMOS circuits, leveraging an established electronic design automation (EDA) 
infrastructure and delivering high-speed and low-power performance, hold prom-
ise for co-integrating qubits and enabling large-scale quantum computing. How-
ever, cryogenic electronics necessitates ultralow power dissipation and high signal 
quality to ensure quantum-coherent operations [15, 16]. Typically, cryogenic CMOS 
chips operate above 1K, benefiting from a few watts of cooling power. Nevertheless, 
significantly enhancing the cooling power is essential to cater to the demands of 
thousands of qubits [15].

Although cryo-CMOS chips offer various advantages, the wiring bottleneck 
persists, as the electronics are physically distant from the qubits operating at the 
lowest temperature stage. Several potential solutions to this challenge are being 
explored, including the following:

1.	 Utilizing a multiplexer board that operates in close proximity to the qubits, 
satisfying the power requirements at the millikelvin cryogenic stage (typi-
cally < 1mW at 100 mK) [15]. Connecting the classical and quantum boards 
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poses ongoing challenges, and 3D packaging techniques like the room-tem-
perature system-in-package (SiP) method can facilitate the integration of 
qubits and electronics fabricated on separate dies [16].

2.	 Exploring the use of hot qubits that operate at the same temperature as 
electronics. Encouraging results have been observed for spin qubits oper-
ating above 1K [17]. However, the existence of hot superconducting qubits 
remains unproven.

3.	 Pursuing monolithic cointegration, which presents challenges such as elec-
tromagnetic and thermal crosstalk between the electronics and qubits, as 
well as cryogenic self-heating from CMOS transistors, thereby limiting the 
integration density of such a quantum/classical system [18].

These approaches represent possible paths toward addressing cryogenic quan-
tum computing systems’ wiring and integration challenges. By pushing the bound-
aries of cryo-CMOS technology and exploring innovative packaging methods, there 
is the potential to realize scalable and efficient quantum computing architectures.

7.6	 Automation and Control of the Experiment

Controlling the instruments and automating qubit operations through a centralized 
software system are crucial aspects of a qubit setup. Commonly used software 
packages include Python and MATLAB, while there are also specialized software 
packages tailored for qubit measurements, such as QCoDeS, pyCQED, qKIT, and 
Labber. Additionally, many labs develop in-house software platforms catering to 
their specific measurement requirements.

These software platforms play a vital role in communicating with instruments 
like signal generators, network analyzers, and digitizers, which typically utilize 
Ethernet, USB, and GPIB ports. To interact with these instruments effectively, 
becoming familiar with Standard Commands for Programmable Instruments 
(SCPI) commands is essential. SCPI is an ASCII-based programming language that 
facilitates communication with test and measurement instruments. While SCPI 
commands may not be universally consistent, they exhibit significant similarities 
across many instruments.

When connecting instruments to a PC, it is crucial to be mindful of grounding 
loops. Directly connecting an instrument to the PC also connects their respective 
grounds. To mitigate potential issues, isolators are employed to decouple the PC 
from the measurement instrument, ensuring proper grounding. Additionally, it is 
worth noting that the USB specification imposes limits on cable length. The cable 
length should not exceed 5m for full-speed devices, while for low-speed devices, 
the limit is set at 3m. These limitations should be considered when utilizing lengthy 
USB cables in practice.

By understanding the intricacies of software communication, SCPI commands, 
and the importance of proper grounding, researchers and engineers can effectively 
control and automate their experimental setups, facilitating accurate and reliable 
control and measurements of superconducting quantum computers.
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Principles of Cryogenics

Books and minds only work when they are open.

—James Dewar

This chapter explores the fundamentals of cryogenics, delving into various refrig-
eration techniques that encompass cryogens, pumped-helium systems, mechanical 
coolers, and dilution refrigeration. The chapter thoroughly analyzes the dilu-
tion-fridge operation, offering a comprehensive understanding of its functioning. 
Additionally, we cover cryogenic thermometry and discuss different aspects of 
cryogenic-sensor installation, including shielding and thermal anchoring. The 
chapter concludes by discussing the materials commonly employed in cryo-
genic environments.

8.1	 Introduction

The word cryogenics originates from the Greek words “kryos,” meaning frost, 
and “genic,” meaning to produce. Cryogenics studies the creation and effects 
of extremely low temperatures. The most significant achievement of cryogenic 
experiments was the discovery of superconductivity by Kamerlingh Onnes in 1911. 
He cooled a metallic mercury sample to temperatures below 4.2K, using liquid 
helium-4 (4He), and observed a sudden drop in electrical resistivity to an essentially 
zero-resistance state. This phenomenon was named superconductivity, also known 
as charged superfluidity. By 1922, Onnes reached temperatures as low as 0.83K. 
Table 8.1 shows the key milestones in the field of cryogenics [1–3]. Over the last 
two centuries, scientists have developed techniques to reach temperatures down 
to picokelvin [4–6]. Discoveries such as superconductivity and the new phase of 
matter called Bose-Einstein condensate (BEC) opened avenues to new technolo-
gies such as superconducting quantum computers, magnetic resonance imaging 
systems, and ultrasensitive sensors.

Cryogenic environments are employed wherever superconductors are involved, 
such as in the superconducting magnets of the Large Hadron Collider (LHC) and 
superconducting quantum computers [7]. These environments are also utilized to 
minimize the impact of noise in detectors, including particle detectors and those 
used in radio astronomy. As discussed in Chapter 4, the noise power level is pro-
portional to the temperature. Consequently, cryogenic environments are employed 
to maintain ultrasensitive receivers, such as those utilized in radio astronomy, at 

7092_Book.indb   3177092_Book.indb   317 12/20/23   3:12 PM12/20/23   3:12 PM



318� Principles of Cryogenics

Table 8.1  Milestones in Cryogenic Techniques

Year Accomplishment

1845 Faraday liquified most known gases.

1877 Louis Cailletet and Raoul Pictet liquified oxygen and nitrogen. They were able to 
reach 80K.

1898 Liquefaction and solidification of hydrogen by James Dewar. He reached 13K.

1908 Kamerlingh Onnes liquified helium. He reached 0.83K in 1922.

1930s The lower millikelvin range is made possible by adiabatic demagnetization.

1960s Development of dilution refrigerators (DRs) with millikelvin-level cooling 
capability. The lowest temperature that current DRs may attain is T = 5–20 mK 
(record: 2 mK).

1970s and 
1980s

Nuclear demagnetization makes microkelvin temperatures available for 
experiments (single-shot cooling). Today: T < 100 μK (record 1.5 μK).
Laser cooling of atoms allowed reaching temperatures as low as 3 μK for cesium 
atoms.

1990s In 1995, the BEC was created by Eric Cornell and Carl Wieman of the University 
of Colorado at Boulder using rubidium atoms; later that year, Wolfgang Ketterle 
of MIT produced a BEC using sodium atoms. Nanokelvin temperatures were 
achieved (record: 38 pK).

extremely low temperatures. This approach ensures that the noise floor remains 
minimal, enhancing the receiver’s sensitivity.

Additionally, advanced gravitational-wave detectors employ dilution-refrig-
eration techniques to mitigate the impact of noise and vibrations. These detectors 
are designed to detect minute changes in diameter, as low as 10–20m (roughly the 
diameter of a nucleus is 10–15m), within a spherical resonator. Consequently, cool-
ing these detectors is crucial to prevent thermal vibrations from surpassing the 
detectable vibration threshold [8].

Cryogenic techniques have resulted in several fascinating discoveries, and they 
will play even more critical roles in the future of physics and engineering. Espe-
cially in quantum computing, several qubit platforms, such as superconducting, 
spin, and topological qubits, depend on cryogenic environments.

8.2	 An Overview of Cooling Techniques

Figure 8.1 illustrates various techniques employed to achieve low temperatures; 
they will be discussed in greater detail in Sections 8.3 to 8.6. Our primary focus 
is on the dilution-refrigeration technique for cooling superconducting qubits.

As depicted in Figure 8.1, liquid cryogens and mechanical coolers can achieve 
temperatures as low as 2K. Temperatures below 2K can be reached by implement-
ing pumped systems. Pumped 4He systems can achieve temperatures as low 
as 1.2K, while pumped 3He systems can reach 300 mK. To cool below 300 mK, 
the dilution-refrigeration technique is employed, leveraging the cooling effect 
of a mixture of 3He and 4He liquids. Adiabatic demagnetization can also reach 
the lower millikelvin range, while nuclear demagnetization enables cooling to 
microkelvin temperatures.
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To achieve temperatures below the microkelvin range, a combination of laser 
and evaporative cooling techniques enables cooling to nanokelvin and picokel-
vin temperatures, leading to the emergence of a new phase of matter known as 
the BEC [6]. In this state, all particles reach the ground state and form a coherent 
superposition of wavefunctions, exhibiting a macroscopic quantum effect.

8.3	 Cryogens

Helium-4 (4He) and nitrogen (N) are the primary cryogens extensively utilized 
in research and industrial applications. Table 8.2 displays the boiling point and 
latent heat values for these cryogens. In addition to 4He, obtained from oil and gas 
wells, helium-3 (3He) is also employed in cryogenics. However, 3He is exceptionally 
expensive and scarce as it does not occur naturally; it is a by-product of nuclear 
reactions resulting from the decay of tritium.

8.3.1  Cooling Mechanisms

Cryogens facilitate cooling through two mechanisms: latent heat and enthalpy 
[3]. When an object cools down in a cryogen, the heat from the object is absorbed, 

Figure 8.1  Various cooling methods to reach temperatures down to microkelvin.

Table 8.2  Properties of 3He, 4He, and Nitrogen Cryogens [3]

Cryogen Boiling Point Latent Heat Cost
3He 3.19K 0.026 kJ/mol Very expensive
4He 4.23K 2.6 kJ/l Expensive

Nitrogen 77K 161 kJ/l Cheap
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causing the cryogen’s liquid phase to evaporate. This process relies on the utiliza-
tion of the cryogen’s latent heat. As the cooling continues, the cryogen will even-
tually completely boil away, ensuring the utilization of all the available latent heat.

Latent heat refers to the energy required per unit mass for a phase change from 
liquid to gas. As heat is applied to a liquid, its temperature rises until it reaches 
boiling. At this stage, the liquid remains at the same temperature while undergoing 
a phase change from liquid to gas. The energy absorbed is not used to increase the 
temperature but rather to facilitate the transition of molecules from a liquid to a 
gaseous state, where gas molecules possess higher energy than liquid molecules.

The well-known equation Q = mcΔθ is commonly used to calculate the heat 
required for a temperature change. However, during a phase transition, there is 
no temperature change. Instead, the amount of heat Q that needs to be added or 
removed to facilitate a phase change for an object with mass m is determined by 
its latent heat L, as given by Q = mL.

The greater the latent heat of a cryogen, the more heat it can absorb before 
undergoing complete evaporation. As evident from Table 8.2, liquid nitrogen pos-
sesses a significantly higher latent heat than helium, resulting in a substantially 
lower amount of nitrogen evaporating for the same temperature reduction. Addi-
tionally, nitrogen is approximately a thousand times more cost-effective than liquid 
helium. However, nitrogen has a limited lowest-achievable temperature of 77K.

The second cooling mechanism is a result of the enthalpy change. The object’s 
heat warms the gas from boiling to room temperature. In this case, gas enthalpy 
is used. 4He has very low latent heat, but the enthalpy between 4.2 and 300K is 
substantially higher, at around 200 kJ/l. Using the enthalpy, we may, therefore, 
further reduce the amount of cryogens we use. The challenge lies in fully utiliz-
ing the enthalpy, necessitating the gas to exit the cryostat at room temperature. 
One approach to maximizing enthalpy gain is decelerating the gas as it exits the 
cryostat, achieved through baffles or a medium such as cotton wool [3].

One way to cool down a system below 77K is to use 4He directly. However, 
a combination of nitrogen and 4He would be much more efficient, such that we 
first cool to 77K with liquid nitrogen and then introduce 4He. Recall that nitrogen 
has a higher latent heat and is much cheaper than 4He. This cooling strategy is 
very effective since components’ heat capacity (the ability to store heat) in a cryo-
stat drops sharply with temperature. Consequently, by the time the system has 
reached 77K, most of the heat has already been removed. So, from this point, with 
a low heat capacity, the 4He needed for cooling down will be much less. Table 8.3 
compares the two strategies for cooling 1 kg of copper. Finally, we must remove 
all the nitrogen before filling the cryostat with helium; otherwise, a large amount 
of helium will be wasted to solidify the nitrogen as it has a relatively large latent 
heat of melting.

Table 8.3  Comparison of Two Strategies to Cool Down to 4.2K [3]

Cooling Strategy Temperature Change Consumption

Only 4He 300–4.2K 32 liters

Nitrogen
 4He

300–77K 0.46 liters

77–4.2K 2.2 liters
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8.3.2  Storage and Transportation of Cryogens

Liquid cryogens, such as liquid nitrogen or liquid helium, are stored and trans-
ported in dewars named after James Dewar. These cryogenic storage dewars are 
designed as vacuum flasks specifically for this purpose [1, 2]. They are constructed 
to maintain a high vacuum between the inner and outer walls, which provides 
crucial thermal insulation to significantly slow down the rate at which the cryogen 
boils away due to its low boiling temperature compared to the ambient temperature.

In Figure 8.2(a), you can observe that a dewar has walls made of multiple layers, 
with a high vacuum maintained between them. This vacuum insulation greatly 

Figure 8.2  (a) Structure of a dewar and (b) a helium liquefier system.
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extends the holding time of the dewar, ranging from a few hours to a few weeks, 
depending on the size and construction of the container.

Technological advancements have led to the development of pressurized super-
insulated vacuum containers, which enable even longer storage and transportation 
periods for liquid nitrogen. These containers have reduced the losses to 2% per 
day or even less, further enhancing the efficiency of cryogen storage and mini-
mizing wastage.

In order to minimize the risk of an explosion, it is crucial to carefully handle the 
gas produced when the liquid slowly boils. The gas can escape through a loosely 
fitted stopper or an open top in a basic design. However, more advanced dewars 
have high-pressure containment systems that trap the gas above the liquid. This 
configuration raises the boiling point of the liquid, allowing it to be stored for 
longer periods. Safety valves are incorporated to automatically release pressure 
to prevent excessive vapor pressure buildup.

Table 8.4 outlines the primary hazards associated with the handling of liquid 
cryogens. It is important to note that Table 8.4 is not intended to serve as a com-
prehensive safety guide. For a comprehensive set of guidelines and precautions, 
it is recommended to consult the code of practice specifically designed to handle 
liquid cryogens in a laboratory setting safely.

Recycling helium enables cost savings and ensures the availability of pure, 
high-pressure helium. Figure 8.2(b) illustrates the utilization of a helium liquefier 
system to accomplish this task. 

8.4	 Mechanical Refrigerators

Mechanical coolers, such as Gifford-McMahon (GM) or pulse-tube refrigerators 
(PTRs), offer an alternative to liquid cryogens and can achieve temperatures as 
low as 2K. Mechanical cooling systems provide a safer and less complex operation, 
eliminating the need for a liquefier.

A PTR utilizes a closed-cycle refrigeration technique based on gas compression, 
expansion, and displacement [1–3]. Figure 8.3(a) illustrates a PTR’s components, 
including a room-temperature compressor and an expansion chamber located 
within the cryostat. The compressor supplies high-pressure helium (18–22 bar) 
as the working gas. This high-pressure helium is then directed into the cryostat, 
where the expansion occurs, resulting in a cooling effect. The gas passes through 
a high heat capacity “regenerator,” which cools it as it enters the cryostat. Further-
more, the gas is further cooled during the expansion phase as it exits. Figure 8.3(b) 
showcases a real-world example of a PTR.

Achieving temperatures of 2K typically requires a two-stage system. The 
first stage typically operates at temperatures ranging from 40 to 80K, providing 
substantial cooling power.

It is worth noting that PTRs consume a significant amount of electrical power. 
For instance, it may require 11 kW of electrical power to produce 1.5W of cooling at 
4.2K. The typical cooling power at 45K is around 40W, while at 4K, it ranges from 
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Table 8.4  Dangers Associated with Liquid Cryogens

Danger Description Precautions

Burns Contact with liquid cryogens, cold 
gas generated by evaporating liquid 
cryogens, and pipework holding cold 
gas can cause severe skin damage similar 
to that caused by high heat. In extreme 
cases, frostbite may occur.

Always use eye protection and gloves 
when using or carrying cryogens.

Explosion Volume in the liquid and gas phases 
varies greatly (by a ratio of roughly 
700), which might cause an explosion if 
cryogenic liquids cannot escape from a 
volume.

Every cryostat needs safety valves. Make 
sure the correct valves are open.
A dewar explodes when the evaporated 
gases have nowhere to go due to the 
accumulation of ice and frozen air in the 
outlet.
To avoid ingress of air, dewars and 
cryostats must have a small positive 
pressure
Do not leave the dewars open to the air 
for any longer than necessary.

Asphyxiation Oxygen being replaced by evaporating 
cryogens causes asphyxiation.

Labs must be well-ventilated.
Route exhaust gases outside the building.
Labs must have oxygen depletion alarms 
in the lab.
Avoid taking a nitrogen or helium dewar 
in the elevator, and make sure no one 
else goes into the elevator while you are 
rushing up or down the stairs.

Combustion 
hazard

Since the boiling point of nitrogen is 
lower than oxygen, it allows oxygen 
to condense from the air and be 
concentrated. Liquid oxygen can build up 
to levels that may cause violent reactions 
with organic materials (i.e., a severe 
clothing fire could result).

Keep the lid on buckets of nitrogen.
Keep cold surfaces that may condense air 
(such as pipes carrying helium boil-off 
gas) clean (no grease, oil, or anything else 
that is readily combustible).

0.5 to 1.5W. Additionally, pulse-tube coolers operate optimally in a vertical orien-
tation, with the second stage pointing downward, which differs from GM coolers.

The primary drawback of mechanical coolers is the vibrations they generate, 
which can introduce noise that may couple with the device. Despite the absence 
of moving parts and the utilization of acoustic pulses in PTRs, they can still pro-
duce vibrations, although to a lesser extent than GM coolers. Factors such as the 
electricity supply frequency (e.g., 60 versus 50 Hz) can influence the performance 
of mechanical refrigerators. Therefore, optimizing and ensuring compatibility 
between the system and the laboratory’s supply frequency is crucial. Minimizing 
vibrations requires meticulous design and careful attention to various other factors.

Mechanical coolers offer particular advantages when used in cryostats located 
in remote areas, such as dilution refrigerators. Dry refrigerators, which utilize 
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Figure 8.3  (a) Schematic of a pulse-tube cooler and (b) a real-world pulse tube cooler.

mechanical coolers, are employed in contrast to wet-dilution fridges that rely on 
liquid cryogens. Wet-dilution refrigerators remain suitable for applications highly 
sensitive to vibrations, such as STMs [9].

Caution must be exercised when working with a mechanically cooled cryostat, 
as premature opening can result in burns before it has warmed up.
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8.5	 Pumped-Helium Refrigerators

Evaporative cooling is a familiar concept we encounter when cooling down our 
soup or coffee by blowing away high-energy particles from the liquid’s surface. By 
reducing the pressure above the liquid-air boundary, more high-energy particles 
can transition from the liquid to the air, cooling the liquid. In achieving nanokelvin 
temperatures and forming BEC [4–6], an advanced form of evaporative cooling 
involving RF signals and magnetic fields is pivotal in removing high-energy atoms 
from an atomic ensemble. As the gas undergoes cooling, the particle distribution 
gradually shifts toward lower velocities with decreasing temperature.

As we know, a liquid’s boiling point decreases as the pressure decreases. Con-
sequently, achieving lower temperatures by employing pumps to reduce the pres-
sure becomes feasible. Using pumped cooling, temperatures as low as 1K and 250 
mK can be achieved for 4He, and 3He, respectively. However, there is a limitation 
to pumped cooling, as the vaporization rate diminishes as the liquid continues to 
cool. More precisely, the vapor pressure Pvap is determined by Pvap ∝ e–L/RT, where 
L is the latent heat, T is the temperature, and R is the ideal gas constant. The cool-
ing power !Q  is directly proportional to the vapor pressure; therefore, it decreases 
exponentially with decreasing temperature. The equation !Q = !ngL  can express 
the cooling power, where ng is the number of gas particles, and the dot shows the 
time rate of change. At low pressures, insufficient molecules are available to cool 
the system effectively.

Figure 8.4(a) illustrates that 3He exhibits a higher vapor pressure than 4He. 
This is because 3He is lighter than 4He, leading to a lower binding energy between 
its atoms in the liquid state. Consequently, 3He possesses a lower latent heat of 
evaporation, resulting in higher vapor pressure [9].

Figure 8.4  (a) Temperature dependence of vapor pressure for 3He and 4He and (b) pumped 4He cryostat.
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Figure 8.4(b) depicts a 4He cryostat configuration comprising several compo-
nents: a main bath operating at 4.2K and an atmospheric pressure of 1 bar, a smaller 
container known as the 1-K pot, a vacuum chamber, and pumps connected to the 
vacuum chamber and the 1-K pot. Nitrogen or air impurities can cause blockages 
in the impedance capillary. To prevent this from occurring, a filter is employed.

The vacuum space is crucial in thermally isolating the 1-K pot from the main 
4.2-K bath. The liquid from the 4.2-K bath is pumped and directed through a flow 
impedance, which causes it to undergo an isenthalpic expansion. Subsequently, 
the liquid flows into the 1-K pot, lowering its temperature. Half of the evaporation 
heat is used to cool the liquid itself, while the remaining half can be used to cool 
the experimental setup.

The 4He heat of evaporation is about 83 J/mol, and a typical flow rate that can 
be obtained with a midsized mechanical pump is !V  = 10–4 mol/s = 0.13 sL/mn. 
So, a cooling power of around 5 mW is easily achievable.

8.6	 Dilution Refrigerator

The dilution refrigerator was initially proposed by Heinz London in 1951 and was 
experimentally realized in 1964 at Leiden University. In 1967, Oxford Instruments 
produced the first commercial dilution refrigerator.

Figure 8.5 illustrates a dilution fridge. The fridge consists of four temperature 
stages, each progressively reducing the temperature until it eventually reaches 
the millikelvin base temperature. Modern dilution fridges employ a combination 
of two cooling techniques to reach millikelvin temperatures: mechanical cooling 
(dry fridge) or a pumped-helium system (wet fridge) to reach kelvin temperatures 
and dilution refrigeration to reach millikelvin temperatures.

We are already familiar with mechanical cooling and pumped 4He systems. 
This section explores the dilution refrigeration technique.

Table 8.5 presents the temperatures of different stages and their corresponding 
cooling powers for a Bluefors dilution fridge. It is evident from Table 8.5 that the 
cooling power decreases notably as the temperature decreases. As discussed in 
Section 2.4.1.3, achieving adequate cooling power is one of the challenges when 
scaling up. Section 8.6.1.2 discusses the factors influencing cooling power and why 
enhancing it poses a significant challenge.

Table 8.5  Temperatures and Available Cooling Powers of the Indicated Stages of a Bluefors 
XLD400 Dilution Fridge

Stage Name Temperature (K) Cooling Power (W) Cable Length (mm)

50K 35 30 (at 45K) 200

4K 2.85 1.5 (at 4.2K) 290

Still 882 × 10–3 40 × 10–3 (at 1.2K) 250

CP 82 × 10–3 200 × 10–6 (at 140 mK) 170

MXC 6 × 10–3 19 × 10–6 (at 20 mK) 140
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Figure 8.5  (a) A dilution refrigerator used for superconducting qubits and (b) various cooling stages of 
an Oxford Instruments dilution fridge.

8.6.1  Principle of Dilution Refrigeration

Recall that, in evaporative cooling, the heat applied to the liquid dQ at the con-
stant temperature T causes phase transition, where the particles go from the more 
ordered liquid phase to a less ordered gaseous phase. As a result, the entropy 
increases, where the change in entropy dS is given by the second law of thermo-
dynamics dS = dQ/T. This is shown in Figure 8.6.

The lowest achievable temperature using evaporative cooling is limited due 
to the exponentially decaying vapor pressure as the temperature decreases. As 
we will see shortly, the idea of dilution refrigeration is similar to an upside-down 
evaporative cooler with the difference that the equivalent of the “vapor pressure,” 
which is the concentration of 3He in 4He, is a constant value of 6.4% and is indepen-
dent of temperature. The lowest temperature that may be reached by the dilution 
refrigeration method will be limited by a much weaker temperature dependence 
(i.e., T2 compared to the exponential temperature dependence of the Fermi liquid’s 
enthalpy) [9–12], as shown in Figure 8.8(c).

First, we explain the idea of dilution refrigeration in Figure 8.6 with an anal-
ogy to evaporative cooling. To simplify the analogy, the dilution process shown 
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Figure 8.6  Comparison of evaporative cooling and dilution refrigeration.

in Figure 8.6 is upside-down. In the actual case, pure 3He is on top of the diluted 
mixture [see Figure 8.10(b)]. The equivalent parameters are given in Table 8.6.

The idea of dilution refrigeration is as follows. Use a mixture of 3He and 4He 
and cool it down until this mixture separates into a pure and dilute phase [see 
Figure 8.7(b)] [9]. 3He atoms in the pure phase (the more ordered phase) diffuse to 
the dilute phase (the less ordered phase). This diffusion at the interface of the two 
phases absorbs energy and therefore has a cooling effect. So, we can thermally 
connect the object we want to cool down with the interface of the two phases, as 
shown in Figure 8.6. This happens in a part of the fridge called the mixing chamber.

The diffusion process stops when the 3He molar concentration reaches 6.4%. 
Therefore, bringing the mixture out of equilibrium is essential to sustain the 
migration of 3He atoms from the pure to the dilute phase to provide a continuous 
cooling cycle. This can be done using the combination of osmotic pressure and 
distillation of 3He.

Now we need to answer the following questions.

Table 8.6  Analogy of Evaporative Cooling and Dilution Refrigeration

Evaporative Cooling Dilution Refrigeration Description

Liquid 3He in the pure phase More ordered phase

Gas 3He in the diluted phase
(3He in 4He mixture)

Less ordered phase

Vapor pressure
(drops exponentially  
with temperature)

3He concentration
[Constant (6.4%)]

The much weaker T2 
dependence limits the lowest 
achievable temperature

The liquid absorbs heat The boundary between 
the pure and dilute phases 
absorbs heat

The migration of 3He atoms 
from the more ordered phase to 
the less ordered phase absorbs 
energy
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•	 How does the phase separation happen?
•	 Why is the concentration of 3He finite and equal to 6.4%?
•	 How can we create a continuous cooling process in this system?

Sections 8.6.1.1 and 8.6.1.2 answer these questions.

8.6.1.1  Mixture of 3He and 4He

The phase diagram shown in Figure 8.7(a) helps to understand how the 3He-4He 
mixture behaves at different temperatures. The y-axis shows the temperature, 

Figure 8.7  (a) Phase diagram of 3He-4He mixture; (b) 3He -4He mixture separation; (c) 3He atoms 
with opposite spins occupy energy levels until they reach the energy level of latent evaporation 
of 3He atoms, where the equilibrium is reached at 6.4% molar concentration of 3He; and (d) the 
change in chemical potential as a function of 3He concentration x in the dilute phase. The kBTF(x) 
is the Fermi energy, which is a function of 3He concentration x.
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and the x-axis the molar fraction of 3He. The diagram consists of three regions: 
the normal, superfluid, and forbidden region that starts at temperatures below the 
tricritical point at 870 mK [9–12]. The boundaries that separate this region from 
adjacent ones are referred to as lambda lines due to their resemblance to the Greek 
letter lambda (λ) sign.

Assume that we start somewhere around point A, where the mixture is in the 
normal state. As we cool down the mixture, it arrives in the superfluid region. 
Cooling the mixture further will spontaneously separate it into two different 
phases. The 3He-rich phase with a higher concentration of 3He is a normal fluid 
and corresponds to the point on the right side of the lambda line. The 4He-rich 
phase, also called the dilute phase as it is diluted by 3He molecules, corresponds 
to the point on the left side of the lambda line and will be a superfluid. 3He-rich 
phase floats on the mixture as the normal liquid is less dense than the superfluid, 
as shown in Figure 8.7(b). Lowering the temperature further, the normal fluid 
approaches a state of being 100% 3He, and the dilute superfluid phase reaches a 
6.4% 3He concentration, as shown in Figure 8.7(a).

Now, we want to understand the 3He finite solubility of 6.4%. The 3He atoms 
are lighter than the 4He atoms, occupying a larger volume as their vibration ampli-
tude is larger. This results in the 3He atoms being closer to 4He atoms than the 3He 
atoms. Moreover, the attractive force between 3He atoms is a weak Van der Waals 
force. Being closer to the 4He atoms and having a weak attractive force to other 
3He atoms results in the diffusion of 3He atoms from the pure phase to the dilute 
phase until an equilibrium is reached at a 6.4% molar concentration of 3He in the 
dilute phase. Now, let us explain this number.

The binding energy between two 3He atoms in the pure phase equals the latent 
heat of evaporation L. The binding energy ε between one 3He and one 4He atom is 
larger than between two 3He atoms. As mentioned earlier, 3He atoms get closer to 
4He atoms than 3He atoms and are more strongly attracted to 4He atoms than 3He 
atoms. As more 3He atoms diffuse in liquid 4He, the binding energy between the 
3He and 4He atoms decreases until it reaches the binding energy between two 3He 
atoms, as shown in Figure 8.7(c), where μ is the chemical potential associated with 
energy change of adding particles to the system. This is due to the Pauli exclusion 
principle. Since 3He is a fermion, it obeys the Fermi statistics and Pauli exclusion 
principle, where each energy state is occupied by two 3He atoms with opposite 
spins, as shown in Figure 8.7(c). As more and more 3He atoms diffuse in the 4He, 
the binding energy reduces until it reaches the latent heat of evaporation of 3He, 
and this is where the equilibrium is reached at 6.4% molar concentration of 3He, 
and the diffusion stops, as shown in Figure 8. 7(d) [9].

8.6.1.2  Circulation of 3He

To sustain a continuous cooling cycle, it is necessary to disturb the equilibrium of 
the mixture. Without this disturbance, the diffusion of 3He atoms from the pure 
phase into the mixed phase ceases after reaching equilibrium, causing the cooling 
process to stop. To address this, a distiller (referred to as a still) is connected to the 
mixing chamber, as depicted in Figure 8.8(a). The still operates by applying heat, 
causing the 3He atoms with a lower boiling point to evaporate from the mixture.
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Increasing the rate of 3He evaporation by supplying additional heat to the still 
enhances the cooling power. However, there is a limitation to how much the tem-
perature can rise, as the fraction of 3He in the vapor diminishes rapidly, as shown 
in Figure 8.8(b). Maintaining a 3He fraction of approximately 90% in the circulated 
gas is crucial to uphold the efficiency of the dilution process. This optimal still 
temperature is typically in the range of 0.7 to 0.8K [9–12].

The question arises regarding how the mixture moves from the mixing cham-
ber to the still. The concentration of 3He in the liquid within the still decreases 
as 3He vapor is pumped out. This difference in 3He concentration establishes an 
osmotic pressure gradient along the tube connecting the mixing chamber and the 
still, causing 3He to be drawn from the mixing chamber. Let us now explore how 
adequate osmotic pressure is generated.

The Fermi nature of 3He allows it to traverse the superfluid medium of the 
mixture with minimal interaction with the surrounding 4He. This phenomenon 
can be likened to a Fermi gas traveling through the massive vacuum of superfluid 
4He. Consequently, the ideal gas law (Hoff’s law) can be employed. According to 
this law, which applies to a substance with n moles at temperature T in a solution 
with volume V, the osmotic pressure Π can be determined by: Π = nRT/V.

In a dilution refrigerator, the total volume V can be replaced with the molar 
volume Vm,4 of 4He and n, with the fraction of 3He found within the solution. The 
osmotic pressure difference between the phase boundary (having pressure Πmc ) 
and elsewhere along the dilute side (having pressure Πst ) is given by

	
ΔΠ ≅

xmcTmc − xstTst( )R
Vm,4

  	 (8.1)

Here, xmc is 6.4%, Tmc to be estimated at 20–50 mK, and Tst at around 0.7K for 
optimized partial pressure. This gives the maximum osmotic pressure of almost 
20 mbar, equivalent to the hydrostatic pressure of 1m of liquid helium. So, even 
if the mixing chamber and still are separated by a vertical distance of 1m, this 
osmotic pressure difference is sufficient to suck 3He from the mixing chamber.

Let us look at the cooling power provided by dilution refrigeration. The amount 
of absorbed heat equals the difference in the molar enthalpy of 3He in the dilute 
phase Hd(T), and the concentrated phase Hc(T). Both of these enthalpies are a 
function of temperature. For n3 moles that pass through the phase boundary, the 
absorbed heat is given by Q = n3[Hd(T) − Hc(T)]. The rate of heat absorption or 
cooling power is given by !Q = !n3 ∆H , where !n3  is the 3He molar circulation rate, 
and the enthalpy difference is given by [9]

	
∆H = T Sd − Sp( ) = 84T2 J

mol 	 (8.2)

where Sd and Sp are the entropy of the dilute and pure phases, respectively.
Figure 8.8(c) compares the cooling power using dilution refrigeration and 

evaporative cooling. As can be seen, the lowest achievable temperature using 
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dilution refrigeration is limited by the much weaker temperature dependence of 
the enthalpy of Fermi liquids (T2).

Due to imperfect heat exchangers, the returning 3He is always slightly warmer 
than the outgoing 3He. Therefore, a more accurate cooling power expression 
accounts for both the temperature of the final heat exchanger, Tex and the tem-
perature of the mixing chamber, Tmc [9]

	
!Q = !n3 95 Tmc

2 − 11 Tex
2( )  	 (8.3)

For !n3  = 100 μmol/s, to reach the temperature of T = 10 mK, the cooling power 
will be around !Q  = 1 μW.

8.6.2  Components of a Dilution Refrigerator

This section investigates some of the essential components of a dilution refriger-
ator. Regarding various shielding used in the fridge, see Section 7.4.3.

8.6.2.1  Pumps

As mentioned in Section 8.6.1.2, the circulation of 3He allows for sustaining the 
cooling cycle, where the 3He vapor needs to get pumped. There are several pumps 
from which to pick. When choosing a pump, it is essential to note that it needs to 
be clean to avoid dilution fridge contamination and provide high enough pressure 
to reduce the condensing time.

As shown in Figure 8.9(a), the evaporated 3He coming from the still goes to 
the oil-free turbo pump (roots pump can also be used, but it is not as clean as a 
turbo pump) backed by two rotary pumps (scroll pump can be used but it gener-
ates dust that may cause blockage and damage to other pumps) and a diaphragm 
pump (scroll pump can be used, but it is less clean and generates lower pressure) 
at the high-pressure end. The chain of pumps increases the pressure from about 
0.01 mbar to 0.5–2.5 bar [9].

In a wet dilution refrigerator, there is also a need for 4He circulation, which 
can be done using rotary pumps, as shown in Figure 8.9(b).

8.6.2.2  Heat Exchangers

Heat exchangers play a crucial role in establishing thermal coupling between 
various components within the refrigerator. For instance, as depicted in Figure 
8.10(a), heat exchangers enable the cooling of the 3He gas flowing toward the 
mixing chamber by utilizing the cold outgoing 3He gas flowing toward the still.

Based on (8.9), the cooling process ceases (i.e., !Q  = 0) when Tex/Tmc ≥ 3. This 
condition occurs when the incoming 3He gas has a temperature three times higher 
than the diluted solution. Therefore, to achieve a mixing chamber temperature of 
20 mK, the incoming 3He gas from the still, which has a temperature of 700 mK, 
must be cooled down to at least 60 mK. Accomplishing this cooling requires highly 
efficient heat exchangers. In this section, we explore the impact of viscous heating 
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Figure 8.8  (a) Migration of mixture from the mixing chamber to the still, (b) fraction of 3He as 
a function of still temperature, and (c) comparison of cooling power of dilution refrigeration and 
evaporative cooling.

and Kapitza resistance on heat exchanger performance and discuss two types of 
heat exchangers, namely continuous and stepped, as illustrated in Figure 8.10(b).

The thermal contact between two materials is subject to an interfacial thermal 
resistance, commonly referred to as Kapitza resistance. This resistance arises from 
the scattering of energy carriers, such as phonons or electrons, at the interface. 
The differences in electronic and vibrational properties of the materials on either 
side of the interface contribute to this scattering phenomenon.

Figure 8.10(c) illustrates that the Kapitza resistance is inversely proportional to 
T3 and exhibits a rapid increase with decreasing temperature T [9]. One approach to 
mitigate the Kapitza resistance between helium and metals at lower temperatures is 
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Figure 8.9  (a) Pumps used in a dilution fridge and (b) rotary and turbo pumps in a wet dilution fridge. 
(After: [9].)

to enhance the surface area by employing sintered silver with a specific area of 1m2 
per gram of silver. Consequently, multiple-step heat exchangers utilizing sintered 
silver are utilized in the lowest section of the dilution unit. As the temperature 
decreases, the amount of silver and the size of the flow channels are increased in 
each step. These stepped heat exchangers are depicted in Figure 8.10(b).

The flow of a viscous fluid through a small channel generates heat due to 
friction. Figure 8.10(d) demonstrates that the 3He viscosity rises at lower tempera-
tures, approximately eight times higher in the diluted phase than in the concen-
trated phase. Consequently, the diameter of the flow channels in heat exchangers 
is enlarged to minimize this effect. However, larger flow channels conduct more 
heat and necessitate a greater quantity of the expensive 3He [9–12].

Continuous heat exchangers find application at higher temperatures, typically 
positioned immediately after the still, where the Kapitza resistance and viscosity 
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Figure 8.10  (a) Heat exchangers used in a dilution fridge, (b) continuous and stepped heat 
exchanger, (c) temperature dependence of Kapitza resistance, and (d) temperature dependence of 
viscosity.

are considerably lower. A continuous heat exchanger facilitates a gradual and 
continuous heat exchange along a temperature gradient. It performs effectively 
down to approximately 30 mK and is 3He-efficient. One common type of contin-
uous heat exchanger is the tube-in-tube configuration, wherein a smaller tube is 
inserted within a larger tube. The inner tube carries liquid 3He while the cooler 
dilute phase flows through the annular space between the tubes.

As we have observed, the exponential increase in viscosity and Kapitza resis-
tance at lower temperatures poses significant challenges in achieving extremely 
low millikelvin temperatures. The current record for the lowest attainable tem-
perature in a dilution fridge stands at 2 mK. However, practical limitations make 
temperatures below 2 mK unfeasible using dilution refrigeration alone.

8.6.2.3  Impedance

A flow impedance refers to a constriction that restricts the fluid flow and enables 
the accumulation of a pressure difference. Generally, the impedance Z is defined 
in relation to the flow through the capillary !V  and the pressure drop across it, 
ΔP, as follows:

7092_Book.indb   3357092_Book.indb   335 12/20/23   3:12 PM12/20/23   3:12 PM



336� Principles of Cryogenics

Figure 8.10  (Continued)

!V  = ΔP
(ηZ)

where η represents the viscosity of the liquid. Controlling the flow rate is the most 
common application of an impedance. Impedances within the range of 1010 − 1011 
cm–3 are typically utilized in various cryogenic applications. The impedance is 
usually constructed using an appropriate length of fine CuNi capillary tube. To 
increase the impedance value, a short length of wire, such as a manganin wire, is 
often inserted inside it [3].
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Figure 8.10(a) illustrates the path of gaseous 3He at room temperature as it 
travels toward the 1-K pot. To liquefy 3He, generating a pressure greater than the 
vapor pressure of 3He at 1K, which is approximately 300 mbar, is necessary. This 
objective is accomplished by utilizing the main impedance immediately after the 
1-K pot [9–13].

Impedance provides the Joule-Thomson (JT) expansion that contributes to gas 
condensation. When the highly compressed gas is suddenly allowed to expand, it 
causes cooling. This is called the JT effect.

When the 3He travels through the still’s heat exchangers, it should maintain a 
pressure significantly higher than its vapor pressure to prevent 3He from re-evap-
orating and to increase the system’s heat load. In order to prevent this, it is usual 
practice to install a secondary impedance right beneath the still, enabling pressure 
inside the still to stay above vapor pressure.

8.6.2.4  Heat Switch

Sometimes it is necessary to make thermal contact between fridge parts that must 
be thermally isolated when cold. A heat switch is a component that turns on and 
off the thermal contact depending on the temperature. A heat switch can use a 
tube full of gas that freezes out at the operating temperature, a movable mechan-
ical contact, or materials that go superconducting at the operating temperature 
(note that superconductors are not good thermal conductors). For example, a gas-
gap heat switch is used between the still and the mixing chamber. The switch is 
closed when the cooldown first begins, and the components are still at room tem-
perature. This allows quick cooldown of the fridge. Later when the temperature 
drops below a specific value, the switch becomes open to prevent a big heat load 
on the mixing chamber during steady-state operation.

8.6.2.5  Cold Trap and Filters

The vapors with impurities are condensed in a cold trap to stop them from spread-
ing to other fridge parts. A dilution refrigerator uses two types of cold traps, liquid 
nitrogen LN2 and liquid helium LHe. Their application is to purify 3He as it goes 
through an LN2 cold trap before flowing back into the condenser line.

In addition to dilution fridges, cold traps are utilized in pumps for various pur-
poses. One example involves preventing impurities, like nitrogen, from reaching 
the vacuum pump, as their condensation can result in contamination or blockage. 
Similarly, certain types of pumps can potentially introduce contaminants into the 
vacuum system. To address this issue, a cold trap is employed at the inlet of these 
pumps to capture contaminants and prevent their dispersion.

8.6.3  Dry and Wet Dilution Fridge

Figure 8.11 illustrates both wet and dry dilution fridges. In the case of a wet dilu-
tion fridge, a pumped 4He system is employed to achieve a temperature of 1K. 
Section 8.5 introduced the pumped helium system, and Sections 8.6.2.1 and 8.6.2.2 
described the pumps and gas-handling systems.
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On the other hand, a dry dilution fridge replaces the pumped 4He system 
with a pulse-tube cooler. In a dry fridge, an additional heat exchanger, positioned 
just before the impedance, replaces the 1-K pot. This configuration is shown in 
Figure 8.11(b). The pulse-tube cooler necessitates using a compressor and a rotary 
valve, depicted in Figure 8.9(b). As mentioned in Section 8.2, an optimal arrange-
ment involves locating the compressor remotely, which helps reduce vibrations 
and acoustic noise. This is particularly beneficial when working close to the dilu-
tion refrigerator.

8.7	 Cryogenic Thermometry

Thermometers are required for temperature monitoring at various points in the 
refrigerator, which establishes the proper control commands to manage the fridge 
temperature. Thermometry at cryogenic temperatures necessitates careful atten-
tion to several factors since these details impact reliable readings and whether the 
experiment can achieve the desired temperature.

8.7.1  Cryogenic Temperature Measurements

Any property that is a function of temperature can be used as a thermometer. 
Table 8.7 shows some widely used thermometers [14, 15].

When choosing thermometers, a trade-off exists between measurement resolu-
tion, stability, and resistance to radiation and magnetic fields. The selection of the 

Figure 8.11  (a) Wet dilution fridge and (b) dry dilution fridge. (After: [9].)
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most suitable thermometer depends on the specific application and the required 
performance parameters. Figure 8.12(a) shows the resolution and temperature 
range covered by positive temperature coefficient (PTC) and negative temperature 
coefficient (NTC) sensors.

The operational temperature range of various temperature sensors is shown 
in Table 8.8. Examining the parameters listed in Table 8.9 assists in selecting an 
appropriate temperature sensor.

For certain types of thermometers, the temperature is determined by mea-
suring the sensor’s resistance. The four-wire measurement scheme, as depicted in 
Figure 8.12(c), is a widely recognized method for accurately measuring resistance. 
In this scheme, two leads are dedicated to the current source, while the other two 
are used for voltage measurement. This configuration eliminates measurement 
errors due to voltage drops in the current-carrying wires.

To conduct the measurement, the sensor is subjected to voltage or current 
excitation, and its response is measured. However, minimizing the heat dissipa-
tion in the sensor resulting from the excitation process is crucial. Excessive heat 
dissipation can lead to self-heating of the sensor, which can ultimately impact the 
accuracy of temperature measurements. It is, therefore, essential to determine 
the maximum permissible excitation level in practice by gradually increasing the 
current or voltage until a discernible change in resistance is observed.

To account for the decrease in power at lower temperatures, it is recommended 
to use a constant current for exciting thermometers with positive temperature coef-
ficients, such as metallic resistance thermometers. On the other hand, thermom-
eters with negative temperature coefficients, like semiconductor thermometers, 
are ideally excited with a constant voltage.

Table 8.7  Different Types of Thermometers Used at Cryogenic Temperatures [14]

Type Examples Description

Negative-temperature 
coefficient (NTC) 
resistors

Cernox
Germanium
Ruthenium oxide
Carbon resistors
Thermistors

NTC resistors are more 
sensitive at low temperatures

Positive-temperature 
coefficient (PTC) 
resistors

Platinum
Rhodium-iron
Platinum-cobalt
Thermistors

PTC resistors are more 
sensitive at high temperature

Diodes Silicon
GaAs or GaAlAs

Other Thermocouples
Capacitors
Cryogenic linear temperature sensor
Coulomb blockade thermometer
Noise thermometer
Paramagnetic salts thermometer
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Figure 8.12  (a) Resolution of NTC and PTC resistors, (b) 2-lead resistance measurement, and (c) 
4-lead resistance measurement.

Table 8.8  Parameters for Temperature-Sensor Selection [14]

Sensor Minimum Temperature (K) Maximum Temperature (K)

Germanium 0.05 100

RhFe 0.3 400

Capacitor 1 250

Si Diode 1 400

Thermocouple 3 1,000

Platinum 10 1,000

Resistance thermometers can be excited using alternating (AC) or direct (DC) 
currents. In DC measurements, it is necessary to have a signal that is sufficiently 
larger than any measurement noise level. On the other hand, AC excitation allows 
for high-precision measurements using a lock-in receiver, which enables the mea-
surement of much smaller signals than simple DC measurements. However, it is 
worth noting that the cost of instrumentation for DC measurements is generally 
lower than precision AC measurements involving lock-in amplifiers.

In addition to the potential self-heating caused by DC signals, the accuracy of 
DC measurements can also be affected by thermal electromotive force (EMF). The 
Seebeck effect explains that thermal EMF is generated when dissimilar metals come 
into contact, such as the transition from the device terminal to the device itself. 
This thermal EMF generates a voltage typically in the microvolt range, which can 
introduce noise during electrical measurements. Thermal EMF becomes a criti-
cal consideration when dealing with small resistor values. To improve the mea-
surement accuracy with DC excitation, it is possible to address thermal EMFs by 
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Table 8.9  Parameters for Temperature-Sensor Selection [14]

Parameter Questions to Ask Description

Temperature range Minimum useful temperature?
Maximum survivable 
temperature?

Magnetism Is the sensor going to be used in 
a magnetic field?

Field sensitivity is temperature-dependent. 
Some sensors work very well at some 
temperatures but very poorly at different 
temperatures. In general, offsets are worse 
at higher fields and lower temperatures.
Recommended:
  Cernox above 1K
  Rox below 1K

Radiation How does ionizing radiation 
such as neutron and gamma 
radiation affect the offsets?

The general rule of thumb is that 
amorphous bulk materials such as cernox, 
rhodium-iron, germanium, and platinum 
have less susceptibility to ionizing radiation 
than more complex structures such as 
silicon diode and GaAlAs transistors, which 
are more sensitive to ionizing radiation.

Vacuum What is the vacuum level (HV, 
UHV)?

At UHV, bare chips or devices in metal-
ceramic packages with metal-to-ceramic 
seals perform the best.

Performance What are the sensitivity, 
response time, and mass?

Packaging Size, wiring, and fixturing 
method?

Packaging affects the response time.

Price Maximum available budget?

reversing the current and obtaining the average resistance from the two current 
directions. This approach helps to eliminate the effects of thermal EMFs on the 
measurement, allowing for more accurate results.

AC bridge networks equipped with null detectors offer the highest level of 
accuracy by eliminating thermal EMFs resulting from temperature gradients. This 
approach enables the attainment of a remarkable resistance resolution of 1 µΩ, 
which corresponds to a temperature resolution of 1 µK in a 25-Ω standard plati-
num resistance thermometer (SPRT) [14]. A commonly employed low frequency 
of approximately 30 Hz is utilized to circumvent circuit reactance issues.

8.7.2  Installation Considerations

To achieve a highly accurate temperature readout, it is crucial to pay careful atten-
tion to the sensor installation. Sections 8.7.2.1–8.7.2.4 discuss placement, wiring, 
heat sinking, and shielding factors.

8.7.2.1  Wiring

Cryogenic wires with low thermal conductivity are employed for sensor connec-
tions to minimize heat leakage. The most commonly used type of cryogenic wire 
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is phosphor bronze. Other cryogenic wires are made of manganin, constantan, 
stainless steel, and superconducting materials. Moreover, nichrome heater wire 
and copper are utilized for heater connections. For the wire insulation, thin film 
formvar or polyimide is typically employed. The typical gauge for cryogenic wires 
ranges from 32 to 40 AWG1 [14].

As discussed in Chapter 7, using twisted-pair wires helps reduce noise inter-
ference. Therefore, it is advisable to employ twisted-pair wires for sensor wiring. 
Color-coded and bundled cables allow for easy tracing of fridge wires, simplifying 
the heat-sinking process. When dealing with a small number of sensors, twist-
ed-pair wires can be utilized. However, looms are more practical in cases involving 
numerous sensors as they provide access to multiple wires and have a flat design.

To maximize measurement accuracy in cryogenic wiring, it is crucial to adhere 
to the following rules:

•	 Keep signal leads separate to prevent any coupling between them.
•	 Keep signal away from heat loads, such as the control heater.
•	 Shield signal leads.
•	 Utilize the same wire throughout the entire experiment, from top to bottom, 

to minimize thermal EMF.

8.7.2.2  Sensor Placement and Shielding

To ensure accurate temperature measurement, it is crucial to position the sensor 
near the area where it will be measured. Furthermore, keeping the sensor suf-
ficiently distant from any sources of optical radiation, heat emission, or control 
heaters is important.

The sensor should be enclosed within a shielded and reflective package to 
provide optimal protection. Additionally, it is necessary to install adequate radi-
ation shielding at each stage of the dilution refrigerator.

The heat transfer between surfaces at different temperatures, THot and TCold, 
can be determined by heat flow ∝ T4

Hot − T4
Cold [15].

When a temperature sensor is close to a surface at room temperature, it can 
reach radiation power levels of tens of milliwatts. This radiation power poses a risk 
of undesired sensor heating, which can overwhelm the sensor reading. It is crucial 
to employ measures that effectively block optical radiation to address this issue.

One effective approach is to incorporate radiation shielding around each refrig-
erator stage and between the various stages within the fridge. Figure 8.13(a) illus-
trates the utilization of baffles, which efficiently block and reflect optical radiation. 
These measures ensure the necessary protection of the temperature sensor. Various 
sensitive components, including the sensor, can be shielded using metalized tape, 
a shielded reflective package, or super insulation, as shown in Figure 8.13(b). Extra 
care must be taken when using tapes or any materials that could adversely affect 
the fridge’s vacuum, as maintaining vacuum cleanliness is crucial for the proper 
operation of the fridge.

1. The American Wire Gauge (AWG) is the most commonly used standard for measuring wire gauge.
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Implementing such protective measures can minimize the adverse impact of 
optical radiation on the temperature sensor, leading to more accurate and reliable 
temperature measurements.

In addition to radiation, external noise sources have the potential to couple to 
the sensor through the leads. This leaked noise into the fridge that couples to the 
sensor contribute to the self-heating effect of the sensor. Therefore, it is crucial to 
employ meticulous installation techniques to minimize the impact of external noise 
reaching the sensor. Some noise-suppression techniques are shown in Table 8.10.

8.7.2.3  Thermal Anchoring

The temperature of the thermometer can exceed that of the sample due to heat 
leakage to the thermometer through the electrical leads and self-heating. To pre-
vent this, certain measures can be taken, such as the following:

•	 Establishing effective thermal contact between the thermometer and the 
sample to ensure good heat transfer. Thermometer manufacturers ensure 

Figure 8.13  (a) Baffles to block and reflect optical radiation and (b) using metalized tape to 
block and reflect optical radiation.
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Table 8.10  Noise-Suppression Methods for Electric, Magnetic, and Vibrational Noise

Type of Noise Cause Remedy

E-field noise Capacitive voltage coupling Use a “grounded” metal shield 
such as a Faraday cage

H-field noise Current coupling induced by the 
magnetic field

Use twisted-pair wiring and ferrous 
metals

Vibrational noise Mechanically coupled into sensor 
cables, generating triboelectric 
signals due to insulating material 
friction of the shielded cable

Secure the cables

good thermal contact between the thermometer element and its packaging, 
so achieving proper thermal contact with the sample primarily involves 
ensuring sufficient thermal contact between the package and the sample. 
We will see how this can be implemented in Section 8.7.2.4.

•	 Minimizing heat conduction into the thermometer.

Now, let us delve into the methods for minimizing heat conduction. Heat is 
conducted through electrical wires following the heat conduction equation !Q = −
κA(dT/dx) [15, 16], where !Q  is the rate of energy flow, κ the thermal conductivity, 
A the heat transfer area, x the position, and T the temperature. So, reducing the heat 
transfer needs a low thermal conductivity coefficient and a small area. Therefore, 
cryogenic wires are made of very thin and low–thermal conductivity materials 
such as manganin and phosphor bronze.

As mentioned in Chapter 7, thermally anchoring wires at each stage is crucial 
to minimize heat loads on lower stages. This thermal anchoring reduces heat leak-
age from the upper stages to the sensor. Figure 8.14 illustrates the proper thermal 
anchoring of sensor wires at each temperature stage.

For a Cernox sensor, the recommended heat dissipation rates at 4K and 300 mK 
are approximately 0.1 μW and 0.1 pW, respectively [14]. It is imperative to dissipate 
this heat rapidly; otherwise, it can overwhelm the sensor reading. With a 1-m length 
of a 4-wire 32 AWG phosphor bronze wire bundle, the power transferred from 
the 77-K stage to the sensor at the 4-K stage amounts to around 120 μW. Hence, 
ensuring appropriate heat sinking becomes essential.

Wires with larger gauge sizes have smaller cross-sections. As a result, the 
necessary length for adequate heat sinking increases with the cross-sectional area 
corresponding to smaller gauge wires, as demonstrated by Table 8.11. This is why 
copper is not the preferred choice for cryogenic applications. It requires a signifi-
cantly longer length to achieve efficient heat sinking than materials like stainless 
steel, manganin, and phosphor bronze [14].

Once an adequate length of wire is wound around a post, applying GE varnish 
can further enhance thermal conductivity by serving as an overcoat. In situations 
where looms are utilized, they can be thermally connected by sandwiching them 
between flat high-thermal conductivity metallic sheets.
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Figure 8.14  Thermal anchoring.

Table 8.11  The Necessary Heat-Sinking Length in Millimeters  
for Various Types of Wires to Bring the Room-Temperature 
Down to Liquid Nitrogen (300–7K) Temperature

Material Wire Gauge

40 AWG 24 AWG

Manganin 3 mm 22 mm

Phosphor Bronze 5 mm 32 mm

Copper 19 mm 160 mm

8.7.2.4  Sensor Mounting

Figure 8.15(a) displays sensors with various packaging options. Depending on the 
package type, mounting techniques such as soldering, clamping, insertion into a 
hole, or screwing down can be employed [14]. The primary objective of mounting 
the sensor is to establish optimal thermal contact with the measured entity. To 
achieve this, it is beneficial to adhere to the following principles when mounting 
thermal sensors in a cryogenic environment:

•	 Utilize an interface material like thermal grease to maximize the contact 
area [refer to Figure 8.15(b)].

•	 Apply some force to secure the sensor package in place.
•	 As a general guideline, ensure that the overall contraction difference between 

two materials does not exceed two times. Excessive differential contraction, 
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exceeding this limit, can lead to thermally induced mechanical stress, caus-
ing the materials to fracture or separate.

8.8	 Materials in Cryogenic Environments

According to the heat conduction eqation, thermal energy flow is directly pro-
portional to thermal conductivity. Hence, comprehending how the thermal con-
ductivity of different materials varies with temperature is crucial for effectively 
managing the thermal effects within the fridge.

The ability of heat to permeate into a material is related to its thermal conduc-
tivity κ, measured in units of W ⋅ m–1 ⋅ K–1. The thermal conductivity of a material 
is influenced by its phononic (related to the crystal structure) and electronic prop-
erties. The phononic contribution to thermal conductivity is denoted as κph, while 
the electronic contribution is denoted as κe. At low temperatures, the electronic 
thermal conductivity is proportional to temperature (κe ∝ T), while the phononic 
contribution (κph) is proportional to the cube of temperature (κph ∝ T3) [16].

Table 8.12 provides information on the temperature dependence of thermal 
conductivity for different materials, illustrating how thermal conductivity varies 
with changing temperatures.

As discussed in Section, superconductors can serve as heat switches due to 
their sharp decline in thermal conductivity when in the superconducting state. 
This characteristic enables their use as the open state of the switch.

Table 8.13 presents the average thermal conductivities of three different materi-
als at various temperatures: phosphorus-deoxidized copper (commonly employed 
for bars, rods, and pipes), electrolytic tough pitch copper (typically used in wire 
spools), and stainless steel (18/8) [1].

Let us now explore some commonly utilized materials in cryogenic environ-
ments. Sapphire is widely employed in cryogenic environments due to its properties 
as a dielectric with good thermal conductivity. This characteristic remains effec-
tive down to temperatures as low as 4K. However, at extremely low temperatures, 
sapphire’s thermal conductivity sharply declines. Specifically, between 4K and 100 
mK, sapphire’s thermal conductivity undergoes a substantial drop, decreasing by 
over 60,000. In contrast, metals experience a relatively modest decrease, with their 
thermal conductivity reducing by three orders of magnitude smaller.

Figure 8.15  (a) Various mounting packages for thermometers and (b) stycast or grease can be 
used for mounting sensors with a flat surface. Stycast is permanent, while grease is easily movable 
and needs some other mechanical support.
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Table 8.12  Thermal Conductivity Temperature Dependence for Various Materials at Low 
Temperatures

Materials Condition
Temperature 
Dependence of κ

Pure metals κe ≫ κph κm ∝ T

Insulators κph ≫ κe κi ∝ T3

Nonpure metals or metallic alloys κe is comparable with κph κa ∝ T

Superconductors T > Tc (Normal state)
similar behavior to metals

κsn ∝ T

T < Tc (Superconducting state) κss ∝ T3

κss ≪ κsn

Table 8.13  Temperature Dependence of the Mean Thermal Conductivity for Phosphorus 
Deoxidized Copper, Electrolytic Tough Pitch Copper, and Stainless Steel

Temperature(K) 300–77 K
W/(m·K)

300–4 K
W/(m·K)

77–4 K
W/(m·K)

4–1 K
W/(m·K)

1–0.1K
W/(m·K)

Electrolytic copper 410 570 980 200 40

Deoxidized copper 190 160 80 5 1

Stainless steel 12.3 10.3 4.5 0.2 0.06

In addition to electrical and thermal properties, cryostat materials must have 
specific mechanical properties. When metals are cooled, some become brittle. 
Any metal with face-centered cubic (FCC) crystal structure, such as copper, brass, 
and stainless steel, is reliable2 for cryogenic use [3]. When choosing materials, it is 
also essential to pay attention to machinability. For example, brass can be easily 
machined, which is not the case for stainless steel. When shaping metals, note that 
the extruded bar can have longitudinal cracks that might lead to leaks; hence plate 
construction is recommended for anything that has to be leak-proof.

Recall that another widely utilized material in low-temperature laboratories 
is OFHC copper. OFHC not only enables efficient heat transfer but also possesses 
good machinability. It finds application in various uses, such as constructing 
clamps for thermal anchoring or even serving as 3D waveguide cavities for super-
conducting qubit experiments.

A handful of well-established materials are commonly employed in low-tem-
perature laboratories for most applications. Table 8.14 presents these materials, 
providing an overview of their usage.

Materials such as Apiezon grease enhance heat conduction at high-vacuum 
cryogenic temperatures [14, 15]. This material offers several advantageous prop-
erties, including chemical inertness, rapid cooling to cryogenic temperatures, 
and resistance to cracking at low temperatures. As previously observed, Apiezon 

2. The materials with an FCC structure have more slip planes compared to body-centered cubic 
(BCC) materials, which allows more deformation for the relieving stresses.
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grease can effectively increase the contact area for temperature sensors, thereby 
improving thermal coupling across the entire contact surface.

Additionally, different types of epoxies, such as Stycast, serve as adhesive 
materials for securing components within the refrigerator. Chapter 7 discussed 
their application in creating copper powder filters. Fishing lines or dental floss are 
commonly employed as fastening materials in cryogenic setups. A small metal leaf 
spring is considered one of the best components for fastening. When using tapes like 
Kapton tape, it is important to exercise caution as they can impact the cleanliness of 
the environment, which in turn may adversely affect the vacuum conditions inside 
the fridge. We have already explored cryogenic wires and their uses.
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Index

A

Absorption loss, 263
ac-Stark shift

about, 91, 109
Hamiltonian, 106–9
photon number calibration with, 109–12
use of, 91

Active load, 290–91
Amplification, 247–48
Amplifiers

about, 210–11
comparison, 213
cryogenic HEMT, 309–10
parametric, 215–19, 308–9
quantum-limited, 211–15
SLUG, 219, 220, 310
TWPA, 216–19, 308–9

Amplitude manipulation
amplifiers, 210–19
attenuators, 219–21
bias-tree, 228–29, 230
circulator/isolator, 223–26
DC block, 228
directional coupler, 222–23
microwave switch, 226–28
power combiner, 221–22
signal addition/subtraction, 221–29
techniques, 209, 210
See also Signal processing

AM-PM conversion, 159–60
Analog signal generation

about, 177–78
room-temperature setup, 279–83

Analog-to-digital converter (ADC), 148, 253–54
Analytical methods

about, 168
circuit theory, 171–72
distributed-element regime, 171
lumped-element regime, 169–71
Maxwell’s equations, 167, 168–69
optical regime, 171

Anharmonicity, 76
Ansatz, 87
Arbitrary wave generators (AWGs)

about, 92, 179–80
block diagram, 181

figures of merit, 180–83
flux bias pulses, 116

Artificial atoms, 69
Atom-field coupling, 99
Atomic model, 2
Attenuation

about, 131
sources, 131, 192
for specific transmission line length, 191

Attenuation constant
about, 191–92
conductive losses, 192–93
dielectric losses, 193
mismatch losses, 194
radiation losses, 194

Attenuators, 219–21, 296–99
Automation/control of the experiment, 315

B

Babinet’s principle, 267
Balme series transitions, 70
Bandpass filters, 231, 232
Band-stop filters, 231
Bandwidth

AWG, 181–82
signal generator, 178
transmission line, 197–99

Bare states, 99
Bell state, 28, 37
Bias-tree, 228–29, 230
Bit-flip code, 46
Bit-flip gate, 35
Bloch sphere, 16–17, 82
Breakout box, 286
Broad-bandwidth DDS, 285

C

Capacitive coupling, 118, 119
Cavity quantum electrodynamics (CQED)

about, 86, 93, 94–95
atom sizes, 96
dispersive regime, 120
element comparison, 95, 96
fast readout, 105–6
generic system, 95, 96
high SNR, 104–5
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Cavity quantum electrodynamics (CQED) 
(Cont.)

illustrated, 96
Jaynes-Cummings model, 95
JC Hamiltonian, 97–100
quantization of EM field, 95–97
qubit readout requirements, 104
strong coupling, 101–2
strong dispersive regime, 102–4
vacuum Rabi oscillations, 100–101

Charge dispersion, 76
Circuit-analysis techniques, 172
Circuit modeling

about, 172
numerical methods, 176–77
scattering parameters, 172–75
S-parameters, 175–76

Circuit QED (cQED), 86
Circuit theory, 171–72
Circulator/isolator, 223–26
Classical mechanics, 1, 3–4
Coaxial cable, 200–201
Coherence time, 39–40
Coherent superposition, 24–25
Cold trap and filters, dilution fridge, 337
Commutation relations, 22–23
Conducted emission, 260
Conductive losses, 192–93
Control hardware

about, 277
cryogenic CMOS chips, 314–15
cryogenic setup, 282, 286, 290–313
future directions for, 314–15
high-level description of setup, 277–79
integrated, 314
low-level description of setup, 279
room-temperature setup, 279–90
schematic, 280

Controlled-NOT (CNOT) gate, 38
Cooling mechanisms, 319–20
Cooling techniques, 318–19
Cooper pair box (CPB)

about, 71
charge fluctuations, 73
eigenenergies, 71, 73, 74–75
Hamiltonian of, 71–72
illustrated, 72

Cooper pairs
about, 61
behavior of, 62
density of, 64
electrons, 62
energy gap, 62–64
formation of, 61
Josephson junction, 66

See also Superconductivity
Coplanar waveguide (CPW)

applications of, 203
asymmetrical discontinuities, 204–5
grounded (GCPW), 203, 204
resonators, 240, 242–43
structure, 203
symmetric, 203–4

Copper powder filters, 299–303
Coupling

about, 176
atom-field, 99
capacitive, 118, 119
inductive, 118
microwave resonators, 239–42
qubit-cavity, 113–15
strong, 101–2

CPHASE gate, 118
Critical temperature, 57
Cross-modulation, 161
Crosstalk, 52, 261
Cryogenic CMOS chips, 314–15
Cryogenic engineering, 54
Cryogenic HEMT amplifiers, 309–10
Cryogenic microwave cabling, 293–95
Cryogenic mu-metal shield, 271
Cryogenics

cooling techniques, 318–19
cryogens, 319–22, 323
dilution refrigerator, 326–38
environments, materials in, 346–48
introduction to, 317–18
mechanical refrigerators, 322–24
milestones in techniques, 318
pump-helium refrigerators, 325–26
thermometry, 338–46

Cryogenic setup
DC wiring, 290
description, 282
filtering, 299–304
heat loads, 290–91
low-pass filters in, 286
noise-suppression techniques, 291–307
shielding, 304–7
signal amplification, 307–10
switches, 310–11
vibrational damping and decoupling, 311–13
See also Control hardware

Cryogenic thermometry
installation considerations, 341–46
measurements, 338–41
sensor mounting, 345–46
sensor placement and shielding, 342–43
thermal anchoring, 343–45
wiring, 341–42
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Cryogens
about, 319
cooling mechanisms, 319–20
liquid, dangers associated with, 323
storage and transportation of, 321–22

CW spectroscopy, 113

D

Data acquisition, 55
DC block, 228
DC wiring, 290
de Broglie, Louis, 2
Density matrix, 27
Derivative Removal by Adiabatic Gate (DRAG) 

pulse, 92–93
Deutsch-Jozsa algorithm, 45
Dewars, 321
Dielectric losses, 193
Digital phase shifters, 245–46
Digital predistortion (DPD), 135
Digital signal generation, 283–85
Digital-to-analog converter (DAC), 148
Digitization/demodulation, 250
Dilution refrigerator

about, 326
circulation of 3He, 330–32
cold trap and filters, 337
components of, 332–37
dry, 337–38
evaporative cooling comparison, 328
heat exchangers, 332–36
heat switch, 337
illustrated, 327
impedance, 335–37
mixture of 3He and 4He, 329–30
principle of, 327–32
pumps, 332, 334
temperature and cooling powers, 326
wet, 337–38
See also Cryogenics

Dirac, Paul, 2–3
Direct digital synthesis (DDS), 177
Directional coupler, 222–23
Direct RF sampling, 251–55
Dispersion

about, 195
charge, 76
as distortion source, 134–35
effect in transmission lines, 195
material, 195
waveguide, 195

Dispersive JC Hamiltonian, 109, 110
Dispersive two-qubit interactions, 120–21
Distortion

about, 132

deliberate introduction of, 132
digital predistortion (DPD), 135
dispersion and, 134–35
intermodulation (IMD), 157, 236
nonflat frequency response and, 134
nonlinear effects and, 134
sources of, 134–35

Distributed-element filters, 231
Distributed-element regime, 171
Distributed-element transmission lines, 184, 185
DiVencenzo criteria, 32–33
Double-p matric, 40
Double-pole, double-throw (DPDT) switch, 226, 

227
Downconversion, 233–36, 249–50
Dry dilution fridge, 337–38
Dynamic range

about, 161–62
DAC, 184
illustrated, 162
SLUG amplifiers, 219, 310
spurious-free (SFDR), 161, 162
TWPA, 216

E

Effective number of bits (ENOB), 180, 183
Ehrenfest’s theorem, 19
Electromagnetic compatibility (EMC)

about, 257
conducted emission, 260
crosstalk, 261
electronic system interaction, 259–60
interference sources, 260–61
primary levels of approach, 259
radiated emission, 260
requirements, 258–59

Electromagnetic shielding
about, 261–62
effectiveness, 262–65
grounding effect, 267–68
illustrated use, 262
onboard electronic components, 270
penetration, 265–67
radiated path and, 304–5
for source types, 263
techniques for qubits, 268–71
See also Shielding

Electron beam lithography (EBL), 78
Energy gap, 62–64
Energy-level splitting, 99–100
Energy uncertainty, quantum coherence and, 

25–26
Equivalent circuit

of capacitor, 172
g-factor and, 114
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Equivalent circuit (Cont.)
illustrated, 116–17
of qubit-cavity coupling, 113–15

Equivalent noise temperature, 138–39, 143
Error vector magnitude (EVM)

about, 162
bathtub curve, 164
expression of, 163
importance of, 162–63
requirements, 164

Expectation value, 18–19

F

Figures of merit
AWG, 180–83
signal generator, 178–79
transmission lines, 199–200

Filtering
absorptive, 229
cryogenic setup, 299–304
electromagnetic compatibility (EMC) and, 

271–72
microwave signal processing, 248–49
reflective, 229
room-temperature setup, 271, 285–87

Filters
about, 229
bandpass, 231, 232
band-stop, 231
categorization, 229–31
copper powder, 299–303
dilution refrigerator, 337
distributed-element, 231
high-pass, 231
infrared, 303–4
low-pass, 231–32, 286
lumped-element, 231
mechanisms, 229
Pi, 232
T, 232
use of, 271
See also Frequency manipulation

Finite-difference time domain (FDTD), 177
Finite-element method (FEM), 177
Flicker noise, 136
Flux bias gate, 90
Flux quantization, 59
Fourier transform

quantum, 45
scaling property, 22
uncertainty principle and, 21–22

Free particles, Schrödinger equation and, 8–9
Frequency manipulation

about, 229
filters, 229–32

microwave resonators, 237–44
techniques, 231
up-/downconversion, 233–36
See also Signal processing

Frequency range, 178

G

Gain, 176, 212
Gain compression, 153–54
Gates

bit-flip, 35
CNOT, 38
CPHASE, 118
fidelity, 39–41
flux bias, 90
Hadamard, 35–36, 37
iSWAP, 38
p/8-gate, 36
phase-flip, 36
single-qubit, 34–37
three-qubit, 38
two-qubit, 37–39

G-factor, 114
Ginzburg-Landau theory, 63
Grounded CPW (GCPW), 203, 204
Grounding

about, 272
effect on shields, 267–68
improvement, 274
room-temperature setup, 289–90
strategy, 272–74
of wires, 274–75

Ground plane, 272
Grover’s algorithm, 44
GSM standard, 141

H

Hadamard gate, 35–36, 37
Hahn echo experiment, 81, 82
Hamiltonians

atom and field interactions, 86–87
Bloch sphere, 16–17
of Cooper pair box (CPB), 71–72
free particle, 8–9
harmonic oscillator, 11–13
JC, 97–100
ladder operators, 13–14
potential well, 9–11
quantum LC oscillator, 14–15
qubit, 16
transmon qubit, 115

Harmonic distortion, 150–53, 158
Harmonic oscillators, 11–13
Harmonics, 179
Heat exchangers, dilution fridge, 332–36
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Heat flow, 342
Heat loads, 290–91
Heat switch, dilution fridge, 337
Heisenberg’s uncertainty principle. See 

Uncertainty principle
Helium, 319, 322
Hemispheric emissivity, 307
Hermite polynomials, 11
Hertz, Heinrich, 125, 126
High-pass filters, 231
Hollow waveguides, 206–7
Homodyne detection, 250–51

I

Image frequency, 233–36
Impedance, dilution fridge, 335–37
Impedance matching, 189–90
Inductive coupling, 118
Infrared filters, 303–4
Input/output (IO) management, 52
Insertion loss, 175, 176, 200, 201
Interference, 136
Interference sources, 260–61
Intermodulation

calculation of, 155–56
defined, 154
distortion, 157
frequencies, extracting, 156
products, 154–55

Intermodulation distortion (IMD), 157, 236
Intraresonator photon number, 111
Ions, 47, 48
Isolation, 176, 236
Isolators, 223–26
iSWAP, 38

J

Jaynes-Cummings model, 86, 95
JC Hamiltonian

dispersive, 109, 110
interaction Hamiltonian, 97
ladder, 100
solutions, 98–100
terms, 97
See also Hamiltonians

Josephson energy, 67
Josephson inductance, 67
Josephson junctions

about, 66
cooling, 69
Cooper pairs, 66
illustrated, 67
LC circuits with, 70
nonlinearity, 68
parameters, 68

See also Superconductivity

K

Kerr-type terms, 110
Kirchhoff’s voltage law (KVL), 170
Kirchoff’s current law (KCL), 170–71

L

Ladder operators, 13–14
Lamb shift, 106–12
Laws of physics, 3–4
Linearity, 132–34
Lithography techniques, 78
Longitudinal relaxation, 78–80
Lorentz shape, 25
Lowering operator, 13, 16
Low-noise amplifier (LNA), 247–49
Low-pass filters, 231–32, 286
Lumped-element filters, 231
Lumped-element regime, 169–71
Lumped-sum transmission lines, 184, 185

M

Marconi, Guglielmo, 125–26
Material dispersion, 195
Materials

in cryogenic applications, 346–48
ferromagnetic, 264–65
hemispheric emissivity for, 307
permeable ferromagnetic, 224
thermal contact between, 333

Matrix mechanics, 2
Maximum noise power, 138
Maxwell’s equations, 167, 168–69
Measurement concept, 4
Mechanical refrigerators, 322–24
Meissner effect, 57–58
Memory size, 180
Method of moments (MoM), 177
Microstrip line, 201–3
Microwave cabling, 292–95
Microwave components

analysis, 167–77
analytical methods, 168–72
circular modeling, 172–76
numerical methods, 176–77
performance specifications, 209
signal detection, 247–55
signal generation, 177–83
signal processing, 209–47
signal transmission, 183–209
tools for analysis of, 167–77
See also specific components

Microwave connectors, 295
Microwave controllers, 207–9
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Microwave engineering
about, 127–28
brief history of, 125–27
as engineer skillset, 54–55
role in shaping modern world, 127
technical areas related to, 128

Microwave links
components, 129
link budget analysis, 130
for quantum computer, 129
received signal level, 131

Microwave resonators
about, 237–38
behavior, 237–39
coupling, 239–42
CPW, 240, 242–43
critically coupled, 242
overcoupled, 241
rectangular cavity, 245
transmission-line open-ended, 240
waveguide, 243–44

Microwave signal generator, 281
Microwave switch, 226–28
Microwave systems

AM-PM conversion, 159–60
analysis, 128–64
cross-modulation, 161
dynamic range, 161–62
error vector magnitude, 162–64
gain compression, 153–54
harmonic distortion, 150–53, 158
intermodulation, 154–57
microwave link, 129–31
nonlinear effects in, 149–61
signal degradation factors, 131–48
third-order intercept points (IP3), 157–59

Minimum detectable signal (MDS), 140–41, 247
Mismatch losses, 194
Mixers, 233, 234
Mixing chamber (MXC), 290–91
Multilayer insulation (MLI) pads, 306

N

Nanofabrication, 55
Network analyzers, 174–75
Neutral atoms, 47–48
Nitrogen, 319, 320, 322
Noise

flicker, 136
phase, 144–45, 179
quantization, 145–48, 149
quantum, 136
shot, 136
thermal, 136–43, 149

Noise figure (NF)

about, 141
equivalent noise temperature and, 143
of passive device, 142

Noise-suppression techniques
about, 291–92
with attenuators, 296–99
with circulator, 306–7
for conducted path, 292–304
for electric, magnetic, vibrational noise, 344
microwave cabling and, 292–95
microwave connectors and, 295–96
for radiated path, shielding and, 304–7
summary, 293
See also Cryogenic setup

Noise temperature, 212
Noise voltage, 137
Noisy intermediate-scale quantum (NISQ), 46
Non-Abelian anyons, 51
Nonflat frequency response, 134
Nonlinear effects

about, 149
AM-PM conversion, 159–60
cross-modulation, 161
distortion and, 134
gain compression, 153–54
harmonic distortion, 150–53, 158
inputs and, 150
intermodulation, 154–57
overview, 149–50
third-order intercept points (IP3), 157–59
See also Microwave systems

Non-TEM transmission lines, 185, 196–200
Nuclear magnetic resonance (NMR), 78
Numerical methods, circuit modeling, 176–77

O

Optical regime, 171
Organization, this book, xii
Otocoupler, 274
Oxygen-free high-conductivity (OFHC) 

enclosure, 269–70

P

Parametric amplifiers, 215–19, 308–9
Parametric mixing, 213
Passive load, 290
Permeable ferromagnetic materials, 264–65
Phase constant, 194–96
Phase-flip code, 46
Phase-flip gate, 36
Phase manipulation, 244–47
Phase noise, 144–45, 146, 179
Phase shifters, 244–47
Photon number calibration, 109–12
Pi filters, 232
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Potential wells, 9–11
Power combiner, 221–22
Power-handling capability, 200
Power leakage, 236
Power spectral density, 148
Propagation constants, 190–91
Propagation modes, 196
Pulse broadening, 196
Pulsed spectroscopy, 113
Pulse shaping, 91–93
Pulse-tube refrigerators (PTRs), 322–24
Pumped-helium refrigerators, 325–26
Pumps, dilution fridge, 332, 334
Purcell effect, 94
Purcell filter, 106, 108
Purcell relaxation rate, 103
Pure dephasing, 80–81

Q

Quality factor, 239
Quantization error, 147–48
Quantization noise

about, 145–47
deviations, 147
effect, 147
thermal noise comparison, 149

Quantum algorithms
about, 42–43
Deutsch-Jozsa algorithm, 45
development of, 44
Grover’s algorithm, 44
quantum Fourier transform, 45
Shor’s algorithm, 44–45
structure, 43

Quantum bus, 117
Quantum circuits, 41–42
Quantum coherence

about, 24–25
coherent superposition and, 24–25
density matrix and, 27
energy uncertainty and, 25–26
process illustration, 24

Quantum computing
about, xi, 31
applications of, 33–34
in banking and finance, 34
challenges and opportunities in, 51–55
in chemistry, material discovery, and drug 

development, 34
in cybersecurity, 33–34
DiVencenzo criteria and, 32–33
hardware engineer skillsets, 54–55
heat and power dissipation, 52–53
information processing, 34–47
input/output (IO) management, 52

introduction to, 31–55
ions, 47, 48
neutral atoms, 47–48
noise and crosstalk, 52
platforms, 47–51
power of, 31–32
semiconductor qubits, 48–51
size of the system, 53
slew rate, rise time, and bandwidth, 53–54
technical challenges of scaling, 52–54

Quantum electrodynamics (QED), 3, 112–13
Quantum entanglement, 27–28
Quantum error correction, 46, 78
Quantum Fourier transform, 45
Quantum harmonic oscillator, 11–13, 14
Quantum information processing

about, 34
algorithm, 42–45
circuits, 41–42
error correction, 46
gate fidelity, 39–41
single-qubit gates, 34–37
two-qubit gates, 37–39

Quantum key distribution (QKD), 34
Quantum LC oscillator, 14–15
Quantum-limited amplification, 211–15
Quantum measurement

about, 17
coherence and, 24–27
collapse of wave function and, 17–18
expectation value and, 18–19
Heisenberg’s picture and, 23
uncertainty principle and, 20–23
variance or uncertainty and, 19–20

Quantum mechanics
brief history of, 1–3
calculations, 5–6
classical mechanics versus, 1, 3–4
concepts, 1
entanglement, 27–29
introduction to, xii
measurement, 4, 17–27
observables in, 5–6
quantization, 69
Schrödinger equation and, 4–17
vacuum and, 79

Quantum noise, 136
Quantum nondemolition (QND)

about, 93
measurement, 102
photon population of resonator and, 109
protective readout, 102

Quantum-processing unit (QPU), 278
Quantum processor, 78, 122
Quantum-process tomography (QPT), 40, 41
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Quantum supremacy, 46–47
Quantum tunneling, 11
Quasiparticles, 84–85
Qubit-cavity coupling, 113–15
Qubit coherence time scales

about, 78
coherence improvement strategies and, 85
longitudinal relaxation, 78–80
sources of qubit decoherence and, 83–85
transverse relaxation, 80–82
See also Superconducting qubits

Qubit control
about, 86
drive pulse shaping, 91–93
in practice, 115–16
Rabi oscillations, 86–89
rotation about X- and Y-axes, 90
rotation around Z-axis, 90–91
rotations, 89–90
See also Superconducting qubits

Qubit decoherence
improvement strategies, 85
quasiparticles, 84–85
source effect on coherence times, 83
sources, 83–85
time improvement, 85
times, 83

Qubit drive pulse shaping, 91–93
Qubit readout

about, 93
ac-Stark shift and Lamb shift, 106–12
CQED, 94–106
fast, 105–6
in practice, 115–16
Purcell effect, 94
requirements, 104
See also Superconducting qubits

Qubits
about, 16
crosstalk and, 52
energy levels, 25–26
naturally occurring, 48
noise and, 52
nonideal properties in, 25
semiconductor, 48–51
shielding techniques for, 268–71
spin, 49
state space of, 16
superconducting, 49–50, 69–122
topological, 50–51
transmon, 73–78
unentangled, 28

Qubit states
controlling, 89
distribution, 107

single, 28
two, 28, 37

R

Rabi oscillations, 86–89
Radiated emission, 260
Radiation losses, 194
Radiative load, 291
Raising operator, 13, 16
Ramsey experiment, 82
Randomized benchmarking, 40–41, 42
Reciprocity theorem, 225
Reflection loss, 263
Reflections, multiple, 265
Refrigerators

dilution, 326–38
pulse-tube (PTRs), 322–24
pumped-helium, 325–26
See also Cryogenics

Relaxation
longitudinal, 78–80
time measurement, 80
transverse, 80–82

Residual gas load, 291
Resonator coupling, 239–42
Return loss, 175, 200, 201
Reversibility concept, 3, 4
RF sampling, 251–55
RF switches, 310–11
Rivest-Shamir-Adleman (RSA), 33–34
RMS vacuum voltage, 115
Room-temperature filtering, 271
Room-temperature microwave cabling, 292
Room-temperature setup

description, 282
filtering, 285–87
further considerations, 288–90
grounding, 289–90
low-pass filters in, 286
signal detection, 287–88
signal generation, 279–85
signal processing, 285–88
synchronization, 289
See also Control hardware

Rotating-wave approximation (RWA), 88, 98
Rotations, qubits, 89–91
Ruhmkorff’s coils, 125

S

Sample rate, 280
Scalar signal generators, 178
Scanning tunneling microscope (STM), 11, 313
Scattering parameters, 172–75
Schrödinger, Erwin, 2
Schrödinger equation
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about, 4–5
Ansatz in solving, 87
Bloch sphere and, 16–17
free particle and, 8–9
harmonic oscillator and, 11–13
ladder operators and, 13–14
potential function, 7
potential well and, 9–11
quantum LC oscillator and, 14–15
qubit and, 16
solving, 6–17
standard Hamiltonians, 8–17
time-dependent, 6, 7–8
wave function and, 5

Self-mixing effect, 250
Semiconductor qubits

about, 48
spin, 49
superconducting, 49–50, 69–122
topological, 50–51
See also Qubits

Sensor mounting, 345–46
Shielding

cryogenic, 342–43
effectiveness, 262–65
electromagnetic, 261–71, 304–5
noise suppression and, 304–7
thermal, 306–7

Shor’s algorithm, 44–45
Shot noise, 136
Signal addition/subtraction, 221–29
Signal amplification

about, 307–8
cryogenic HEMT amplifier, 309–10
parametric amplifiers, 308–9
SLUG amplifier, 310
in superconducting qubit experiment, 308
See also Cryogenic setup

Signal degradation factors
about, 131
attenuation, 131
distortion, 132
distortion sources, 134–35
interference, 136
linearity, 132–34
phase noise, 144–45, 146
quantization noise, 145–48
thermal noise, 136
See also Microwave links

Signal detection
about, 247
amplification, 247–48
digitization/demodulation, 250
direct RF sampling, 251–55
downconversion, 249–50

filtering, 248–49
homodyne detection, 250–51
room-temperature setup, 287–88
superheterodyne detection, 251, 252, 253–54
See also Microwave components

Signal flow, 247
Signal generation

about, 177
analog signal generation, 177–78, 279–83
digital methods for, 179–83
digital signal generation, 283–85
room-temperature setup, 279–85
signal generator figures of merit, 178–79
See also Microwave components

Signal integrity, 257–58
Signal processing

about, 209
amplitude manipulation, 209–29
frequency manipulation, 229–44
performance specifications, 209
phase manipulation, 244–47
room-temperature setup, 285–88
See also Microwave components

Signal-to-noise ratio (SNR), 104–5, 139–40
Signal transmission

about, 183–85
microwave connectors, 207–9
non-TEM transmission lines, 196–200
TEM-mode transmission lines, 185–96
transmission line types, 200–207
See also Microwave components

Single-pole double-throw (SPDT) switch, 226, 
227

Single-qubit gates, 34–37
SLUG amplifiers, 219, 220, 310
S-parameters

definition of, 173
forward, 174
matrix, 174
measurement of, 174–75
terminology, 175–76

Spectroscopic qubit measurements, 112–13
Spin qubits, 49
Spurious-free dynamic range (SFDR), 161, 162, 

183
Standard Commands for Programmable 

Instruments (SCPI), 315
Standard deviation, 19
Standard platinum resistance thermometer 

(SPRT), 341
Standing wave ratio (SWR), 188
State-preparation-and measurement (SPAM) 

errors, 40–41
Stern-Gerlach experiment, 2
Stokes theorem, 60
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Strong coupling, 101–2
Strong dispersive regime, 102–4
Superconducting quantum interference device 

(SQUID), 61, 68, 74–75, 77, 216, 278
Superconducting qubits

about, 49–50
artificial atom, 69–71
cable types used in setup, 294
calibration of single-qubit operations, 121–22
coherence time scales, 78–85
control, 86–93
control hardware, 277–315
Cooper pair box, 71–73
decoherence sources, 83–85
parameter adjustments and, 71
transmon, 73–78
two-qubit system, 116–21

Superconductivity
Josephson junction, 66–69
type-II superconductors, 65, 66
type-I superconductors, 65–66

Superconductors
canonical momentum, 59–60
Cooper pairs, 61–64
hole in sample, 60
introduction to, 57–69
properties, 57–59

Superheterodyne detection, 251, 252, 253–54
Sweet spots, 73
Switches, 310–11
Switching speed, 179
Synchronization, room-temperature setup, 289

T

T-bate, 36
TEM transmission lines

about, 185–87
attenuation constant, 191–94
circuit parameters, 185–86
impedance matching, 189–90
phase constant, 194–96
propagation constants, 190–91
terminated lossless, 187–89
See also Transmission lines

Terminated lossless transmission lines, 187–89
T filters, 232
Thermal anchoring, 343–45
Thermal electromotive force (EMF), 340–41
Thermal energy, 71
Thermal noise

about, 136
equivalent noise temperature, 138–39, 143
maximum noise power, 138
minimum detectable signal, 140–41
noise figure, 141–43

noise voltage, 137
quantization noise comparison, 149
SNR, 139
See also Signal degradation factors

Thermal shielding, 306
Thermometer measurements, cryogenic, 

338–41
Third-order intercept points (IP3), 157–59
Three-qubit gates, 38
Three-wave mixing, 211–13
Threshold theorem, 46
Time-dependent Schrödinger equation, 6, 7–8
Topological qubits, 50–51
Transistor-to-transistor (TTL) signal, 227
Transmission lines

about, 183
bandwidth, 197–99
coaxial cable, 200–201
CPW, 203–6
dispersion effect in, 195
distributed-element, 184, 185
figures of merit, 199–200
hollow waveguides, 206–7
load impedance, 188
lumped-sum, 184, 185
microstrip line, 201–3
non-TEM, 196–200
propagation modes, 196
TEM-mode, 185–96
terminated lossless, 187–89
types of, 200–207

Transmon qubits
about, 73
anharmonicity, 76
capacitance, building, 77
charge dispersion, 76
design formulas summary, 77
Hamiltonian parameters, 115
regime, operating in, 75
transition frequency, 75
See also Superconducting qubits

Transverse electromagnetic (TEM) propagation 
mode, 171

Transverse relaxation, 80–82
Traveling-wave parametric amplifier (TWPA), 

216–19, 308–9
Tunable phase shifters, 246–47
Tunneling, 11
Two-dimensional electron gas (2DEG), 49
Two-qubit gates, 37–39
Two-qubit system

about, 116–17
capacitive coupling, 118, 119
dispersive interaction, 120–21

Two-tone measurement, 154, 155
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U

Uncertainties, 19–20
Uncertainty principle

about, 20–21
commutation relations and, 22–23
Fourier transform and, 21–22
implications, 21
in qubit energy levels and, 25

Upconversion, 233–36

V

Vacuum modes, 79
Vacuum Rabi oscillations, 100–101
Variance, 19
Vector-signal generators, 178
Vertical resolution, 180
Vibrational damping and decoupling, 311–13
Voltage-controlled oscillators (VCOs), 177
Voltage standing-wave ratio (VSWR), 188

W

Wave functions
about, 4

coherent superposition of, 25
collapse of, 17
momentum-space, 21–22
position-space, 21–22
quantum harmonic oscillator, 12
relative phase, 7

Waveguide dispersion, 195
Waveguide resonators, 243–44
Wave packets, 10, 20
Wet dilution fridge, 337–38
Wilkinson combiner, 221, 222
Wires, grounding of, 274–75

X

X-gate, 35, 117

Y

YIG-tuned oscillators, 177
Ytterbium ion, 47

Z

Zero resistance, 57, 58
Z-gate, 36, 117
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